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Isomorphic representation of 
nondeterministic nilpotent automata 

Ildikó Székely * 

Abstract 
In this paper, we deal with nondeterministic nilpotent automata and give 

a characterization of their isomorphic embedding with respect to the direct 
product. 

1 Introduction 
Investigation on homomorphic or isomorphic embeddings into products of automata 
is the starting point in the study of homomophic or isomorphic completeness of cer-
tain classes of automata with respect to different kinds of products. The problem 
of decomposition has a general approach in [4], where an abstract notion of compo-
sition and a general decomposition theorem are presented. Regarding the subdirect 
representation, there are several works dealing with this topic, see [3], [5], [2], [9], 

In this paper, we generalize the notion of nilpotency for nondeterministic au-
tomata and study the isomorphic representation of nondeterministic nilpotent au-
tomata under the direct product. As it turns out, this case is much more compli-
cated than the deterministic one presented in [3]. 

2 Preliminaries 
By a nondeterministic automaton we mean a system A = (X, A, 5) , where A' and 
A are nonempty finite sets, X is the set of input signs, A is the set of states and 
5 : A x X —» V(A) is the transition function. V(A) denotes here the power-set of 
A. For an input sign x £ X and a state a £ A, 5(a,x) can be visualised as the 
set of all states in which the automaton goes when the current state is a and the 
input sign is x. For S(a,x), the notation axA is frequently used. Let us suppose 
that a € A and p £ X+. The transition function can be extended as follows: 
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[8]. 

U bxA if p = ax where x £ X and q £ X+ 

\aqA 

cA if p = x and x £ X. 
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If M C A,x £ X, then we denote by MxA the set U axA and if p £ X+, then 
a£M 

MpA = U apA. 
a£M 

Let now A = (X, A, 5) and B = (X,B,5B) be two nondeterministic automata. 
It is said that B is a subautomaton of A if B C A and 5b is the restriction of 
6 to B x X, i.e. axB = axA fl B is valid, for all a £ A and x £ X. For two 
nondeterministic automata A = (X, A, 5) and B = (X, B,5B), a mapping / t : A —> 
B is a homomorphism if p(axA) = p(a)xB holds, for all o 6 A and x £ X. If 
the homomorphism p : A —• B is an onto mapping, then we say that B is the 
homomorphic image of A; moreover p is called an isomorphism, if p is a one-to-one 
mapping of A onto B. In this case, we say that A and B are isomorphic. 

Let k be an arbitrary positive integer and A r = (A'. Ar, 6r),r = 1 , . . . , k, be non-
deterministic automata. By the direct product of these nondeterministic automata 
we mean the automaton A = (X, A, 5) where A = Ai x • • • x Ak and <5 is defined 
as follows. For every a — ( a i , . . . , a*;) £ A and x £ X, S(a,x) = 5i(a\,x) x • • • x 
5k(a,k, x) or using the other notation: axA = (ai,..., dk)xA = a\XAl x • • • x auxAh. 
For the direct product of A i , . . . , A*, we will use the notation Ai x • •• x Ak • 
It is said that a nondeterministic automaton A can be embedded isomorphically 
into the direct product of A i , . . . , Afc if A is isomorphic to a subautomaton B of 
Ai x • • • x Afc. 

Let A = (X, A, <5) be a nondeterministic automaton and- 9 an equivalence re-
lation on A. For every a £ A, let 6(a) denote the class of the partition belonging 
to 9 and containing a. We can define a factor-automaton based on 9 as follows. 
Let A/9 = (X, A/9,5') be the nondeterministic automaton where the transition is 
defined by 9(a)xA/6 = {6>(a')K e bxA and b £ 9(a)}, for all a £ A and x £ X. It 
is important to remark that the mapping a 9(a), a £ A is not a homomorphism 
of A onto A/9 in general. 

Let us introduce some special equivalence relations on A. If a, b £ A, then 
let 9a^ be the equivalence relation defined in the following way: u 9a^ v if and 
only if u = v or u,v £ {o,6}, for all u,v £ A. It is obvious that the factor-set, 
A/9atb — {{u}|w £ A \ {a, 6}} U {{a, b}}. For the sake of simplicity we will denote 
by u the classes of the form {u} and by capital letters like U or V the classes 
of the form {a, b} of the factor-set. We will use in the proofs of this paper the 
following important observation. If A has two states c ^ d satisfying cxA = dxA, 
for all £ 6 A", then A/9C^ is a homomorphic image of A under the homomorphism 
a 9Cid(a),a £ A. 

Now, let, 9i,... ,9k be arbitrary equivalence relations on A. Then, the mapping 
/i : A A/9i x • • • x A/9k given by p(a) = (Oi(a),... ,9k(a)) ,a £ A, is called the 
natural mapping. It is easy to see that the natural mapping is a one-to-one mapping 

fc 
of A into A/91 x • • • x A/9k if fl 9r = A^, where A^ is the equality relation on 

r—1 

A. If we consider the factor-automata A i , . . . , Afc based on arbitrary equivalence 
relations 9\,... ,9 k, respectively, then one can see that the natural mapping is not a 
homomorphism of A into Ai x • • • x Afc, in general. In the constructive proofs given 
in this paper, we will have only natural mappings that are one-to-one mappings and 
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are homomorphisms. By reducing the codomain of chese mappings to B = p(A) we 
obtain isomorphisms. Of course we will prove these features of the natural mapping 
in each case separately. 

3 Nondeterministic nilpotent automata 
Throughout the paper we restrict ourselves to the complete nondeterministic au-
tomata (see e.g. [1], [7]). Here, we recall its definition. A nondeterministic automa-
ton A = ( X , A, <5) is called complete if S(a, x) 0 is valid, for all a £ A and x £ X. 
In this paper, by nondeterministic automaton we mean a complete nondeterminis-
tic automaton. Moreover, we deal with a special class, the class of nondeterministic 
nilpotent automata. As a generalization of the traditional nilpotent automaton, it 
can be defined as follows. 

A nondeterministic automaton A = (X, A, 5) is called nilpotent if there exist a 
positive integer n and a state ao, such that ApA = {a0} is valid, for all p £ X+ 

with |p| > n (|p| denotes the length of the word p). The distinguished state o0 is 
called the absorbent state of A. 

Now, let us define the following relation on A: a < b if and only if a — b or 
there is a p £ X+ such that b £ apA. It is easy to see that the introduced relation 
is a partial ordering on A since A is nilpotent. If one of the relations a < b or 
b < a is valid, then a and b are called comparable. In the opposite case, we say 
that they are incomparable and it is denoted by a IX b. Furthermore, the absorbent 
state ao is the greatest element in (A, <) and if A has at least two elements, then 
there exists a bo i1 ao € A such that bo is a maximal element in (A\ {a0}, <). From 
the maximality of ao and bo, it follows that ÜQXA = boxA is valid, for all x £ X. 
Note that if there exists only one pair of states a ^ b which satisfies axA = bxA 

for all x £ X, then these two states must be ao and bo- Throughout the paper we 
will express this in a shorter way, using "the sentence "A has exactly one pair of 
different states ao and bo for which aoa;A = bgXA holds, for all x £ X". In this case, 
b0 is the greatest element in (A \ {ao}, <), because it is the only maximal element 
in this set. 

The following statement is a consequence of'Lemma 2 in [6] and it follows from 
the observation taken at the end of the previous section. 

Lemma 1 Let c and d be two different states of a nondeterministic nilpotent au-
tomaton A = (X,A,S). If cxA = dxA is valid, for all x £ X, then the factor-
automaton A/0Cid is also a nondeterministic nilpotent automaton. 

In particular, if {c,d} = {a0,&o}, then it is easy to see that the corresponding 
factor-automaton is a nondeterministic nilpotent automaton with the absorbent 
state 6ao,b0(ao) = {ao,M-

Using the notion of incomparability, an other similar factor-automaton can be 
defined as follows. Let A = (X, A, S) be a nondeterministic nilpotent automaton 
with > 3 and let c M d £ A be incomparable states of A. Then, one can 
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prove that A/9C^ is a homomorphic image of A under the homomorphism a —> 
6Ctd{a), a £ A. This observation leads to the following statement: 

Lemma 2 If a nondeterministic nilpotent automaton A = (X, A, 6) with |A| > 3 
has two incomparable states c and d, then the factor-automaton A/9Ctd is also a 
nondeterministic nilpotent automaton. 

The following property is very important with respect to the inner structure of 
the nondeterministic nilpotent automata. It shows that no "loops" or "circuits" 
may appear on the states of a nondeterministic nilpotent automaton except for the 
absorbent state. 

Lemma 3 If A = (X , A, 6) is a nondeterministic nilpotent automaton with the 
absorbent state ao, then a ^ apA holds, for all a € A \ {ao} and p £ X+. 

We will also refer to the next Lemma, whose proof needs the following obser-
vation which is a direct consequece of the definitions. If A i , . . . , A^ are nondeter-
ministic nilpotent automata with the absorbent states a ° , . . . , respectively, then 
their direct product is a nondeterministic nilpotent automaton with the absorbent 
state ( a ° , . . . , a°). Furthermore, every complete subautomaton of the direct product 
is nilpotent with the absorbent state (a°,..., a°). This also means that if a nonde-
terministic nilpotent automaton A = (X, A, 6) with the absorbent state ao can be 
embedded into Ai x • • • x Ak under the isomorphism fj,, then fi(ao) = ( a ° , . . . , a°). 

Lemma 4 Assume that A = (X, A, 5) is a nondeterministic nilpotent automaton 
with the absorbent state ao and A has exactly one pair of different states ao, bo 
for which aoxA = boxA holds, for all x 6 X. Let AR = (X, Ar,Sr),r = 1,..., k, 
(k > 2) be nondeterministic nilpotent automata with the absorbent states a ° , . . . , 
respectively, and let ¡JL : A —> B C Ai x • • • x Ak be an isomorphism of A into 
Ai x • • • x Ak- If we denote the image o/ 6o under ¡j, by ( b j , . . . , and the set of 
indices {i € {1,... ,k}\a° ± 6°} by I, then the components a1,b° with i 6 I may 
appear in no other elements of B but p(ao) and fi(bo). 

4 Isomorphic representation of nondeterminist ic 
nilpotent automata 

Theorem 1 Let A = (X, A, 6) be a nondeterministic nilpotent automaton with 
|A| > 3, the absorbent state ao, and let bo be a maximal element in (A \ {ao}, <)• 
If there exist a\, b\ 6 A, ax ^ b\, {ai,6i} / {ao,&o} such that beside aoxA = boxA, 
aixA = b\ xA also holds for all x £ X, then A can be embedded isomorphically into 
a direct product of nondeterministic nilpotent automata having fewer states than 
\A\. 

Proof. Case 1. {a0,60} H {ai,&i} = 0- Let Ax = A/9AOM and A2 = A/9NUBL. 
Then, A can be embedded isomorphically into Ai x A 2 under the natural map-
ping denoted by p,. Let B = [¿(A). Since 9a0ib0 n 9aiii,i = A^, fx is a one-to-one 
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mapping. To simplify the notation we will use Do for 0ao,bo(ao) = {ao,&o} and 
Ui for 0ai,bi (ai) = {ai>&i}- To prove that p is an isomorphism, we have to show 
that p(axA) = p(a)xAlxA2 n B, for all a £ A and x £ X. We can do this by 
evaluating p(axA) and p(a)xAl x A 2 fl B in the following cases: a € A \ (U0 U UI) 
and axA n (U0 U UI) = 0; a € A \ (U0 U UI) and axA NU0 = <D and axA D UI ± 0; 
o é A \ ( £ í 0 U Ui) a n d axA n U0 + 0 a n d axA D UI = 0; a £ A \ (U0 U UI) a n d 
axA flUo ± 0 and axAr\U1 5 ¿ 0 ; a e Uv and axAnU0 = 0 and axAC\UI = 0; a € Ux 
and axA n U0 = 0 and axA n U\ ± 0; a £ Ui and axA n U0 ± 0 and axA n U\ = 0; 
a £ Ui and axA n U0 ± 0 and axA n £/i ^ 0; a G U0. 
Case 2. {a0,b0} fl {ai,6i} ^ 0. {o0,6o} i1 {a i ,M> hence {a0,í>o} H {ai,6i} con-
tains exactly one element. Let {61} = {ao, &o}n{ai, 61}. There are two possibilities: 
61 = a0 or b\ = bo- In both cases, aixA = boxA — a0xA = {a0}, for all x £ X. Con-
s e q u e n t l y , t h e f a c t o r - a u t o m a t a A i = A/8A0¿0, A 2 = A/9AO¡AI a n d A 3 = A /9B O > A I 

are nondeterministic nilpotent automata. We show that A can be embedded iso-
morphically into A i x A 2 x A3 under the natural mapping denoted by ¡i. Let B = 
n{A) C AixA-2xA3. The mapping/ais one-to-one since flaoi6on0aoiain0¡,oiai = Aa. 
It also satisfies p,(axA) = p(a)xAl x A 2 x A 3 n B, for all a £ A and x £ X. To prove 
this, we must evaluate once again p(axA) and p,(a)xAlxA2><A3 n B in the follow-
ing cases: a £ A \ {a0,6o,ax} and axA D {a0 ,6o,ai} = {ao} (or {60}, or {ai}); 
a £ A \ {a0 ,6o,ai} and axA ft {a 0 ,6 0 ,a i} = {a0,6o} (or {a0 ,a i}, or {60,ai}); 
a £ A \ {a 0 ,6 0 ,a i} and axA D {ao,6o, ai} = {ao,&o,ai}; a £ {a0 ,60 ,ai}. • 

Corollary 1 If a nondeterministic nilpotent automaton A = ( X , A, 6) cannot be 
embedded into a direct product of nondeterministic nilpotent automata having less 
states than \A\, then A has exactly one pair of different states ao,bo for which 
OQXa = boxA holds, for all x £ X. These states are ao, the absorbent state and bo, 
the greatest element in (A \ {ao}, <). 

It is worth noting that, unlike for deterministic automata (see [3]), the converse -
statement is not true. 

Lemma 5 Let A = (X, A, 5) be a nondeterministic nilpotent automaton (|A| > 3) 
that has exactly one pair of different states ao, bo for which aoxA = boxA holds, for 
all x £ X. If A can be embedded isomorphically into a direct product of nondeter-
ministic nilpotent automata having fewer states than then there must exist a 
pair of incomparable states c N d £ A. 

Proof. Let p. : A —> B C Ai x • • • x Af¡ be an embedding isomorphism, where 
k > 2 is fixed and \Ar\ < for all r = 1 , . . . , k. Since \Ar\ < \A\, there exists a 
state ar £ Ar, such that ar occurs in at least two different elements of B on the 
r-th position, for all r = 1 , . . . , k. If we use the notation (a°,..., a°) for /¿(a0) and 
(6°,. . . ,b°) for f¿{bo), then, because ao ^ bo and p is an isomorphism, there has 
to be an index i £ {1 , . . . , k} such that a° 6°. Let b' and b" be two different 
elements of B in which a¿ occurs on the i-th position, and let c, d £ A be the states 
for which p(c) = b ' and p,(d) = b". p is an isomorphism, hence c ^ d. We will 
show now, that c and d are incomparable in (A, <). Assume to the contrary that 
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c < d (or d < c). Since c ^ d, there exists p G X+, such that d 6 cpA. In the 
meantime, p is an isomorphism, so we can conclude that p(d) 6 )i{c)pB, which 
implies a¿ G a¡pA i . Thus, due to Lemma 3, the only possibility for a¿ is a¿ = 
Since b0 is the greatest element in (A \ ( a 0 } ,<) , it is obvious that d < b0, i.e. 
d = bo or there exists a g e such that bo G dqA. If d = bo, then = o° 
follows immediately and contradicts the assumption ^ a¿. If 6o £ dqA, then 
under the isomorphism /¿ we have p(b°) € p(d)qB, which for the i-th component 
means b° G a°qAi. This contradicts the nilpotency of A¿. • 

Corol lary 2 If the partially ordered set (A, <) of a nondeterministic nilpotent au-
tomaton A = (A', A, S) with |A| > 3 is a chain, then A cannot be embedded into a 
direct product of nondeterministic nilpotent automata having less states than \A\. 

L e m m a 6 Let A = (X, A, 6) be a nondeterministic nilpotent automaton (|A| > 4) 
that has exactly one pair of different states ao,bo for which oqxa — boXA holds, for 
all x £ X. If there exist c fxl d G A such, that for all x G X, cxA fl {ao, 60} 0 
and dxA fl {ao, 60} 0 jointly imply cxA fl {ao,6o} = dxA fl {ao,&o}, then A 
can be embedded isomorphically into a direct product of nondeterministic nilpotent 
automata having fewer states than \A\. 

Proof . Since c and d are incomparable, {c, d} fl {ao,&o} = Let Ai = A/9a0,b0 
and A2 = A/0c,d- Since c N d and a0xA — b0xA, for all x G X, both A/8a0tb0 and 
A/9c¡d are nondeterministic nilpotent automata. Now, we will prove that A can 
be embedded isomorphically into Ax x A2 under the natural mapping denoted by 
p. Since #no,i>o n^c.d = ¡J, is a one-to-one mapping of A into A/8a0tb0 x A/6Ctd. 
To prove that fi is an isomorphism, let B = fi(A). For the sake of simplity, let 
us denote by U #O0,¡,0(a0) =. {«o, ^o} and by V 6c,d{c) = {c,d}. Then, we have 
to evaluate fi(axA) and fi(a)xAl xA2 n B in the following cases: a G A \ (U U V) 
and axA n (U UV) = Q; a e A \ (U UV) and axA D U = 0 and axA n V ¿ 0; 
a G A \ (U U V) and axA n U / 0 and axA n V = 0; a G A \ (U U V) and 
axA n U / 0 and axA n V £ 0; a G U\ a = c (or d) and cxA D U = 0 and 
dxA n U = 0; a = c (or d) and cxA D U = 0 and dxA D U ± 0; a = c (or d) and 
cxA fl U ¿ 0 and dxA n U = 0; a = c (or d) and cxA n U ¿ 0 and dxA n U ± 0. In 
this latter case, we have to use the assumption of the lemma, namely, if cxA C\U / 0 
and dxA n U ± 0, then cxA n U = dxA nU. • 

Corol lary 3 Let A = (X,A,S) be a nondeterministic nilpotent automaton with 
|A| > 4 that has exactly one pair of different states ao,bo for which aoXA = b0xA 

holds, for all x G X. If A has exactly one pair of incomparable states c tX d and 
A cannot be embedded into a direct product of nondeterministic nilpotent automata 
having fewer states than |A|, then there has to be x G X such that cxAfl{ao, bo} Í 0, 
dxA n {ao, 60} / 0 and cxA l~l {a0,60} # dxA fl {ao, 60} hold. 

L e m m a 7 Assume that A = (X, A,<5) is a nondeterministic nilpotent automaton 
(| AI > 4) that has exactly one pair of different states ao, bo for which aoxA = boxA 

holds, for all x G X, and that A can be embedded isomorphically into a direct 
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product of nondeterministic nilpotent automata having fewer states than \ A\. If for 
c M d 6 A, there exists x £ X such that cxA n {ao, 60} ^ 0, dxA fl {ao, 60} / 0 and 
cxA D {ao>^o} H {ao,fro} simultaneously hold, then there exists elX / 6 A 
such that {e , /} {c, d}. 

Proof. We use the same notations as in the proof of Lemma 5. Let n(c) = b' = 
(b[,... ,ai,..., b'k), and p(d) = b" = (6'j,... , a¿ , . . . , b'¿). We must analyse the cases 
in which the given conditions cxA n {ao, b0} ^ 0, dxA D {a0, bo} j1 0 and cxA n 
{a0,60} H{a0,60} hold. Let us assume that cxA = {a0} and dxA = {60} (all 
other cases can be proved similarly to this one). This yields that {a°, bf} C a¿xAi 

and that there exists an index j ^ i, such that b'j £ b" and a° ^ b°. For this index 
j, the relations "a° € b'jXA', b? ^ b)xA', a° # bpA¡ and 6° 6 b'jxAi also hold. 
Consider now áj and two different elements of B in which a3 occurs on the j-th 
position. Let e and / be those states of A whose images under the isomorphism 
p are these two elements. Like in the proof of Lemma 5, one can see that e txl / . 
We still have to prove that {e , / } ^ {c,d}. For a3 , there are three possibilities: 
aj £ {b'j,b"}, ñj = b'j or ñj — b'J. In the first case, we have { e , f } l~l {c, d] = 0, in 
the second case, {e, / } n {c, d} = {c} and in the third case, {e , / } n {c,d} = {d}. 
Consequently, {e , / } fí {c,d}. • 

Corollary 4 Let A = (X, A, S) be a nondeterministic nilpotent automaton with 
|A| > 4 that has exactly one pair of different states ao,&o for which a 0 x A = hnxA 

holds, for all x £ X. If A has exactly one pair of incomparable states c IX d 
and there exists x £ X such.that cxA fl {ao,&o} 0; dxA fl {ao,&o} 0 and 
cxA fl {ao, 60} dxA fl {ao,6o} are true, then A cannot be embedded into a direct 
product of nondeterministic nilpotent automata having fewer states than |A|. 

Lemma 8 Let A = (X, A, 8) be a nondeterministic nilpotent automaton (|A| > 4) 
that has exactly one pair of different states a0,bo for which a0xA = boXA holds, for 
all x £ X. If there are c IX d £ A and elX f £ A such that {c,d} n {e, / } = 0, 
then A can be embedded isomorphically into a direct product of nondeterministic 
nilpotent automata having fewer states than |A|. 

Proof. Let Ai = A/0Oo,6o, A2 = A/0C)d and A3 = A/9EJ- Since a0xA — b0xA, for 
all x £ X, and c tx d, e M / , the factor-automata Ai , A2, A3 are nondeterministic 
nilpotent automata. On the other hand, 9A0TB(¡ n 9C¡¿ fl 9ej = Aa, and thus, the 
natural mapping denoted by p is a one-to-one mapping. To prove that /i is an 
isomorphism, as in the constructive proofs given above, we must calculate p(axA) 
and n(a)xAlxA2XA3 n B in the corresponding cases, where B = p[A). • 

Lemma 9 Let A = (X, A,S) be a nondeterministic nilpotent automaton (|A| > 5) 
that has exactly one pair of different states ao, bo for which ÜQXa = boxA holds, for 
all x £ X. If there are three pairwise incomparable states c M d £ A, d txl e £ A 
and e IX c £ A, then A can be embedded isomorphically into the direct product of 
nondeterministic nilpotent automata having fewer states than \A\. 
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Proof . We construct the following three factor-automata: Ai = A/9Cii, A-» = 
A/9dte and A3 = A/#e,c- Since c M d, d txi e and e M c~, each of the automata 
Ai , A2, A3 is a nondeterministic nilpotent automaton. It can be proved that the 
natural mapping is an isomorphism in this case. The proof goes similarly to the 

Note that the condition that A has exactly one pair of different states ao, b0 for 
which aoxA = boxA holds, for all x € X, was not used in this proof, hence, it is 
not necessary. 

Corollary 5 Let A = (X, A, S) be a nondeterministic nilpotent automaton with 
|A| > 5 that has exactly one pair of different states ao,bo for which aoxA = boxA 

holds, for all x € X. If A has at least two incomparable states and A cannot be 
embedded into a direct product of nondeterministic nilpotent automata having fewer 
states than \A\, then there has to be c £ A \ {ao, bo} such that for every e IX / £ A, 
c £ {e, / } must hold. 

Lemma 10 Let A = (X, A, 8) be a nondeterministic nilpotent automaton with 
]A\ > 5 that has exactly one pair of different states ao, bo for which aoxA = boxA 

holds, for all x £ X. If there are a natural number k >2 and c,e 1,... ,ek £ A with 
c X er, r = 1,..., k, such that 

\/x £ X (3i € {1 , . . . , k} : eiXA (~1 {a0, M C cxA n {a0, 60}) holds, 

then A can be embedded isomorphically into a direct product of nondeterministic 
nilpotent automata having fewer states than |A|. 

Proof. We construct the following & + 1 automata: let A 0 = A/9a0}ba and for every 
r = 1 , . . . , k, let A r = A/8C:er. 

Since aoxA = boxA for all x € X and c M eT,r = 1,... ,r, each of the automata 
Ao ,Ai , . . . ,Afc is a nondeterministic nilpotent automaton. We prove now that 
the natural mapping is an isomorphism of A into Ao x Ai x • • • x Afc. Since 
9ao,b0 H fl • • • n 9c eh = , p is a one-to-one mapping. To prove that n is an 
isomorphism, we have to investigate more cases. For the sake of simplity, we shall 
use the notations: U = 9a0ib0(a0) = {ao,6o} and for r = 1 , . . . , k, Vr — 9c^r(c) = 
{c, e,-}. We will give the proof in detail for the following two cases. 

Assume that a = c and cxA fl {ao, 60} i1 0- Then, 

cases mentioned above. • 

p(cxA) = p(cxA \ {ao, b0}) U n(cxA n {a0, fe0}) = 

{(b,..., b)\b £ cxA \ U}ll{(U, b,..., b)\b € cxA n U}. 

On the other hand, 

p(c)xA°xAlX"'xAk = (c,V1,V2,...,Vk)x , A 0 x A i X- -X Ak _ 

= cxAo x VxxAl x • • • X VkxAh = 

= ((cxA \U) U {[/}) x (cxA U e\xA) x • • • x (cx A U ekxA) = 
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= ((cxA \ U) x (cxA U eixA) x • • • x ycxA U ekxA)) U 

U ({[/} x (cxA U eiXA) x ••• x (cxA U ekxA)) , 

which implies 

/ i ( c ) i A l x A l X ' " x A ' n 5 = 

.= Ub,..., 6)|6 e cxA \ U) U Uu, b,..., b)\b e ( n (cx A U erxA)) n U\ = r=1 
= {(ft,..., b)\b G cxA \ U} U {(U, b,..., b)\b 6 (cxA n U) U ( n (eriA D U))}. 

Since there exists an index i such that e{XA fl {ao, bo} C cxA n {a0, bo}, the inclusion 

n (erxA HU)CcxAnU also holds and p{cxA) = p(c)xA°xAlX -xAk n B. 7—1 
Now, assume that a = ej for some j e {1 , . . . , k} and e jx A fl {a0,60} 0- Let 

I = {l\et e ejXA} and J = {l\et 0 eja;A}. Then, 

p(e3xA) = n(ejxA\({a0,b0}U{ei\l 6 J } ) ) U /x(eja;A n {a0,60}) U p{{et\l e / } ) = 

= {(6,6,. . . ,b)\b e ejXA \ ({a0 ,b0} U {e,|I e / } )}u 

u{xA(U, b,...,b)\be ejX
A n {ao, 60}} U U^fa, et,..., e(, Vt, eh ..., e,)}, 

where VJ occurs on the (1+ l)-th position of the element (ej, e / , . . . , ej, VJ, e j , . . . , ej). 

nip W A ° x A l X - ' X A J , _ ( p . p. p. <[/. p. \ A 0 x A , x . . . x A f c _ nyt-jjx — , Cj , . . . , Cj , Vj, e^, . . . , — 

= ejxA° x eja;Al x • • • x ejXA'~1 x VjXA> x ejXA'+1 x • • • x ejxAk = 

= ({ejXA \U)U {[/}) x Mi x • • • x Mj-i x (cxA U ejXA) x Mj+1 x • • • x Mk, 

where 

Mi = 
A if l e J , 

( e i x A \ V|) u {V|} if I ei, 

for all I e {1, . . . ,j - 1, j + 1 , . . . , k}. Therefore, 

/ i ( e J > A o x A l X - x A * ' f l B = 

= {(&,..., b)\b e ejxA \(u^juvl)}u{(u,b,...,b)\be nr(ejxA \ Vt) n{a0,b0}} U 

and the proof of p(cxA) = p(c)xA°xAlX'"xAk C\B is complete in this case, too. 
The proof of p(axA) = p(a)xA°xAlX"'xAk fl B is similar in all other cases. • 
By studying in detail all the cases of the proof of Lemma 10, we can state the 

following result. 
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Corollary 6 Let A = (X,A,8) be a nondeterministic nilpotent automaton with 
|A| > 5 that has exactly one pair of different states do,6o for which a0xA = bnxA 

holds, for all x £ X. If there exists a natural number k > 2 and there are 
c,e i,..., ejt £ A with c N er, r = I,... ,k, such that for all x E X, 

cxA fl { a o , b0} = 0 or 3i £ { 1 , . . . , such that e j X A n { a 0 , £>o} Q cxA n { o o , b0} 

holds, then A can be embedded isomorphicalhj into a direct product of nondeter-
ministic nilpotent automata having fewer states than |A|. 

Theorem 2 Let A = (X, A, 5) be a nondeterministic nilpotent automaton with 
\A\ > 4 that has exactly one pair of different states ao,bo for which aoxA = boxA 

holds, for all x £ X . If there exists c £ A such that: 

(a) for all e M / € A, c € {e, / } , and 

(b) there exists x £ X such that cxA fl {ao, bo} ^ % and for all e £ A with c IX e, 
exA n {a0, fco} 2 cxA fl {a0,60} holds, 

then A cannot be embedded into a direct product of nondeterministic nilpotent au-
tomata having fewer states than |A|. 

Proof. Assume to the contrary that A can be embedded into the direct product 
of k > 2 nondeterministic nilpotent automata having fewer states than |A|. Let 
Ai,...,Ak be these nondeterministic nilpotent automata with \AT\ < \A\, r = 
l , . . . , f c , and let p : A —> B C Ai x • • • x Ak be the embedding isomorphism. 
Let B denote the subautomaton of Ai x • • • x A^ with state set B. Let //(ao) = 
(ai,...,a°k) and p(b0) = (bl,... ,b°k). We consider the following set of indices: 
I = {r £ {1, . . . , /s} | a° ^ 6°}. Since ao and fx is an isomorphism, I 0. 
Without loss of generality, we may assume that I = {1, . . . ,m} where m < k and 
m is a fixed value. 

For all i £ I, let us examine the state «¿. i.e. the state which occurs in at least 
two different elements of B on the ¿-th position. The existence of a^ follows from the 
fact that \ Ai\ < |A|. Due to Lemma 4 and the definition of I, Hi will appear neither 
in the element (a°,..., a°k), nor in (b°,...,b°k). According to this and to Lemma 3 
that guarantees that in a nondeterministic nilpotent automaton no state may have 
"loops"or "circuits" except for the absorbent state, the ancestors with respect to \i 
of these elements are incomparable in A. Consequently, for every a.i,i = 1 , . . . ,m, 
we have in A a pair of incomparable states, that don't have to be different for 
different a»-s. Due to (a) these states are of the form c IX ei,... ,c IX e„, where 
v <m and v is a fixed value. According to this, fi(c) = ( a i , . . . , a m , c m + 1 , . . . ,ck). 

In the same time, cxA fl {ao,&o} ^ {ao3bo} and also eixA fl {ao,&o} # 0 holds 
for all i £ I, because otherwise there would exist e £ A such that exA n {a0, bo} C 
cxA fl {ao,6o} would be true in a trivial way and condition (b) would not be 
satisfied. cxA fl {a0,&o} ^ 0 stated by (b) and cxA n {a0,&o} i1 {a0,60} implies 
cxA fl {ao, 60} = {ao} or cxA l~l {a0,60} = { M -
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Let us analyse the case cxA fl {ao,&o} = {aoj- Because is an isomorphism 
and B is a subautomaton of Ai x — x a° £ a¿xAí , for all i = 1 , . . . , m, and 
a° £ cixA', for all I = m + 1 , . . . , k, must be true. Remember that a° = 6°, for all 
I = m +1,..., k. This implies the existence of a j £ /-such that & a.jXAj because, 
otherwise b° £ a¿xAí , for all i = 1 , . . . , m, and b° £ c{xAl, for a l l / = m + 1 , . . . , k 
would hold, which would imply bo £ cxA. Let us denote by J the following set of 
indices J = {i £ I\ 6° ^ ajXA>}. Then, by the statements above, it is obvious that 
J 0. On the other hand, all e¡ with j £ J must satisfy (b). This means that 
e j X A n {a0, ¿o} 2 {a0}, for all j £ J . We already observed that e¿zA n {a0, b0} / 0 
for all i £ I, thus the single possibility for ej is £ a3xA', for all j £ J, which 
contradicts the definition and the nonemptyness of the set J . The analysis of the 
case cxA n {a0, b0} = {2>o} is similar. • 

Theorem 3 Assume that A = ( X , A, <5) is a nondeterministic nilpotent automaton 
(|A| > 5) that has exactly one pair of different states ao,bo for which aoxA = 
boxA holds, for all x £ X. If A cannot be embedded into a direct product of 
nondeterministic nilpotent automata having fewer states than |A| and A has at 
least two pairs of incomparable states, then there exists c £ A \ {ao, 60} such that 
the following statements are simultaneously true: 

(a) for all e M / £ A, c £ {e, / } , and 

(b) there exists x £ X such that cxA f1 {ao, bo} ^ 0 and for all e £ A with c N e, 
exA 0 {ao, 60} g cxA D {a0, i>o}-

Proof. Let our starting assumption be that A has exactly one pair of different 
states ao, bo for which aoxA = boxA holds, for all x £ X, that |A| > 5, that A has 
at least two pairs of incomparable states and that A cannot be embedded into a 
direct product of nondeterministic nilpotent automata. The proof of (a) is given by 
Corollary 5. To prove (b) assume to the contrary that for all x £ X, c i A n{ao , 60} = 
0 or there exists ex £ A with c N ex such that exxA fl {ao, bo} C cxA D {ao, bo}. 

Let E be the set of all states of A that are incomparable with c, i.e. E = 
{e i , . . . , ejt}. By (a) we know that there are no other pairs of incomparable states 
but c ixl e\,••• ,c N efc, where k > 2. Thus, we can reformulate the converse of 
(b) as follows: there exist k > 2 and ex,... ,ek £ A such that c M e r , r = 1 , . . . , k, 
and for all x £ X, cxA fl {a0,£>o} = 0 or there exists i £ { l , . . . , f c} such that 
eiXA fl {ao,6o} Q cxA fl {ao,i>o} holds. Due to Corollary 6 A can be embedded 
isomorphically into a direct product of nondeterministic nilpotent automata having 
fewer states than \A\ which contradicts the starting assumption. • 

Now, we can prove our main result. 

Theorem 4 A nondeterministic nilpotent automaton A = (X, A,ó) with |A| > 2 
cannot be embedded into a direct product of nondeterministic nilpotent automata 
having fewer states than |A|, if and only if A has exactly one pair of different 
states ao, bo for which a0xA = boxA holds, for all x £ X, and one of the following 
statements is true: 



254 Ildikó Székely 

(1) The partially ordered set (A, <) is a chain, 

(2) A has exactly one pair of incomparable states c tx) d and there exists x E X 
such that cxA D {a0, 60} ^ H {a0,60} 0 and cxA D {a0, 60} # dSA n 
{a0,60} hold, 

(3) A has at least two pairs of incomparable states and there exists c E A such 
that the following two statements are valid: 

(a) for all e N / e A, c E {e, / } , and 

(b) there exists x E X such that cxA D {ao,6o} i1 ® ani1 for all e E A with 
c Me, exA n {a0,60} 2 cxA D {ao, 60} holds. 

Proof. First, let us prove the necessity. Assume that A is a nondeterministic 
nilpotent automaton with > 2 and that A cannot be embedded into a direct 
product of nondeterministic nilpotent automata having fewer states than The 
fact that there is exactly one pair of different states ao, bo for which aoxA = boxA 

holds, for all x E X, is guaranteed by Corollary 1. Now, we will show that one 
of the statements (1),(2) or (3) holds. Examining (A, <) we can distinguish the 
following three cases: there are no incomparable states at all, there is exactly one 
pair of incomparable states and there are at least two pairs of incomparable states. 

If there are no incomparable states at all, then (A, <) is a chain and (1) holds. 
If there is exactly one pair of incomparable states, then, by Corollary 3, (2) holds. 
If there are at least two pairs of incomparable states, then, by Theorem 3, (3) holds 
and the proof of the necessity is complete. 

Now, let us prove the sufficiency. Assume that A is a nondeterministic nilpotent 
automaton with |A| > 2 that has exactly one pair of different states ao, bo for which 
aoxA = b0xA holds, for all x E X, and that also one of (1),(2) or (3) is true. 

If (1) holds, then due to Corollary 2 A cannot be embedded into a direct product 
of nondeterministic nilpotent automata having fewer states than If (2) holds, 
then A cannot be embedded into a direct product of nondeterministic nilpotent 
automata having fewer states than due to Corollary 4. If (3) is true, then the 
fact that A cannot be embedded into a direct product of nondeterministic nilpotent 
automata having fewer states than \A\ follows from Theorem 2; and the proof of 
Theorem 4 is complete. • 

The following statement presents the characterization of the isomorphic decom-
posability. 

Theorem 5 A nondeterministic nilpotent automaton A = (X, A, 8) with > 2 
can be embedded isomorphically into a direct product of nondeterministic nilpotent 
automata having fewer states than if and only if it fulfills one of the following 
conditions: 

(i) 1^1 3, ao is the absorbent state, bo is a maximal element in (A \ {ao}) 
and there exist ai,bi E A, ai ^ bi, {ai,6i} {a0,6o} such that beside 
ÜQXA = boxA, AIXA = bixA also holds, for all x E X. 
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(ii) A (with |A| > 4 ) has exactly one pair of different states do, bo for which 
a0xA = boxA holds, for all x £ X, and there exist c M d £ A such that 
for all x £ X, the implication (cxA fl {do,60} 0 A d a ; A n {d0,b0} ¿ 0) =• 
cxA n {d0, b0} = dxA n {do, bo} holds. 

(iii) A (with |A| > A) has exactly one pair of different states do, bo for which 
a0xA = boxA holds, for all x € X, and there exist c tX d £ A and e M / £ A 
such that {c, d} fl {e, / } = 0. 

(iv) A (with |A| > 5) has exactly one pair of different states do, bo for which 
aoxA = boXA holds, for all x £ X, and there are three pairwise incomparable 
states c IX d £ A, d IX e € A and e IX c £ A. 

(v) A (with |A| > 5) has exactly one pair of different states do, bo for which 
aoxA — boxA holds, for all x £ X, and there exist a natural number k > 2 
and c,e\,... ,ek £ A with c N er,r = 1,...,k, such that, for all x £ X, 

cxA fl {d0, b0} = 0 or 3i £ {1 , . . . , k) : axA fl {a0, b0} C cxA n {a0, b0} 

holds. 

Proof. We will prove the necessity by contradiction. One can see that in the 
class of nondeterministic nilpotent automata the following eqivalence holds: 

^((i) V (ii) V (iii) V (iv) V (v)) O (S A ((1) V (2) V (3))), 

where S is the statement that there is exactly one pair of different states a0, bo in A 
for which aoxA — boxA holds, for all x £ X . It yields hence, that by Theorem 4, A 
cannot be embedded into a direct product of nondeterministic nilpotent automata 
having fewer states than |A|, which is a contradiction. 

The sufficiency immediately follows from Theorem 1, Lemma 6, Lemma 8, 
Lemma 9 and Corollary 6, which imply (i), (ii), (iii), (iv) and (v), respectively. • 
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