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fFarey series: and their connectron wrth the prrme
- . ‘number problem.tl..‘.

By Ml_KLOS MIKOLAS‘ in Budapest.

'Let'x>1 we denote by F, the ascendmg sequence of fractrons’. v

e

i (FAREY series - of order x) for whrch
O<k=n=x; (k /1)—1

_ The 'u-th term of F, will be denoted by 05} the number of tnese.»
fractrons is . : -

)

m

@(x)—Z qo(n)

' <p(n) denoting EULER'S functron : :
: It is well-known that-the 'so-called FAREY dissection of the .conti--
nuum is a.very 1mportant tool in thie addmve theory of numbers; the

sphere of applications extended still . more “when it was. drscovered that o

the- equldlstrrbutron of the: FAREY series is connected “with the validity
_of RIEMANN's’ hypothesrs (i. e with the assumptron that the zeta function

of RlEMANN has no “roots for E}t(s)>—)

In the. first place, it has been proved by ]. E. LlT’l‘LEWOOD‘) that»
RlEMANN S hypothesrs is true if 'and-only if the relation

. C d’(z) ) ( —+8] .

M(x)—z u(ﬂ)~z cos2mge=0\x" "}, |

where u(n) denotes the function “of - MOBIUS, holds for all posrtrve '

" . values of e

" The later result of J. FRANEL?), whrch is. mentroned by E. LANDAU"

. as’ “gin hiibscher Satz”, can -be expressed as follows :

‘ Let us divide the interval <0, 1) into @(x) equal parts further-
more let us mark the fractions of. F we then form the sum of squares

1y’ [l], 263—266 ; see LANDAU [2], vol. 1I, 161—166. (Numbers in brackets []
refer to' the bibliography placed at the end of the paper.) . L
2) [1], 198 - 201, see LANDAU [2], vol. ll 167 77,
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of the differen'ces

G b= 00— w'=.1,2'": Aép(x)

LD (x)

B RIEMANN s hypothe51s is equwalent to the assertion that '

D(x) -

Z‘ 62 O(x*“”’)

" or (as LANDAU added)®)

%%F(v).

£ bemo any posmve number , '.
~Now, we consider - in this . paper the asymptotlcal behavxour for

x—»oo of the sums of type
. B(x)

Z f(o,>,

f(l) denotmg a functlon which is defmed at the pomts O<Q,,<l
: (v_l 2,...,®(x)) and belongs to a class as wide as’ possible.

"By supposmg that f(¢) is bounded, integrable (in RIEMANN’S sense)

for 0<t<1, it follows from the umform dlstrxbutxon of the frac'uons-

of F, (x~oc) that : '

,®_7 | 3 w~@ﬂﬁmm

©.in § 1 we shall show that (I) holds certamly 1f

Jﬂ?ng

ex1sts or if f(t) is contmuous decreasmg, nor- negatlve for O<t=1 and' '

lim ff(t)dt : IR

exnsts ;
To fmd a better bound for the dnfference

AEM—éﬂw—ﬂmﬁmﬂ S

8) See Lanpav [3], 202—206 We mentlon herewith a later result of LANDAU

the relation .

- [51 .

; 1, .
. ~Max O(xg. a) S
1=¢<9 () . N .

g Z"v_'

v=].

. is also equwalent to R[EMANN s hypothes:s ([4);-347—352.)-
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‘ uve.m‘ay suppose..that f(t) has a’ bounded deriuat'ive in the interval '
X0, 1>; it will be proved that in this (particularly important) case the

behaviour of R,(x), concerning its. order of magnitude, is the same as
that of M(x) = Z u(n) or of the remainder of the prime number
theorem. )

x

du

n(x) log u’ .

Towe have name]y, according. to § 2
- (

. ‘where 14 1s any: constant between

°

Ry(x) = O (xe-otosia?)

; %]— excl. and c3>0 depends on

- the ch01ce of y only, by supposing the va11d1ty of RIEMANN s hypothes1s, ‘

it follows that the much sharper- relation -

1 ¢ loglogiogz ) i e -

' )= o (x i )
¢;-denoting another posntlve constant‘*) holds also.

.. For a function f(f) which has continuous derivatives f’(¢), f” (t),

f‘z’”“) ), the “EULER—MACLAURIN sum- formula” furnishes exp11c1t1y

D(z) - ) . .
9” = O(x t + 1 + . r
Zf( = a >ff( yat s (f() f(O)) |
. . [x] N '
awy = L
. B4 (fu/(l) fr/(o))z., ( )_{_ —I— N
(2r); (f‘z’“"(l) 2r-1)(0)) % WM(7)+ U.(x);

where :
1 . .
' N\ S AMrt2

N S
- _ g By (27=1) N | X X4 &9
U?(x) Yarion J e Oy dt P2 M( | M5 ) gt
; . .
(0<8 x, = 1) ‘

' /
. By, By, B, . .. bemg the well-known numbers of BERNOULLI -

 In case of r=0 we have m partxcular

1
B(2)

V) Zf(ev)=@(X) ff(f)dH— 3 (f(l) f(O))+

n—-l

l+2 M( )f(nt—[lzt]—~—)f (t)dt;,’ |
-0

4) Here and later ¢ denotes an arbittary positive number

4
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the last term on the right-hand side may be replaced (on-the basis of
the so-called FRANEL-identity) by the posilive square. root of

D(x) -

f(f (t))ﬂdt(,zw(sc); #] 0=9=9=1.

We obtam rather deep results by drscussmg the question as
follows (§ 3): when does the converse of (IIf) hold also, i. e. for which
functions f(¢), having a bounded derivative in <0, 1), does the validity
" of RIEMANN's- hypothesis follow from. the existence of a relatron of
type (1)?~

"It can be srmply proved

Let A= ; ; RIEMANN'S. hypothesrs is true if and only rf we have
for every positive &
]| 1
- 1 X . <+
3 M(n)—”on(x_ ).

By usihg this lemma, the formulae (IV), (V) and some relations
from the theory of DIRICHLET series respectrvely, we get the fo‘lowrng
“interesting theorems :

1) For any polynomral of second degree

) f(t)"aot2+41t+a2 (a(,:{:O)
the relation . ‘ . B
- - ' jray
o o Rw=o0ls ),-
holdmg of every €> 0, is equrvalent to RlEMANNS hypothesrs
2) Let us take -

‘ f(t)—-a(,t“’-}—alt“’—l—agt—{-a3 (a(,:}=0),
then a necessary and sufficient condition- that D should be equrvalent
- to RIEMANNS hypothesrs is that - -
: : 3
al# 700.
. 3) For every r=2, fhere 1s an mﬁmty of polynomlals
C fO=at T+ et (@+0)
such that (VD) be equivalent to RIEMANN's hypothesis.

4) Suppose that f(f) is defited and has continuous derrvahves
@), @), f"’(t)$0 for 0=t=1, furthermore the condition

FO=F O 350) _gsqs
flf”’(f)ldf o | 5
should be-satisfied. Then (VI) is equlvalent to RIEM,ANNS hypothesrs

A
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In parhcular we have the 51mple relatrons (found to be equxvalent
- to the hypothesis in questlon) '

d@ ,_+:. ‘Pz ' . -LH .
Z’ 92_‘& ( ) ;‘ Qj(x) fO(x-Q )’ .

v

v=1

() 1 1., '
Z\coslgv—%——@( x) =0 ‘(x?f ) thh O</l<—2—
v=1 .

‘These results - show very clearly, how close. the connection is
between the ‘problem of the distribution of: FAREY fractions (i. e..a pro-
. blem of elementary number- theory) and that of the situation of “zeta-

" roots” in the theory of functlons :

T Uniform distributiori and its 'conSequenceé. '

: .Let x be a.positive varlqble and let a, b, k-, mn, r,v denote - ‘
' .throughout posmve integers. : :

We . begm by some fundamenta] _identities.

Lemma 1. We have for any funclron f(t) whzdz is defmed at the
points t———~ (k—l 2,...,n) ‘ '
Zf( )~—m§u(d)2f( ) S ( )Zf( )

x n)=1
where d/n means that z‘he summatzon is extended over all dzvtsors of n.
Proof: It is evident that . S A
, ' k -
> > k)- Zf(?f)~ .
S D=t .

and our assertlon foliows by I\llOblbb inversion. .

Lem ma 2. Let f(n) and g(n) be arbztrary artz‘hmeitcal funcz‘tons ‘
Then we have : ; '
' [_] S [ ]

R ) :
o 3 Zf(d)g( )= Z’f(d)é g(é)—Zg(d)wa)

- in parttcular

- B e - - 1) ' :
@ Z‘Zf(d)—Z][ ] d)_z, Zf(a) -
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Proof We wrrte

). §Zf(d>g( ) Zf(d)g(a)— -

. ddSz
. x
2

[z}

=) 2 EO+f2) 2 g(é) +.. (d) ; g(d) '
On the other hand, by o

el =4 )g(d)

_ f(n) and g(n) may be exchanged under 3). - : .
The combination of Lemma 1 and Lemma 2 (with f(n)—‘u(n),'.

""g(n)—— Z‘f( J) gives

Lemma 3. Let us take M(x)—Zm(n) V(n)——Zf( ) |

n=1

then

) : Bz . N 2] ' [Z] n
@ 'Z’_f(o)—Z’M( )V(n)—Zu(n)ZV(d)

n=l1

' 'provzded that ]’(t) is deftned Jor the values in question of 7ts argument.

We shall see that- the identities (4) are useful in order to find

C asymptotlc formulae for Zf(@v)

, Lemma 4, Let Osbsl and let us denote by h (&, x) the number
—of fraclzons in F. which are not greater: than &, T/zen we have

(’v H n=|

q. [
h(EX)—Zl~j[ﬂ§]M( ) g#t(ﬂ)Z[a’E]

P_roof Using the. fundamental property of. the MOBrUS functron.

we get .
I > t(d)—Zu(d)[ 4 'Zra(i)[dtl
il T 7= )

so that )] furmshes mdeed

- h(E A)—'% Y(dz]u( ) 4 Z.[dt]M( ) g‘u(d)[zl[as}

d/n

In what follows we need also the famrlrar rdentmes, arrsmg im-
.medrately from (l), :
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¢@—$@m—ﬁ t4—4zft]_

n=1}

By use. of (6) it is easy to show that“)
@(x)—.ixz-t— O(xlogx)

'Next we. make use\of a well- known result -of H. WEYLG)

If £, (n——l 2,3,...) is a, sequence such that (t)—-t—[t]'

(n—l 2,3,:.)) s umformly drstrrbuted in <0, 1>, then we. have for B
~ all. RIEMANN mtegrab]e functrons f(t) with. the perrod 1 _

@®) -

~ oL

i —Zf(tk)—f st Zf(tnwn f st

n-»>o 1

In order to apply thrs proposrtron we prove

.. Theorem 1, The dzstrtbutton of F, becomes umform when x oo, '

P r oof: Consrder the sequence: : R
112 T1.3.1 2.3, 4 1.5,
1227337447 5'5'5'5° 676 .

—

-Let 0<§1s5 =1 and suppose that the denommator of the n- th.

term under (8) is [x]+1. Then we have (cf. (7))

n—i"(x)—f&x——?’—xg—!-O(tclovx) (Os&sl),

. on the .other hand the number of fractrons among the frrst n terms
S whrch lie in the mterval <EI,E> is plamly

L ong, ga_ng—h(*éz,x)——h(&x)—}-()x ©0=0=1).
Thus, by Lemma 4 (6) -and (7)," we can write
PR E | ;

- ng—'quE;] [da])M( )+@x -

whence it follows mdeed that

[z ' '
= E—E) B+ o( 2 )+0<x)~—<s—s>n+0<xlogx>

.O(x log x)

——(Ez &)+ §—§1

when n—»eo i. e. X oo,

"5) See e. g. HARDY—-WRIGHT [1], 466
6 [1], 314.
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The above result of WEYL bemg apphcable to FAREY fractions; -
we obtain that - . -

) b (z)
©  Sierarwn e i A—ffﬁt) at,
SifF () is a bounded, RIEMANN mtegrable function in <0 1)
The validity of (9) can be-proved under more general conditions,
by using the following theorem of TOEPLITZ?): :
_ Let 4, t,...,¢,... be a convergent sequence with the limit zero
and suppose that the numbers a,; (k,1=1,2,3,...) satisfy the fol-
lowing conditions : ' '
1) for any frxed 1, a,,,—»O when k- oo,
_ 2) S(k)_lak1|+|ak2[+ +Iakk|_ o).
Then the sequence

CHmouhbaatb ot (k=120 .

.t converges also to-zero. -

’

3 Theorem 2. Let f(t) be a functlon deftned at all. ratzonal pomts
of the- mterval 0<t=189), such that .

o AV(n) —Zf()

- converges when n oo, and has the limit A. Then we have
D (x)

Zf(ov)wA@(x)N—x'*‘

4 ' Proot In v1rtye of (4) and (6) we need only to’ show that 1f
our conditions are satlsfxed then :

¥ on(3)(2 E1(4)-)-o
—A=
T =) 4 @()gz. ngf
when X > o0, A
But thns follows therefrom that, ex hypothesr

| V@) 4s0
moreover (cf. (7)), -
1) for any fixed n
oL x . g .
H\M(F__ X ~ 7 _,O . '] n o0
Blx) .= Dx) 3x L waem XS

7) See e. g. KNorp [1], 75
8) Observe that the point 0 does not belong to the mterval
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" and hence, considering that
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1 & . X o ey
2) S)= B(x ),é"‘M(?J»éé(x)N?’

~and so TOEPLITZ’s theorem may be applied. -

In certain cases it is somewhat more convenient to use the following

Corollar y. If f(t) is continuous, decreasmg (tftmcreases) non-
" negative for 0O<t<l, and lf : -

hm f f(t)dt— J( f(t)dt '

exists, then we Izave .
1
. o -

Zf(ev)N@(X) fit)at.-

Proof: Suppose that f(t) satnsﬁes our condmons

 'We write - A o
2t ) ) f( ) il (%)éj 1k Jeu) 100~
s

-~

k+1

Cocfle
zf( gl )
 Jmae—f sl

the integral : T - : _‘ 

exxsts by hypothesm there ex1sts therefore to any e>0 a number'

AT
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N'= N(¢) such that

for n> N, ‘th‘is implying . .
. : _ |
) - f(;)=0(n)-
On the other hand

jf(t) dt———Jf( )

therefore, usmg (lO) and (ll) we obtam

gf( )—nff(t)dtJr(Zf( ) Jf( )du)——njf(t)dt-{—o(rz)

7I ) ° ﬂ

and SO Theorem 3 tmphes our assertxon : .

We see: that for the vahdlty of 9), the funchon 0] must not’
necessarlly be bounded for Ostsl

E

2 ‘Case of f(t) hav:ng a denvative of first or h:gher order
- -Connection with Riemann’s hypothesns :

Suppose that f(f) has a bounded derivative i in the interval 0 <t<|1,
then, applying the ‘mean value theorem of the dxfferentxal calculus, -we
. can write o

QYT

ﬂ

k .
R O ) :
o=n 02, (Y—t)dl=0("271§) 0(1).
o k-1 - T —

- n

Hence it follows at once for the remainder (cf.. (4) (6))

: ?f«o @(x)ff(t)dt~§ i % )(Zf( )—n J f(t)dt)
-,;o[z":_ ( )|

O(x log x),;;
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Thls result may be easily lmproved by - usmg the tnvxa] relatlon’)

. & (z) » 2
as ;’ (o»——) o(1). .
'-We get namely, by (12), —_— L

D(x)

; fle)— fb(x)ff(t) dt="
_v_ %‘) (f(@v) f( D (%‘)f( ) di(x)ff(t) di)

v= v=1
_515 (=)

’='OZI,‘ o n=0 .(V(D(X)Z’(ev——))+0(l)~ |

~0(x VZ o— )+o<1>,_ |

so that (13) furmshes 1mmedxately

(14)

& (2)

o 27— ff(t)dt-O(x)

- (13) represented hrtherto to our know]edge the sharpest (posmve)
_. result concerning the order of FRANEL’s $um. In a fecent paper'®) we
- have deduced- on the basis .of the so-called FRANEL identity™?)-

o Sl dT- il bl |

a=1 b=1 a
the much better relation g '
P (x)

an . oo 2 ( v‘_,i)z . b(e;;5t1°g’;)7)

v=|

- by. using N. TCHUDAKOV’s result‘z) on the error term of the. prlme'
number theorem . : .

(18) - ._ - n(x)——J‘ logu__O(xe-cl(logz)J’) t DU

More precrsely ‘we use its analogue for the MOBIUS functronls)
(19 M@= O(xe. csﬂ?zz)?)

") See Lawpavu {3], or (2], 01 i1, 176.
10) MigorLAs [1]. ;
.~ 1) FrangL (1], LANDAvw [2], vol. 1I, 173
'12) TcHuparov (1], 591 —602.
13) See FoeeLs [1].":
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{Here y denotes any cdnstant between % and ;: excl., while €,Cs, C3

are positive constants depending on the choice of only.)

‘On the other hand, in case of the validity of RIEMANN’s hypo- . |

thesis, we have the well-known relations, the first implying the second,

) - 1 e logloglogz
(20) M(x) = 0l Tiosings )
: &(z) ogloglogr .
CORS Z( (ev——%);o(x_'“lﬁ’x’zf )
. v=1 . .

where ¢,, c5 denote othet positive constants'?).
Thus applymg (17) and (2l), we' obtain at once from (14)

_ Theorem 3. Let f(t) be a functzon havmg a bounded derzvattve
in the mterval O<t=<1. Then we have the relatton

L (z)

Zf(ev)— ‘D(x)ff(t) dt+ O (xe- cauogxw) ‘

-
. 2 2" 3 >

‘- If RIEMANN s hypotheszs is true, we have bes:des
20 LI M) :

Z"f((’v)'—‘p(X)Jf(t) dt+0( 3 % loglogz

and therefore

© B R
Z f(ev)—'P(x)Jf(t)dt+ O( )
for every e>0. ' :

All these relations may be 1mmedlately -deduced on the- ba51s ‘of
2
the 1dent1t1es 1), W1thout usmg FRANEL’S sum Z(@v——;—) , 1f we
suppose that f’(¢) exists and is continuous for O=t=1. In this case.
we must only apply the EULER—MACLAURIN sum- formula in its 31mp1est
'form .

@) Zg(k)= j £ dut % (50— g<0)>+f(u—[u1—~)g Wdu
'fbr the function g(u) =f(z) we thus obtam (cf (4) (5) (6))

14) See e g LA\:DAU [2}; vol. ll 161—-166 176-177 4
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. .

$(x) -

@) Zf(o»)—w(x)ff(t)dt+—(f(l)—f(0))+

+§ ( )J‘(nt—[nt]—;)f(i)dr |
Since for éuy a,b%) - o
1 .

' oy
@) | Oj(ai—[at]—.—]—)( ~pet] - )dt_%%,

we obtam by inverting the order of summatron and mtegratron and by
applying the inequality ‘of SCHWARTZ, that the last term under (23) may
be replaced by the positive square root of o '
) h . ',x] . . (a b)

@ o wm > (X m(X) @t (osa 99=1),

a, b==1

which, accordmg to (16) is equal to '

'@' o af(f . } 2+@(x>§’(g,,—i')2f'

"~ The form _(25) renders possible, by (19) and (20), an. 1mmed1ate'
- estimation of the remiainder .
. ) ooy

2 )= ew f sty

while (26) shows the connectron wrth FRANEL’s theorem.

, For a function g(u) which has continuous derivatives g’ (u), 8" (u),

L g(2'+‘)(u) (r=0) in the interval l=u=n, the general form of
the EULER —MACLAURIN sum formula“’) o -

Ly

. -
27 Z &) J (U)dll+~—(g(ﬂ) g(O))+

+2,, (28;)" (g(2l 1)(n) g(Zl l)(O))+J‘ P2r+1(u)g(27+l)(u) du -

is vahd where By, B,, ... are ‘the so0- called Bernoullran numbers”) :
defined by : : :

15) LaNDAU {2, vol. I, 170
_15) See e. g. Kvopp [1] 542. :
N ! | 1

1) We have By=1, Bi===, Bi=—,
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(2ot ()bt () B0 =123
while the functions with -period 1 ‘ ‘ -

_ el 2 2sin2knu’ -
o (28) Py (u) = (—1) IZW (r=0,1,2,..))

. are ldentlcal for 0=<u <1 tothe corresporiding Bernoullian- polynomlals.
Takmg agam gu)= f(%) in (27), ‘and using the identities (4),
(5) (6) respectlvely, we obtain after 51mple integral- -transformations _‘

B(z)

2 fled =2 f FO i+ GO SO+

o +2—f(f’(1)'—f’(0))2 _M(—)+

A [z] O

@ RO Y ( )+..+
. (23:),' f(zr-l)(l) f(2r 1(0)) Z n.” < 4 (—)—l—

I'z

o+

~ n?r ( )J‘PQr-i»l(nt) f(21+1)(t) dt
supposmg, of course, that each derivatives. ‘of f(t) which occur here
exist, and that f‘z’“)(t) is continuous for 0=f=1.

To deduce another form for the last (remainder)” term under (29)
we use

Lemma 5 Let 2 be a real number not less than 1. T/zen, takmg

> sin2nmu

pz(ﬂ)—_Z —

we have .
ol [24) (a, b)2*

| Jpz(at)pz(bt)dt ey @A

0o - .

Proof: It follows from PARSEVAL’s theorem, using also the fact
" that ‘positive soluhons of the Diophantine equatxon au=bv (for fixed
a, b) are e
=kt (k=1,2,.. ).
( b) (a,b) :
Now, applymg Lemma 5 ‘and the mequahty of SChWARTZ we
obtain (cf. (28)) :
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. UQ(X) 3Jf(2r+1)(t) (ﬁnir ( A)PQ,H(nt))dttz‘

n=}

”:i n2r ( )lpem(ntl)

@ @

__"1% s o (%) (5 )fP2,+,(at>P2,+l(br)dt¥:'

a=I b=1

, 20(4r+4-2) & d, bytr+2
~ 2 >zM()(-):mz—m—l,

dt=

(27-[)4 r+2
. where

J U orat

Consrdermg that, for posmve mtegral vaiues of A

N 11 321(275)“ S

we see that the square of the remamder term under (29) may be, wrrtten
in- the form . - : : X

[z] \ AR 4742
@, U= (4;;5), f <f‘2*+‘><t)>2 d. ZM(%)M(%)%

" with Os"} 3(x Nt which is an immediate generahzatron of the
expressrons (25) and (26) respectively.

' We draw the attention to the well-estimable sums dependmg upon

"~ x only, which occur on the right-hand side of (29) so to say as

weights; in what follows - this- fact -makes. mainly the formula useful.

CIE £ is a polynomial of degree 2r or. 2r+l U.(x) vanishes; for .

LAa...y.\_, taking f(t)—z-t, B reap .we obtain .
. o ,

o

'(3?‘)‘. . ==y (D(r)—}— 2, T - \
@ ;” 5 + a3 Ly ( )
.(34)_ M)e’v——-@(x)-i- +4'§ ' M(")
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3. The “problem of equivalence”.

Suppose that RlEMANNs hypothesrs is true, then, according to

'Theorem 3, the remainder term Zf(g.,)—ﬁ(x)ff(t)dt is O( ‘E}

for any’ function in questron (i. e. for f(t) havmg a bounded derivative
in' <0, 1)).
Takmg f(t):.cos 2nt, we get from

2kni
2 e = Zcos —u()“‘)
k=n : k=n
(ky n)=1 (%, n) l

the 1dent1t1es

> fle)— @(x)ff(t) dt= 2 fle)= 2 (o) = M),

$O that in virtue of LlTTLEWOOD S theorem the converse of our above

- proposition. is also true m this case: if f(f) =cos2nt, the relatron

Zf(ev)—d’(X)Jf(t)dt— ol

'1mplres the valldrty of RIEMANN’s hypothesis. : '

" On the other hand, it is evident that such a converse proposition.

" does not hold for all f(t) in question ; for example, if f(f) isa function.
- for wich f(t)--.—f(l—t) when 0=<{<1, then we have (with regard -

to oo =1—0s.5; v=1,2,. d"(x)—l)
45(:)

- 2 fled—2(x) f Aty dr=1(1),

mdependently of RIEMANN’s hypothesrs
Therefore it may be raised the’ question : whrch condrtrons must

be satisfied by a function f(t) (having a bounded denvatrve for0<t=<1),

in order that the following assertion be true: “the relation
) 17

270100 [ 10 ar=0(x""

holds for every e if and only zf RIEMANN'S hypothecrs is valid”.

-We shall see that this probiem — it may be called ‘“problem of
equivalence” since we look for relations which ‘are equivalent to RIEMANN’s

18) See e.g. Larpav 1], vol. II, 572—573; [2], vol. I, 188.
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hypothesis — ‘is not easy to handle in full generahty, we get however,,

) 'mterestmg specnal results.”

‘In what follows ‘a,, b,, ¢, denote real numbers s=o-+4iris a

complex variable, so that o= R(s), ©1=3(s).
Next we need. two well -known proposmons from the theory . of

: DIRICHLET series'?). -

‘@ T"';;_"Z-,,—s=f(s>.g<s>..-

Lemma 6. lf ’
S(x) = i‘ 4, =0 (x*),

‘ Jor every &> O then the serzes Z— converges in the half plane 0> @

and represents here a regular functzon of s.

\
' Lemma7 lffor o>ao '

| ?“ =1(s) and. Z~—g<s)
are absolutety convergent then the sertes ‘with- the coefftctents
‘ : ~Z‘aﬂbn; (n—12 )
. oo dn .
converges also absolutely in the half plane 0> 0y, and one Izas here

o0

v
-

Theorem 4. Let f(t) be -a functton havmg a bounded dertvatzve

in <0 l> lf the relatton

. 45(:1:) .

. _ 1 'l+5.
(36) - ‘;:f(ev')—'@(x)ff(t)d't=Q(x2 ) .
, _ - ; . | |

: .’ZO.’ S 'f\’} ""e"" °/0, mcr’l

2

) the functton F(s) deje ned for o>1 by -

oy F<s>f-2 (Zf( ~),—nff<t)dt)

. 1
B regular for a> 55 s:{:l

2 . unless’ 4t pointsi

e) 5(s)- cannot vanish in the half plane 0>~
where F(sy=0.. o :

19) See e. g. LAND@' [1], vol. I, 121, 131.
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) ) Proof On the basrs of Lemma l and of the Well known iden-
~ tities : )
. . d
@ qo(n):nZ’*f,’ — > au ( g
— e o dfn d/n .
we can write - : :

Zf( ) W(ﬂ)ff(l)dtﬁg;(%)(é}f"(—";—)v—-dj}‘(t)dt) .‘

SO that (35) grves ‘formally

RSP f( ) «p(n)ff(t)dt Zf(~)—nff(t>dt 2 u(n)

. (39) 2(1{, u)_—-l’* R Zl — -
n=1 . . o =1 . .

" since the series on the rrght-hand side’are plainly, by (12) and | u(n)[ <1, - -

. absolutely convergent for ¢ > 1, (39) holds, accordlng to Lemma 7 in

 this -half-plane.
Considering that for o>1

u(n) _L
n=1 ’ C()

. (40)
‘we- have the equality '

@y 'F<s$='c'(s>.2"‘l( Zf( E qo(n) ff(t)dt)

(k, n)=1

Now suppose that (36) is valid. Then the senes on the nght -hand

side. of (41) is. convergent and regular for 0>~ by virtue of Lemma6 o

2 2
On the other hand, as is well-known, C(s) rs recrular in the whole plane _
. except at s=1.. , :
' - Thus the functron '

o 32 25 zw‘;(;)_d,),
(K, m=1

~ which represents according to (41) the analytrcal contmuatron of
F(s)—Z (Zf( )—nff(t)dt) (0> D e

is regular for o> —, except possnbly at s=1; this functron vanishes,

of course, at all pornts of the half-plane a> ; , Where, ?_:(s)#().

We add an 1mportant
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"Corollary. Lef f(t) denote a-fun"ction‘- having a‘bo’unded de'n'vaii've

Jor0=t<1, and such that F(s) zs regular and has 1o zeros for o> —2l—

Then the relatton (36) mvolves the valzdzty of RlEMANN s hypothesis.
This | result- suggests to flnd a f(t), for - whrch we . can- show .v
the' reoularlty and not-vamshmg of F(s) m the half—plane 0>_:T l'_n .
- this drrectron we make good "use of the formulae (33), (29), and the

" well- known fact that, i -4 '2

I
 for a'z% oy

Lem ma 8 Let A be a real number not Iess than % RlEMANN s ..

‘hypotheszs is true if. and only if we have for every poszttve £
[2] W S
b fxy +e S o
znlm(;)fq(xpl. S

'Proof 1. The frrst part .of our . proposition is.a trivial con- -

’ sequence of LITTLEWOODS theorem assummg the validity of RlEMANN s "

T
2+

hypothesrs we have M(x)~ ( ) -and therefore R ' S :
P BT A O 7 DR
_]_ X\ afoate C1 . )T
.«2'12;' M(n)——O(x n; Atg+e )—O (x ) L

2 Suppose that the relatron

5’<43> Bl

= nZ n
. holds for every positive &. '
l]smor lpmma 7 and I we find

w3 B [sdge) g o

" The serres on the left- hand side is, by Lemma 6 and "(43) (cf (l)),

: ! :
: convergent and regular for o>—; as C(s—l—l) is also regular and has’
no zeros here, (44) implies tha (s;*ﬁ in tne nalr-plane o> ?.

o 20) This follows from thé not- vamshmg of ;(s) for a>1 (See e. g. LANDAU )
[1], vol. I, 154, 166) .
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Theorem 5. 1) For every po[y/zomial' .of second- degree
fO=at+at+o,  (a+0) SR
the relatzon (36) “is equwalent to RlEMANN s hypotheszs ' :
- 2) Let :

| (t>=o(,13+alt2+a2t+a3 (@%0), - ¢ .
" then, in order that (36) should be equivalent 10 RIEMANN'S hypothesis,

it is necessary and sufﬂaent that

- - ) al+ 7.00.

Corollar y. RIEMANN s hypotheszs is trie if and only zf we have
- for every positive € . .

ﬁ) 93— ggx—)— =0 (x.%fs-) - or fpﬁ) o _ @‘Ex)zo (x%}'s_) '

Proof: Applymg the 1dentmes (32), (33) (34), we obtam

& (2)

.Zf(éu)—' x)Jf(t)dt_":‘?ol“"""qL”“% M( )

m the flrst

D(zy -

Zf@v)—@(x)ff(f)dt#‘i’i%ﬂ (% ")'Z] e J

) in the second case, so that Lemma 8 mvolves 1mmed1ately our assertxons

Theorem 6 Whatever be r except 1, z‘lzere is an mﬂmty of |
polynomials . :
fO=at +al g v tta (@0

sua‘z tlzaz‘ (36) is equzvalent to RIEMANN s hypothesis.

"Proof: By the theorem just proved, we may suppose that r24
The appllcatnon “of (28) glves now .

v . .
[ (J;)

@ 2= \x)Jf<t>dt—2(ao+al+ ot

i Bueal T () S L )

n=1

UM r
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The last term on the.right-hand side is N

B.- (r\& 1 L (x : L .
B [.(r r—\ & o (x)
l——"‘ (a (r—- )+al(,_2))A£ =i M(—n_) if r 1slodd..

" The coeff1c1ents ap, ay,. . ., d,_,; ean 'plainly be chosen so that the

| system of equations :

el eefisfins
(5)( )§1+ +(§) 7 0 N ..._‘1

N

. ',b\ [( ) (r )el—]-(r_ )52—0 -‘ff.r'is even, '
(fl,n?”” i( ) ( _)z +(r_ AE +(£_'3_'_)23__0 if ris odd

-_where Ek—— (k—l 2 r—-2) should be satxshed when ris odd: -

IR N
o e
. 'Sihce,we .haye‘[%-—l]‘, '_equatioﬁe, for (F—=2) 'u"nk'nownis ~and
I%——l] <r—2 1f r>4 the nhmber.bf .solutio_hsv of (46) 1s in-fiiiite
for -every degree r>4 ‘ ‘ '
If all our conditions are. fulfxlled then each term on the rxght -hand

' Slde of (45) ‘except the Iast vamshes 'S0 that ‘the AperOS'I'tIOH follows
at .once from Lemma 8 , ‘

T heor em 7. Letf(t) be a functzon sudz thatf (t) f”(i) f”’(1)$0 .

/////

.e‘xnsz, S () is continuous for u£131 and mai me conamon

LO=SOL O g5y,

| f £ (@)t
is falﬂlled Then (?6) is equzvalent to RIEMANN 8 hypotheszs

Proof:-Suppose that f(t) is a functlon satxsfymg our condltlons )
1L I RlEMANNs hypothems is true,: then we have by v1rtue of
Theorem 5 T : N . ;

ﬁ(a:)

| o Zf(e»—@(x) J fityde+ O(x?“) '.<"s—,$ 0.
L o . . oo B
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2. -Assume that ‘the relatron (36) holds (for every posrtrve e)
* The use of (22) (cf (30)) shows that

f( ) ff( )d uty (f(l)—f(O))—l-—JPl(U)f’(' ')du.=‘.

k=

-nff(t)dt-l——(f(l)—f(on+lP anf Ot

and $0, by (39) and (40), we- can write for o>1

'.(47) z_l_ g

::|...

fp(nt)f (t)dt— :

- 57 ( () w(n)lf“)d‘) ‘. '<if.<‘.’;‘f"""."'
N : (kml | S

. Consider the function ‘with the penod 1 -

. N cos2knu

BEC ﬂ@=—2—mﬁ—r

Citis contmuous everywhere and ‘we have plamly LR
| | Pw—mw o

1fursnotanmteger“ S
Now, the series on the rrght hand side of (47) is, by hypothesis‘

a (36), regular for a> (cf Lemma’ 6) the series on the. left (con—»'

'verges and so) rs regular m the hall-plane a>0 by

s, f R(nt)_f:(i)ét'——(fa)—f (0))——fPﬂ(nt)f”(t)dt£ .
: 0 T

(lf (1)~f(o)l+j,f~(t)ldt) - (;)

Con'se‘quently,_if we-have for o>‘% S

4 (50) R g JP(nt)f(t)dt:}:O

then it follows that g(s)+o in, thrs half-plane. .
“To verrfy (50), we write using (49) '
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(N) J}’@Of(ﬂdﬂ— (fﬂ)—f%@)ﬂs+1%~.,

-_—Z JPe(nt)f”(f)dt~C(S+1)§,2(f(1)~f -3 il

n—=

: ’Here the coefhclents b, can be easxly determmed by the _condition '

(cf(40)) S

- 1 ; nb =( > “'Z—(ﬂ) ( me JP (nf)f”(t) dt)

n=1, =

' we have namelv by virtue of- Lemma 7, .

. b,,—— ( )JPz(dt)f”(t) dt.

(Both series o the rlcht-hand sxde and.so thexr product too converge -
absolutely for ¢>0.) : . S
Partial mtegratxon shows that (cf (28))

JPz(nt)f”(l) dt—f-——JPg,(nt)f”’(t)dt
_ and applymg (2), we. get _' V

B(u)=_§l|b;ls 3 UPz(ét)f"(i)dt‘—'-. Ce

=n§1[ ]__Up(nt)f"'(t)dt;ug’ J'P(”f)llf”’(t)wf%
: <",.—ml r:2 (Zm: (21{7:)3) J'f"'

On the other hand by _ , _
O [ oy
RSElA ( 1 - ) B(v)
. Z noH 2 B( ) notl (n+ l)"“ + ([v]+l)a+l ’ :

and B(v)——O(v), 1t follows for 6>0 -

) n+l

2= ZB(n) | e +1>f IO

C(3)

flf'"(t)ldt .
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. so that we can write

.w o N
;‘ na+l =

>0
,(52} = (a+1)f L) du<(o+1)“3’Utf"'(t)ldt)

"-’ ns+l

('+ )25,3,3 flf"'(t)ldt (a>0)

: Fmally, using (51) and (52), ‘we obtam for a>— (cf. (42))

)>'

1?_lé’(s+l)l(lf(') f(O)l (I+ )C(s)flf"'(t) dt)

> b,

. nS-H

jP @07 0 dt|>|c<s+ ) (,2 5 (1)

12|c<s+1)|(|f(1) ~roI- 35(3’f|f"'<t>|dt)

~'wh1ch proves (50); and thus our Theorem

. It is easy to fmd such functions f(f) for which the conditious of
- the proposmon just proved are fulfilled; thus, - considering the- cases )

fy=e (Aaro |z|<322’3);1‘74..,) |
and - . o T
i . ..f_(t‘)_=_"cosl‘t (0<4g 2)
we obtain the -

_ Corollary “The relattons (holdmg Jor every &> 0)
, 820 . ) o ( 1 ) ) L - S
(53).2“1’— - o¢ =0l (:;:0 PRI |

and

(54) %)Coslﬂev d’(X)—— .(x%fe) }'(0"(1'5—'721")

are equzvalent to RlEMANN s hypothesrs

’ sml

o In case of f(t)=rcos 2nt implying LITTLEWOODS theorem, our
condrtlons are not satisfied, for

PO =FO=0,
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but -we- have
' "F(e) =1 #0
Tin Theorem 4, so that our Corollary to Theorem 4 and Theorem 3 mvolve-

‘immediately the proposition in question.
By using special properties of e’ t, cos 4, the above condmons

_-for 4 _may be improved to

"

W<2V€(3) £ 4078 24:0 : ((53)
i , S :
a<a |2 —3us2. ., 240, mn)  ((54y)
~ V ks =) 0,
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