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~On a theorem of S. Bernstein.
- By G..:GRUNWALD (4) in Uj’pest.

Let f(x) be continuous in the interval ——lsx<+1 and
let us denote : '
(1) - L,,[f;x] n=12...
the n-th Lagrange interpolation  polynomial of the function f(x)
corresponding ‘to the Chebysheff abscissas. Then (1) is the unique
' polynomlal of degree ‘n=—1 which assumes the- values f(x"")
Y 6 TR f(x"") at the zeros : :
} _(2) x"" cosz—— X = cos3'2in,_.=. ;,x},ﬁ’#cos(anl)é%
of the n-th  Chebysheff polyndmial T,(x) == cos(narc cosx). It is
- known -that the sequence (1) is not convergent for every continuous
* function?); moreover there exist continuous functions for which the
. 'seQuencé (1) is divergent everywhere2) in the interval —1 <x=<+-1.
'S.‘BERNSTEIN proved3) that we can modify (1) by choosing suitably
~4n of the abscissas (2) and changing. there suitably the values
" of f so that the new- sequence ‘of interpolation polynomlals be
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uniformly convergent in the interval —1<x<=+41 for every con-
tinuous function, where 42 > 0 is an arbitrary smalil but fixed number.

In this note, we prove that the theorem of BERNSTEIN is exact
in the sense that, instead of fixed 4, we cannot take a sequence
A=24, for which 4,0 if n-oo. In. other words, if 4,~0 for
n-oo, if we choose nd, abscissas from (2) and we change the
values of f assumed here arbitrarily, then there exist continuous
functions for which the modified sequence of interpolation poly-
nomials is not uniformly convergent in the interval —1<x=<+41.

The following exp]icit form-of (1) is known:

Q) LIf; xl:g",:(__ I)k+l T, (X)Vl (x{r ) Fxiy = Z 1.(x) f(x).

S n(x—xi)

The modified interpolation polynomial is

4) : B,[f; x] = 2 AP 1(x),
wliere
(5) AVCAD, LAY u=na,

" are arbitrary numbers and

© AL =/, Af-;:iz—f<xfz’+z>,- A =76

(4, &, . . ., i, being an arrangement of the numbers 1,2,...,n),
Evidently we can suppose that

(7 Tm|A” =<1,  k=12,...,pe=dn;n=12,...

Let us divide the interval —1=<x<+1 into g+ | equal parts.
There is at least one part not containing any of the abscissas

XM x.‘{? Let x("’, x'?, be the two Tschebyscheff abscissas

'mterceptmg the centre of this interval and put xo—cosj1

Then we have*)
(x(n)

® Sie-1 3 HEE T,

1 & 1 c & n
<— 2 < —.
n k;l‘ lXo—Xikl ni=i etk

<c.

4) ¢ >0 denotes an absolute constant, not necessarily the same one
each time it occurs.
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Let f,(x) be a continuous function in the interval —I=x<+41
for which

(9) f.(x)y = signl, (x,), | k=12 ..., n;
"~ From (4), (5), (6), (7), (8), (9) it follows that

|B'n[fn > x0]>|'= I k;l‘ .Ai")[".(x")

10 = ; Fa ) (%0) + g (A7 —F <)) (%)
< 3 lw)|—2 2 1l < 2 1]~

=

Since®)

v " .
an 2 1L > - logn| T, (x)|
and so ' | :

. e : 1 .
(12) 2 (%) > —logn,

R k=1 N N -

we have : . '
(13) |B.{fa; %]l > clogn.

With the aid of (13) it is easy to prove that the sequence of inter-
polation polynomials B,(f; x] is not uniformly convergent. if f(x)
is the following continuous function

aw =

and if the sequence n, is suitably chosen.
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