235.

.On factorisablé groups. .
By J. SiEp and’L‘, ,REoiz_r in 'szeged. :

We shall- call the group (3 factonsable by the (proper) subgroups'
" % and &, if ® =9K. There are several papers dealmg with the special
case Hnf= El) (E the unit. element) or §nf=2D ‘where D is a.
«normal subgroup of &2). The purpose of the present paper is to deduce
<quite general results on the same. problem by omitting the condition
of the normality of T. We shall restrict ourselves to finite group: but'.
“many of our results may be extended to infinite groups.:
" Let H,H’,...and K, K’, . ... denote elements of H and & respectwely
It is known that if the group ® of finite order is representable”
as. the product of two- subgroups ® = 9K-where Hn & =E, then each
_element of @& can be represented, precisely once, both in the formi HK
and in the form KH. In the relation HK=K'H' the elements. K’ and.
H’ aré uniquely. defined whenever K and H are given. 1. K is fixed,
then H’ together wrth H runs’ over all elements of . We may thus

' assocrate wrth each K the permutatlon (H’) of the. elements of 9.

The case is more difficult, if PN/ ==D==E. Even in this - case_
‘the elements of @& can be represented in the . form’ HK, and also in
. the form KH, but these representations are no.more unique.. Moreover
if we fix the. element K in HK K'H’ lhen e‘(actly d solutions of H’
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belong -to” each H, d being the order of .. We shall show that we.

may associate, also in this case, with” each K a set of permutations (l[-l!)\

and we shall discuss with these sets the structure of the group & = 9 8.

From the results of .I we get an explicit theorem and corollary ‘in II.°

1L
~ We shall prove the followmg

Theorem 1. Let the ﬂntte group ® . be factorlsable by two proper
subgroups §, f:

(€) E ‘ (S bR

-Then to each K (ER) we can find a permutatzon H —»H of bg such I‘haf

@ - : . - HKH'eg -
for-each element H (¢ @) Denote by [K} the set of these permutat:ons
“(belonging to K) and by [R] the totality. of the permutations in all sets [K).

" - Then [8)] is a group; [E)'is a normal subgroup of (8] (E is the unit

- element of &) and each [K] is some coset of [E], furthermore the fol-
lowing homomorplusm holds :-

@ L a~mEL
L Rge‘m a’r_k It is known that
@ PR=KD,

thus the theorem holds also for &, ©.instead of §, K.
, From (4) we get .
) - HK = K’H’

where K’, H’ are not umquely determined by H and K. If K is- flxed‘

and H runs over all elements of §, then the elements H- are, in general,

not alt- different; We shall show that we can choose-elements K’ such ‘

..that ‘the correspondmg ‘elements H’ shall be different:

Let D=§n & and let d denofe - the order of ©. First we show :

that the system of the elements ' (each -H" taken with its multipli-
city) contains from each coset:in the right side of 51——~D+SH+
exactly d Aelements Indeed the system of the A’ contains from no coset
_"DH more elements than' d. For, if we had in.(5).

©® - HK=KH. x—1,..,d+0),
where H,,.: ., H,,, ar€ différent and H_€DH, then from (6) we should get
n "~ HH'—KHH"K". (x,y=1,"..,d4+1).

:,,Thxs is absurd because {he. elements, H. H," v .and:hence even the ele-
ments- H,H, —KH’H' 1K' -all belong to D for x=1, d—l—l
‘contradiction to the: fact that D contams d elements.

-
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. We wrrte (5) 1n the form .
). . HK == KD DH” . o
. With.DeD; then K’D“1 E,S? DH’E@ The above dlscussrons 1mp1y that

to each HeH we can select a suitable | element. D= D(H) such that ;

in (8) DH’ together with H runs over all elements of - §. ‘

Accordmg to (8) we may. associate. with each K€ a noi- empty
set of permutations of the. elements of @ The set of permutatrons be- -
: longrnor to K will be denoted by K]~

. Let ge[K] aE[K’] be two permutahons KK €R. “Then HK(oH)

HK’ (aH) €8 (¢H and oH denote the elemente of § into ‘which H B

passes . by ‘the permutation 0 resp.. o) hence HKK’(ogH) EK i e,

00€[KK'). o
‘ Thrs fact will be expressed in fo]lowmg manner ;.
- S KIKISIKEL
.- - From- { ] 1t fG”vao' that- [g\\,] \ he to t.a}it" ';f fhe pﬁrmut"“ﬁ"ls i
- all-sets [K]) is a group, further [E]? clE] i ¢ [E] is a subgroup of [&

s;].-"

Furthermore (9) implies- that [K][E]C[K] i e. [K][E]_[K] and of"'_.‘
course dually [E][K]= [K]. Hence we get that {E] is a normal subgroup -

of [®] and mstead of (9)" . we’ can - write"

o KIKT=KKL |
The correspondence K»[K] is a many -to-one mappmg of & onto -
' ‘the factor-group [R)/[E], and cleary it is (according to. (lO)) a-hemo- :

C morphrsm This completes. the proof of theorem 1.

K (EER) we have

Usmg Theorem 1 we prove the followmg

" Lemma. If the group R has an' element. K(#E) for which. [K].
contains the- unit permutatzon (i: e. [K)==[E]) then @ has a normal
subgroup Bl (#E) for which the zsomorphtsm ' ‘ :
any T . EJ‘f"’[‘@]/[E]
holds. v '

" Proof. ’lhe elements Kofﬁ wrth [K]=[E], form' a subgroup 5,)?
~-of ‘R which is by, (3) normal in & and (ll) ‘holds. Further since for

_ (k') HKH“ee' s Hen),
’t‘herefore o : o E o
| e H"‘K’HER (He®)
~-and. hence K EER Consequently, HXH™ ;% i.e. M is normal_ sub-
group 1n (S)(——@R) S y e T S
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. From Theorem 1 we obtain the following

- Theorem 2. If the group ® is factorisable by two of its proper .
subgroups Y and & and D=9Hn{ contains a normal subgroup (+E)
of  (or 8); than. G is not simple.

Proof. Let D’(CD) be a normal subgroup of H and DFE.
1f D(qu)GD' then HDH ' €D c& (H¢ ©), therefore according to.
Theorem 1 [D] contains the unit permutation H-H, i.e. [D] [E).-
'Thxs together with Lemma implies the statement. . .

* The following corollary might be of particular interest.

Corollary Let & =D&, where'H and & are proper subgroups
: of ‘& and $ is Abelian, further D= n K=FE.. Then & is not simple.
' In fact,” Theorem 2 proves the as=emon sinice Fﬁ 1s a normal
suboroup of H. : - :

, Rem ark: It is easy to see that every finite ‘group, not a cyc1i¢

S op- group is factortsable if:it has a subgroup of prime index. .

L - The, authors did ‘not find any. finite' groups which are not facton—
“sable, except the cychc D- groups
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