Farey series and their connection wnth the prime number
problem. II.

By MIKLOS MIKOLAS in Budapes.t.
In a previous paper of the same title!) we considered the asymptotical
behaviour of sums of the type
D (x)

le I{(3)

where the summation is extended over all fractions of the Farey  series of
order x. By supposing that

2 S (8) -

ns>oo N k=1

exists, the relations
ﬁ(r)

2 fe)~APx) ~

have been established ; we sharpened this resuit for functions f(f) having a
bounded derivative in 0<7<1, and showed e. g. that, for many special f (#)
of this class, the order of the difference ' : ’

!F(a')

R (x)= Z flo)—AD(x)

is connected with the vahdnty of RIEMANN’s hypothe&rs cencerning the roots
of the zeta-function.

Now we shall discuss in detail the case of the' sxmplest functions f(f)
which are continuous for 0<{=<1 (moreover having derivatives of arbitrary
order in this interval), but become .infinite in the left end-point ¢t=0; by
applying the Euler-Maclaurin summation formula, we obtam m Part 1 ‘the
followmg relatlons

1) MikoLAs [1]. (Numbers in brackets [ ] refu to the bibliography at the end of
the paper.)
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D)

(l) 2, lOgl),——(ﬁ(x)—f— 1/; x)+0(xe cx(logz)/)_

=—D(x)+ 5 X+ O (xe~ 29097),

where

p(x)= 2 logp
? pfm:e

, . 4
denotes TCHEBYCHEF’s function <y <5 7 and ¢,>0,¢,>0 are constants

"depending on the choice of y ;nﬁr,
— ng(f_l)'xu (|+x§(;1()1+z§ x4 O (xlog x), if0<i<1;
aw S(L] - .{(Hlig(:“”) I gy X0, it <A<z,
= leEnraEy et o, it2=2;
finally .
- z%:@(x') logx+(C—-;——;€’((22)))z+0(xlog2x)=

Jiogz+(c— 4 — 5 @) |+ o@iope,

C denoting EULER’s constant.
(I) wiil be of special interest, in view of the corollary

1
[ Q(z_) l
(.H Qv) o~ —e—)

=}

and because it will be proved:
RIEMANN’s hypothesis is true if and only if the relation-
S(x) '

v Xdogetn—yew=olaT)

holds for all positive values of . :
In Part 2 we give a theorem of Tauberian type which may be regard-
ed as a converse of the relations (lIb):
Suppose that f(t) is non-negatwe decreasing for 0 <f=<1 and such that
d x)

g f(e)) ~ Bx*,



Farey series and prime number problem

B, a denoting constants with B >0, > 2, respectively. Then we have

,f(j )NB aé‘(:z)

‘e
f@—1)
Our method is elementary; we do not need e. g. the complex integral
formula
' (ate) +T
1 . X Fls),
® g jm

= ds

T —%é}( )log— (£>0)
(a+e) iT , =1

where =2 denotes the absolute convergence abscissa of

ro=Z 2f( )
cation gives the formula

Nevertheless, we mentlon (V) since, under suitable restrictions, its appli-
bi(z) .
x*F(s)
) ~ Res =——-
= fle)~Res Zm o,

which discloses the deeper ground of tl_le above asymptotical results

1. The cases f(t)—logt and f(t)

lz- (A >0).
In what follows fat numbers refer to the theorems or formulae of my
paper [1). A
Next let us apply?) : } o
Lemma 1. If f(t) is contmuous decreasmg and non-neguttve for
O<t<l, and if . ‘
' : 1 1
lim_{.f(ty dt = | f(t)at
) e>+0; - J0
exists, then we have
$(2) .. .
L2~ <1>(x>Jf(t>dt

For f(t)=logt we:can write

1 h '
J]og todt= 1

logv +__>_] a
1 .

when v — 4 ~; consequently

?) See MikoLAs [1], pp. 101—102. :
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P (z)
(l) = Iogg"m_Q(x)y
i.e.
1

b(r) o) 1 Dz
] (_ll(u) = exp (@( )Zlogq,)—exp(—l—l-o(l))—— eou)_»_i_’

v=1

if x—4oc.
Lemma 2. The geometrical mean of F_%) is asymptotic to 1/e.

To improve the relation (1), we use STIRLING’s formula in the following
elegant form:*)

©) Iogn!=nlogn—n_{,-%]og,,_*_mg‘/z;_f P,t(t) dt
with

) ' : S sin 2kt
G Pilh)=— ; -

We need still

Lemma 3 Let A(n)— Iog P, :_)fﬂtlseramp;me or one of its powers,

We have for Tchebychef’s functzon, defined by
gl

v =2 A= 2 logp,

= HE
the identities®)
) vo= 3 m(XJlogn= 3 umiog|X|1
Proof. By the well-known identity®)
) Aw =3 (2 0ga

we can write

Zzy( )lood Zu(d)logd [Z"M( )logd ;:‘u(ﬁ)log[—;—]!

w=1-dm
d6<z
According to TcHUDAKOV's results?), we have the estimation

3) As usual, F; denotes the Farey series of order x.

4) See e. g. Krxorr [1], p. 547.
{1
5) u(n) denotes the Mobius function, M(x)= Z’ aln.

6) See e.g. HaARpY—WrieHT {1}, p. 253. .
) Cf. Teaupakov [1], Theorem 3 (p. 599). — [2], pp. 421—422.
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(6) Qlj(x) =x+ 0 (Xe—ﬂ (logxﬂ’),

where y denotes any number with %<y <'%, and ¢, >0 depends on the
choice of 7 only.

On the other hand, -as is well-known, the relation

) : W(x)—x = 0 (|/xlog2x)
holds if and only.if RIEMANN’s hypothesis is true8).
Now we may formulate

Theorem 1.
&ix)

Z log Qv_" bl @(X) + ’!,l}(x)-*_O(xe—o-(logr))’)_

== @(x)+—x—|— O(xe-sloga?),

where y has the meanmg as in (6), and ¢;>0, ¢;> 0 depend upon the choice
of y only.
Proof. We take y as fixed. By using the identity (4) and {2), we can

write
ﬁ(r)

Zi logg,_i'M( )Zlog~—2M( )(logn!;nlogn)x'

BE

=$M(i)( n—|——logn+log]f2n [P () dt)

=l
n

Partial integratlon shows that

. mPl t 3 t ‘
@ J-r(—)dt: 2n +2J b )‘”“ (,—l)
' ‘ & 2sin 2km
(9) Ps(t)___g__.___‘ TR
and so, in view of {5), (6), (4), (8), we obtain N :
. B (x) bl
(10) Zloggu——dz(x)-{- wx)_}_logyg,,_{_osl’n M(%)

By discussing the function
h(u)y= —l: g-x(logz-logw)? -
. : Vu
it is easy to verify that
. ’ >y
(1Y) RIS < e~ esloga)?
Vu o

8) See Laxpau [2], vol. If, pp. 121, 136.
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_"'_
if,JS_JJé%: E=exp (C”') (>1); by use of (19) and (11) it follows for
the last su' under (10) - .
S lmz)-
=x10 Z n‘—ge_“("’g ) -I-O Z "-e,(lox—)yg_
(12) ' ”g;;‘ —5-<u<z

i) 0 Z =

o> L X afoes) _

wnsx N

1
n

0 (e- e.(log:z)}'
! 2t n—l n VII

=X

=X ,O (e c:(loxr)V) 4+ 0 ( )‘ 0} (xe“ (logz)}')

(IO), (12) and’ (6) mvolvc ‘indeed’’
$(z)

2 Iog o+ D)5 () + OCxerston) =~;— X O(xé'ellog= 7).
=i ¢

Theorem 2. The relatton AV

4‘(:) l< " log log log =

a3 ‘2(179»-]-1)——1;;(30— 0(x *‘*W_}__,

P

¢, denotzng a positive gonstant, is equivalent to Rtemann S hypothests we may
write O(x’ ") (with an arbitrary £>0) mstead of: the: expresszon on: the tight-
hand side, and x m place of tp(x) ’ .

Proof. If our assertion holds (7) and (13) are’ clearly equivalent 86
-that, in fact, w(x) may be replaced by x because of

o loglogz - 1 log log log =

O(Vxlog*x) =0 (xz” oo ) —0 (47 iwva )

MRV

1° Next suppose that RIEMANN'S’ hypothesns 'is true, then we have
according .to: (20) T L RV L R .,» o
. log log logz . ‘e logz - log log logz -~ ’

M(x)~0(x '; ‘ leglog = ) (Vx exp, '9§'°§,‘_A,,_};_,)u, 5

Since the last exponent is'monotonically increasing for x>x,(>1), there
are constants K>0 and §=x, such that i~
log loz log =

M) <Ky x* 108 lor=

rRefi s ot AETAC I A

whenever I=y=ux,x>¢§.
. Thus, by (10), we can write S N R B
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& (s 1 log log 1
Y $ 1 VX ‘ofogolgugofz__

2/ (logou+-1) —5 w<x)—logb2n+oz

n=] fl
1 L, loglogl gz

_O( “Toglog = )

29 Assume that (13), i.e. for every >0 the relation
P (2)

1
(14) 2 (ogg.+1)— 5 9(x=0(x7"")
is va_lid.
Since, by Lemma 1 (38) and (5),

(k, n) 1
the apphcauon of Lemma 7 gives
< | k 1
(15) Z;( 2 g;+¢(n)-7A(n))=
=1 k=n
({3 n)~

o

this equality holds, however, for 6>1 because of

Z;—(loan! - nlogn+n——logn)

logn!—nlogn-+-n ——;—logn= o)
cf. @), @)
Considering (2), we obtain from (15)

w 1L (b 08X 4 ()~ A(m | —tog V7 =

et n® =
):

1 & (P
o) = w) 1

Z log— +€P(")——A(")—Zﬂ( )(élog—ﬁ— td—-)

11

Our hypothesis (14) implies, by virtue of Lemma 6, that the series on

the left-hand side is regular for ¢> %; the series at the right of (16) is, by

(8), (conv_érgent and so) regular for 6>0. Thus, if we show that

(17) ;%ff‘tﬁ) dt+0

for o>—l—, it follows from (16) that {(s) has no zeros in this half-plane, i. e.

2
that RIEMANN’S hypothesis holds.

To verify (17), we write (cf. (8))
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12
L(Ped,, 1 > 1 Pg(t)
(18) n= l FJ t dt_ 12§(S+ l)+2ﬂ;: H'H’l dt* i
__,(s+1)(12 2an)
Using the condition
b, u(n (P (f)
Z P n’+‘ Z n”‘ 3 dt

-(the’ nght -hand series are plainly absolutely convergent for ¢>0), we obtain

for the coefficients b, (cf. Lemma 7)

b—3 ( Jafp(')dt

and so (cf. (2), (9))

|#]

|~1 11 ¢p [
Ps(i)dt‘__ [zﬂ ’ P,(t)dtlé

B(U) o u% | b g n=} om n=1 At3
_u °°p3(1) Z | Z PIAE) Z"l—ugﬁ
A AN 2k7t)3 ‘S = Yagn
@ L ] le ’ ] B(ll)
(19) Z,,.m \..21 nm % B(n )(nm W) (°+‘)J sz du <

t3) (d | 3
<(s+41) 4é; ua’:l—(l + )4(871 (6>0).

Finally, by (18) and (19), we have for a>TI—(cf. 42))

b3 fp'(’)dt‘zm +l)l(——212”1 1)
>‘—]2-|§(s+1)|(1—(|+—;—)'§2(i))> 'r(sf;‘” ( izgfti))z

_ le‘*z"_)’_ (1—0574...) > 0,

which completes the proof.
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As another interesting example, we discuss the case where f(f) = —:7 (4 >0).

Let us suppose 0 <4 < 1; then, by

Lemma 1 gives
. 206 ] di(x)
(20) D g
relation which holds for 2<0 too. (Cf. Theorem 2.).
To find much sharper results, we use the relations

' o 1 1 1 1
1) 1+7+...+7=logn+C—l—.ﬁ+OL—H—,),

1

) 1 1 1 11 1 ;
(22) l+—27++?'=;(1)——l——_l—ﬁtl_+7;17+0(m) (A>0, 21),

which' can be obtained simply from the Euler—Maclaurin summation formula. ‘

Theorem 3.

. P 1) i O(x) —
RO OO

| 3, 5(4)
’%’(L)‘z R (= TR T 1 (s

Ei2) 3 " ‘
arniarn S TEa=)” + 0,

()
@naEn < o,

Proof. Let 1>0,44-1.
In view of (14), the use of (22) gives (cf. (5) (H)

S -2mE)2E -

(23) %Ll ( )ni(C(l)———

I2]

H

e
—t@ 3 m )nﬂ—-—‘T @(x)+l+02+,‘l—

H==)

=l S m(E) - o000
Smce, accordmg to (22), '

ifi=2.

IR R B LY
Tt O(_n“_())_-

d

)

x4 4 O(x logx), if 0<i<l,

if 1<d<2,
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Zk‘——Ju‘du-i— —m’-—[—OJu‘1 ldu = 12— + O(m?),
0

1+1

k=1

we have by (1)

09 Su2)ieBuw Semrt Euw[Z] hof 52

n=1 Yoem| w=1 Nl

By taking [—;:—]=—"-—8 0<9=9(x,n) < 1), we see that

Srofz]"- S 2] o (5] -

.n=1 n
x! 1
=xz+{"§“7§f—? w0 > Lo +o(x12 )

| nfxl+1 = n
Hence, by (40) and (cf. (27)) .

S du 1
s )Tt T A
it follows .
I1x] A+1 XA+ x| 1
e Swm|E = rowo(= 2 k).
-so that (23), (24), (25) imply
(26) & (x L._ L@y YA+ @(x) + O(x —i—O( Ag‘L)
PN AR e V) P 2R +OW+O\x & 7a)-
But (cf. (27))
' ) for 4A>1,
{x : x
_I_N 1-4
= %—Nl_x;—l— for0<l<l_,
1 .
and therefore we can write
201 (4) Dy — O(xY), if 1>1,
2 ETEI ) T T I= O oy o<a <.

Using now (7), ‘we obtain the estimations in questlon
Let us take, finally, 4 ==1.

Theorem 4.
45(1)

> -0 29

logx+(C ~ 7770 ): +O(xlog*x) =

log x+ (C—%— %’(%l)t + O (x log®x),

3
— 2
X

n?
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where C is Ealers constant A
Proof. Applymg (4), (21) we ‘get (cf -(5), (6))

£ B2 52 Sultfmec Lol

i

[x1

=2 M( )nlogn+CcD(x)+O(x)

n=—=j

= Qu fromey n=1
. : {x] -
o Bl uarrcon prod Hut)

Since, according to (27),

m~] .

n m-1 - ¢ '
> klogk =;;(k+ Dlog (k+ l)-—J(u-{— l)log(u+ l)du+ mlogm+
k=1 ©k=E - -

{(logm+ )—1}+ ot ( ) ﬁj(fﬁ)y p—

| :
=—2—m log m — m += 2 mlogm+ 12logm+0(1)

we can write, by (4), for the first sum under (27)

E'M(x)nlogn—gy(n)gklogk—":“ o

o T on=l

—ZH® ‘;'[%rbg [%]— T [%]ZWL%H !°8H+ ,zlog[ ]+0(1) f ~
By taking [%]%%—'-‘3 ~‘(0§é=.9(x, n) < 1), we see fhat“—'“
“-l;o'gl n 1og[%] ‘—vlog‘(f +[%J)<[z%] o

log [%] ='logx—logn — [TO] O<o=6(x,n)<1),
Ll =
- B ECE TR .

and therefore (cf. (5)' (6)v )

ZM( )ﬂlogn*gu(n)

=1 — ' [ {]i(l.o x lo;gn [j])__;_ [ %_ T_l_

n

{28) - +%[—](logx logn [0]—}- (logx logn [])+O(l)t=

n
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— togx 00— |~y Swiertoga| £ +-0 3% |- 1 (00— 1)+
: +—logx+—w(x>+021+1—2M(x)logx+oZlogn+

[E3] 2
+ 0”2 14+ 0(x)= (logx— ——) ¢D(x)— - 2 p(n)logn. [ ] + O(xlog x).
Considering that (cf. (40))
d 1 T(s) Z y(n)logn (@>1),

dst(s)y &) =
furthermore by (cf. (27))

Z; logn-N logtdt_log:;—}-l’

n=x}+1 nt

and

we have under (28)
1x1

- (29) - 2 u@) log:n- }2 g‘ w (@) log n (."__ )Z;

- 22 M(n)logn _xgoﬂzzl»x) log oy Ozlogn—{—OZlogn—

n=1 +1 " n=1 n=1

r@ _v@ ., Jao?
U(z) +O(xlog x) 4 O(xlog®x)+-O(x logx) Ca(2)x 4 O{x'log ,x)'
- Lastly, in view of (27), (28), (29), it follows
g (x)
;} = CO(x)+0() +(log x.—l) @(x) + O(x log x)—
2@3((21)) x*+ O(xlog®x)= (lo x+C— —) (x)— 2;;((2;) x*+ O(xlog?x),

which by
. 3 2
D(x;= ?x‘z 4+ O(xlog x)= 27"(7) + O(x.log X)

(cf. (7)), establishes the assertion.

2. A theorem of Tauberian type,

The ‘question arises: how far the asymptotical behaviour of f(f) is de-
termined by that of =f(e,), i. e. which asymptotical properties of f(f) can be
deduced, if an asymptotic formula for = f(e,) is given?
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From this point of view (as a converse of Theorem 3) the following
result has a certain interest: .

Theorem 5. Suppose that f(t) is non-negative and decreasing for

. 0<t<l, furthermore
' d(x)

g Sflos)~Axe,

a, A denoting consfants with a>2, A>0, respectively. Then we have
S al(a)
VA e
)~ T(a—1)
For proving this theorem we need the well-known?)

_ Lemma 4. Let h(x) be a function whtch zs defmed for x>l and
“let us put o

(30) - v’g(x-)=2'h(—ii—).

Then we have for x=1,

: . 121 '
@ hw =3 ng|2).
‘Conversely: if (31) is valid for all x=1, .then (30) holds also.

Proof of Theorem 5. N
19 Assume that f(f) satisfies our conditions and

(32) N ‘ S‘f(ov)NAx“ . (A>0, a>2).
Put ‘
: [£1}
9 vio=27{g5).
. [x] v; k '
e ew=Fvo=Z 3s(1)

then (4) implies o
L e [ER. B, (x)
(35) H@x) =2 f(o)_._ > M(7) V(n):Z'y(x)G(F)mAx“,
u*l n=1:
so that, in v1r,tueA of Le;mma 4,
irl ’ X
(36) o G(x) = 21 H (n)
Let any #>0 bi given. According to (32), a number E=E()=1 can
be found such that for alt x=& '
'H(x) — Ax®| <ex®

¥) See e.g. Lanpau |i], p. 579.

SN AP SUPRVSUCE . SNBSS Wl P, SRR UORIVENIII C 6.1 SOV O P U



18 _ M. Mikolas

and therefore for x=%&; n<-

Y

NEREREE
n n
Furthermore, by H(x)= O(x“), there is a constant B>0 such that
H(i) <B(i) when ¥ = 1.
: nll =" \n) n=

Now let x=& and let us write .(cf. (36))

@mcmfz +Z(() ~4+‘“@P%¥ﬁF

[ e Y n;" na

'I'I‘f‘ o

@n

(38)

“IngZr

| N
Plainly :
@0)  S—A-xé 3 Axe((@)+0(1) = AL(@) - x=+0(x).

On the other hand, using (37) we get .
@) Isls 3 {H{E) -4 '<Z[)Gﬂ§%#mmﬂ

Finally, a:c:ordmg to (38), ' .
@ 5 <2(M()

where K= Max (A, B). - .
(39), (40), (41) (42) involve
| G(x)

|

( )<K D < Kiex,

——;u e

—A -i(a)

<lo()}+2t(a)+ X x,,+, :

We see that a number 7—7(¢)>§ can be found such that the right-
hand sum is less than ce (where ¢ is a constant dependmg only.on a) pro-
vided that x=#; this implies-

@43 G(x)~AL(a)-xe.
2o We have: by hypothesis
w41
@ vern—v=3i(E) - g()

_Z( (n+l) (%) f(1)>0

i. e. V(n) (=0) monotonically increasing.
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Thus the inequalities
- < V(x+dx).(dx+ 1),
2- V(n)) _.. Sx—
rooni {146 - N = V(x) N ( X l)
hold for every positive d.

On the other hand, by use of (43) we obtain
Z V(n)—G(x+6x)——G(x) AZL(@) ((x + 6x)% —x) 4

In=( +0)
4+ 0((1 4 0)2x%) 4 0(x*) = A{(a) ((‘+5)“—1)x"+o(xa),
and therefore
V(x+6x).(6x+1)-é~ ) ) ) a.
V() - (x—1)= { AS@ (10— 1) x*+o(x%).
Hence

(‘+6)"¥l+o(1) o
d+o(1) o

(1406 —1+40(1)
ox—1

(1 +8)c—1
)

(45) V(x)=AZ(a)x“ = A(a)x""1

=A7>‘(a)x4a‘—l + o(x«—l);

we deduce similarly

Vix+o0 = Ax@xt CEDZL e

and, x being replaced byT—-:——F’ it follows

(14 6)c— =1 (e ,)

(46) V(x) = AL(a)xe-! 6—(1776)—_

According to (45), we have

(x)

lim SUP —y T < Af(a )(l

)

+0)—1
6 ’

(46) shows that

V 1+ d)e—1
Let now 6»—[—0, we get

V()

lim SUp - L Aai(a),

&> o0

lim mf ( ):\Aag(a)

s i -
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consequently

tim Y0 gaz(a)
i. e. .
(47) ‘ V(x)~ Aai(a)xe!.
3° In virtue of (47) (cf. (33)) ‘
. = [ '
) (L) =aet@xr o,
furthermore .
[z]+l k . .
Z/(M )= Ast@xe o,
and so . '
=141 [E2]
(49) 2 f([x] +,) Zf([x])—o(x“")-

Since f(l) is non- negatlve and decreasing in the interval 0<{<1, we

can write
0= 3 ([xl) = 2t )= i)

1
" 50 that (cf. (48), (49))

' (50) [gf(%) ; ([x]) L ([x1+-) I‘-If([xl) ."“"

f(l;) Aal(a)x*' +o(x=1).

|!/\

T
M

.-
W ®
* “

k=1

Let q(t)-_——f(l) for 0<¢<1, then

= 37(%)= 2e(2),

which implies, according to Lemma 4,

1) g = 3 i F%).

Next we may argué as above (1°), by writing
a—1

q(X)%ézﬁ(n)Aac(a) (i) n

+2',¢(n>(F(%‘)anC(a) ,’fZ:) 3w {F(Z) - aetw 22

n:s - —<'l<'t
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and applymor (50) We obtain finally (e > 2)

g(x —Aal@xet 3 LD 4 o,

neT na 1
and therefore (cf. (40)) -

AW = ) w0

f( : ’ cA(Zial)f‘“
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