Strongly connected dlgraphs in which each edge is contained
in exactly two cycles

By B. ZELINKA

. In[1] A. ADAM suggests a problem to characterize strongly connected digraphs
without cut vertices with the property that each edge of such a graph is contained
at most in two cycles. (See Problem 2, p. 189 in [1].) In this note we do nct solve this
problem in general, but we consider a particular case when each edge is contamed
exactly in two cycles. We consider
finite digraphs without loops and with-
out pairs of equally oriented edges
joining the same pair of vertices.

We start by a definition.

DEerINITION. Let 4,, 4,, ..., A, for
nz2 be pairwise disjoint cycles. On
each A; for i=1,...,n choose two
distinct vertices a;;b;. Then identify
b; with g;,, forall i=1,...,n~1 and
b, with a;. The class of all digraphs
obtained in this way will be denoted
by & (Fig. 1).

Further, by a diagonal path of a
cycle C we shall mean a directed path
whose initial and terminal vertices are

_in C, while its edges and inner vertices
(if any) are not.

Fig. 1

THEOREM. Let G be a strongly
connected finite digraph without cut veitices. Then the following two assertions-are
equivalent:

(i) Ges.

(it) Each edge of G is contamed in exactly two cycles of G.

ProoF: ()= (ii). Let G€.«Z. Let e be an edge of G. The edge e is contained.in
_some cycle 4; for 1 =i=n. The cycle 4, is the union of two directed paths P{?; P{),
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where P{? is the path from g; into b; in 4; and P§? is the path from b; into g; in 4;;
these two paths are edge-disjoint. If e belongs to P{? then, evidently, each cycle
containing e contains the whole P{?, therefore, it must contain also a directed path
from b; into a; in G. There are exactly two such paths; one of them is PP, the other is
the union of all P{? for 1=j=n, j=i, where P{ is defined analogously as P{". There-
fore, there are exactly two cycles in G which contain e. For the case when e is in
P§? the proof is analogous, obtained from this proof by interchanging subscripts 1
and 2.

(i)=(i). Let G satisfy (ii). Let C, be a cycle in G. Let #u; be an edge of C,.
As uju; must be contained in two cycles, there exists a cycle C, containing i,
and distinct from C,. Evidently, there exists the longest directed path P, which
contains 154, and is contained in both C, and C,;. Let this path go from a vertex
u, into a vertex u,. Let P; be the path in C, from u, into u,. Suppose that P; contains
a vertex v’ of C, distinct from u; and u,; let u; be the first vertex of P; with this
property. Then there exists a cycle which is the union of P,, the subpath of P from
u, into u; and the path in C, from 4] into u;. This cycle is evidently distinct from
both C, and C, and contains #,4,, which is a contradiction. Thus P; is a diagonal
path of C,. Let u; be the terminal vertex of the edge of C, whose initial vertex is u,.
There exists a cycle C, distinct from Cy and C, which contains the edge w#u;. Let P,
be the longest path which contains #,u; and is contained in both C, and C,, let it
go from a vertex u, into a vertex u,. Let P; be the path in C, from u, into ug; itis
a diagonal path of C,. Suppose that P; and P; have a common inner vertex; and
let v be the first inner vertex of P; belonging to P;. If u,>u,, then any edge belonging
to the intersection of the paths in C, from u4 into u, and from u, into u, belongs to
three cycles, namely C,, C; and the cycle which is the union of the path from u,
into u, in C;, the subpath of P; from u, into v and the subpath of P; from v into
uy, which is a contradiction. An analogous contradiction will be obtained for ug=u,.
Therefore P; and P; can have a common inner vertex only if u;=u; and uz=u,;
this case will be denoted by (%), the opposite case by (% *).

Consider the case (% ). Each edge of the path in C, from u, into u, is contained
in Cy and C,, each edge of the path in C, from u, into u, is contained in C, and C,.
Let v, be the first vertex of P; distinct from u, and belonging to P;. The subpath
of P{ from u, into v, and the subpath of P; from v, into u, form a cycle D,. Each
edge of D, is contained in two cycles only, therefore, an inner vertex neither of the
subpath of P{ from v, into u;, nor of the subpath of P; from u, into v, can belong
to D;. If v, £u;, we repeat this consideration with the subpath of P; from v, into
u, instead of P; and with the subpath. of P; from u, into v, instead of P;, and analo-
gously as we have obtained v, and D, we obtain v, and D,. Thus we proceed further,
until we obtain v, =u, for some k (this will be performed after a finite number of
steps). The cycles C,, D,, ..., D, correspond to the cycles 4,, 4,, ..., 4, from the
definition of &«. The graph G evidently cannot contain further vertices or edges,
because then (ii) would be violated. Therefore G¢& (Fig. 2).

Now consider the case (* % ). Suppose that uz=u,. As C, must contain uzus,
the vertex u, lies on the path in C, from ug into u,. As uy52u,, also the edge of C,
whose terminal vertex is u, is contained in this path and in the cycle C,. Then this
edge is contained in three cycles C,, C,, C;, which is a contradiction. Therefore,
ug=u,. If u; is an inner vertex of P,, then an arbitrary edge of the path in C, from
u, into u, is contained in Cy, C, and the cycle which is the union of P;, P, and the



Strongly connected digraphs in which each edge is contained in exactly two cycles . - 205

path in C, from u; into u,, which is a contradiction. Therefore, u, lies on the path
in C, from u, into u,. We see that C, and C, have only one common vertex u,. Thus
we may proceed further and we obtain further cycles Cs, ..., C;. Thecycles Cy, C,, ...,
..., C, then correspond to the cycles 4,, A4,, ..., 4, from the definition of 7. As G
cannot contain further vertices and edges, we have G¢«/ (Fig. 3).
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Fig. 3

CHBHO CBA3HEIE Oprpadkl, B KOTOPbIX KAXJas /Yra NPHHAANCKHT TOUHO
' JBYM IHKJIAM

B cTarThe XapakTepu3OBaH KNAcC BCEX KOHEYHBIX CHJIBHO CBA3HBIX OpDHEHTHPOBAaHHBIX Tpados,
B KOTOPEBIX Ka)k[af 1yra IPHHALIEKUT TOYHO ABYM UMKIAM. DTO ABJIAETCH YaCTHIKBIM DEIICHUEM
0AHOI npobemsl npegoxenHoit A. Adam-om.
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