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An individual ergodic theorem for non-commutative
transformations.

By A. ZYGMUND in Chicago, Il

This note contains a proof.of an individual ergodic theorem for a
non-commutative family of measure preserving flows.*) .

§1.

Theorem 1. Let S be a set of finite Lebesgue measure, and U*.
Uk, ... Ul a set of one-parameter measure preserving transformations of S
onto itself. Let fix) be a real-valued function defined on S, measurable and
such that the integral

m . Sj F1x) {log fix) ) dx

is finite. Then the limit
' Ay A .
) lim ——'—j—J ..-ff(uf' Ub...Uk¥x)ydd, ... di,
Ay, oo, Ap> >

exists and is finite for almost every x€S.

I omit the familiar conditions concerning the measurability off(U’11 .U x)
in the product space of the 4’s and of x. They guarantee, in particular, the
existence of the integrals in (2) for almost all x€S.

We may assume that f=0. By f(§) we shall denote the decreasing real
rearrangement of f(x). Thus, if M(y) denotes the measure of the set of points
where f(x)=y, then f(§) is the inverse function of M(y), e. g. normalized by
the condition that 2f(§) = f(E4-0)+f(E— 0) for all &. We need the following
result of P1ITT(*) which we state as

°

*) See also N. Dunrorp, An individual ergodic theorem for non-commutative trans-
- formations, these Acta, 14 (1951), pp. 1—4

1) H. R. Pirt, Some generalizations of the ergodic theorem, Proceedings Cambridge
~ Philosophical Society, 38 (1942), pp. 325343, esp. p. 326.
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Lemma 1. Let T* be a one parameter group of measure-preserving
transformations of S, and let f(x) be a nona-negative and integrable function
of x¢S. Let

F(x) = sup %ff(ﬂx) di
A>0 )
Then °

® r(yV—jf(&)d& oo

A few sxmple consequences of Lemma 1 will be stated here as
Lemma 2. Under the assumptions of Lemma 1,

4) [Frdx<a, f fo(x)dx (p>1),
) - _(fFé(jc)dx)"‘f‘gA;jf(x)dx T 0<a<hy,

© [Feo{log FxYPdx=2[/(x){log* fx)dx+4p  (B=0,1.2,...).

All the constants A here -and hereafter (not necessarily the same at
every occurrence) depend only- on the variables displayed in the subscripts
and (in some cases) on the number a— measure of S. Inequality (4) will
not be needed in the sequel and is stated here merely to give a perspective
to the remaining mequalmes It is a familiar consequence of (2) for

llp_ ZJ‘FP(y) dy %UP_ ;J[ J‘f(g) d&}p dy %l/P <

1/p

3JFP(x) dx

<A,

ffpmd) =4, ffp(x)dx ,
and the relation between the third and fourth members here is the very well
known inequality of HARDY. Similarly we establish inequality (5)). will .

be needed for any fixed value of a, e. g for = in which case the factor
A can be written A. .

To prove (6), let w(u) be any function of u>0 non- negatwe non-
decreasmg and convex. Then oo .

a.

fﬂ»mxndx*f“’[F("”"’“J‘“[ J"g’dg]
0

(7 3
sj f o1/©)d5= j [f(&)ldﬁf—f =J ) tog e,
0.

°) See e. g. A. Zvamunp, Trtgonometru:al series (Warszawa-Lwéw 1935\ p. 245,



An individual ergodic theorem for non-commutative transformations, 105

the inequality between the third and fourth member being that of JENSEN
For a given § >0 we now distinguish two possibilities :

’ 1° f&=(afEys, 22 f(E<(a/fr.
In case 19 a/E< f4&); in particular fiE)=1. Hence. )
w[f(E]log (aff) < 2 [fE)] log fE) = 20 [f(§)] log* (). -

It follows that the last integral in (7) does not excegd

®) 2 jw[ﬂ;-)i log* | f(8)] & +f (02" 1og (a2 .

The function m(u)=u(log*u)? is non- decreasmg for u=0 if ﬂ>0 and is
also convex if 8=—0 or g=1. Moreover, the second integral in' (8) is then
- finite. This proves (6). (Remark If only >0, the function u(log*u)f is
convex for z=e, and a minor modification of the proof gives (6) for 8> 0,
provided the factor 2 on the right is replaced by Az. We can even assume
that #>—1, if we replace the function logtF by log(2-4F). The cases
8=0,1,2, ... are, however the only ones we shall need for the proof of
the theorem) ' :

Lemma 3. Let f(x) = >0 satxsfy the assumpt.ons of the Theorem and let

Ay Ak
’ ~% ' Ay
8) F (x) su/ﬁso/l AJ Jf(U x)dl cda,..
Then .
. e k-1
@ | JIFrax] TS0 70 og /)| dx+Aei @ <ax).
. s ) .S , : ., .. <

For let us set .

: |
R = ;U\?.,Iff(Uf‘X) i,

N AJF(ng)sz.

F (x) = sup —JFk-, (Ukx)da,.
Ak>0Alb

We note that )
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1 k
!.AJ“'J.f(Uf‘---Uf"x)dl,.. di <
1 ko .
A Ak
éAﬂ..l. A J"‘JFx(Uﬁ'--- Ukydi,..-da,
Al Ak

= AJ JF,(U‘- U“)dl,---dl,,su-
k

A

IA

JF,, (U x)d4, < F,(x).

Thus it is enough to prove (9) with F* replaced by F,, The new mequalxty,
however, follows from (5) and (6). For

Jngx ,aéchFk-l dx < AaJ-Fk-Z log* Frodx+4Aa=<

3 § ¥

éAaIFk—3(|°g+ Fia)ldx+Ac<..- < Aa,kjFx (log* F)*2dx + Aa, 1 <
§ : $ .

< Aoz [ f(log* fY*1 dx+ Agy .
8

The inequality (9) shows that under the assumptionb of the Theorem, the
function F* is finite almost everywhere. We shall deduce from it the existence
of the limit (2) almost everywhere. _
First of all we observe that it is enough to prove the existence of the
limit (2) for f bounded (and non-negative). For let us replace in (9) ¢ by
o5 and f by Mf, where M is a positive constant, and let us temporarily
denote the second Aq = A in (9) by A.. Then dividing by M we get

(10) ([Fr3ax) < A f7- Gog* Mfy—1 dx+ Ay m.
S S

Let us select and fix M so large that A,/M < 6/2, and suppose that f is
1

such that the first term on the right of (10) is also < -;—e’. Then f F*Pdx < ¢,

and so the set of points x for which F*=¢' is of measure <e&’s. Suppose
now that the existence of the limit (2) is established, almost everywhere, for
any bounded f. Let us take a number N> 0, and let us make the decom-
position f=f, 1+ f;, where f,(x) = Min {N, f(x)}. The finiteness of the integral
(1) -implies that of sff-'{log*.(fM)}""'dx, and so, if N is fixed sufficiently

large, we shall have

A,Sfy- log" (FM) -t dx < .
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The limit (2) exists, by assumption, almost everywhere if f there is replaced
by f;. It fis replaced by f,, the upper bound of the resulting expression can
~ exceed ¢ only in a set of measure <e&'. It follows that the limit (2) for
f=/f.-+/, exists almost everywhere.

Thus the problem is reduced to proving the exlstence of the limit (2)
for f bounded, say f<1, and here again we borrow an idea from PITT?).
The proof in the case k=2 is already perfectly typical, and we may confine
attention ‘to this case and write U3, V& for Ul, Uk We know (we take this
resuft for granted) that :

gix)= hm -—ff(U‘x) di

exists for almost every xeS Hence given any £>0 we can find a set
E, |E| <¢, such that
Sy (] SE .

for . XE€ S-—E,A_>Ao(§). :

T ai—gw)| <
- .

Let us replace here x by V#x. Then

<e, if VEx€S—E,

A
I %ff(U‘ Vex) dh —g (Vex)

A
H_[f(wwx)dx —g(Vex) | <2, if VexeE.

Hence, if we denote by h(x) the charactenstlc functlon of E we get

AM ”f(U‘V"") didp — fg(V“x) dp [s e+—Jh(V#x)d.u
Let
. X .
H(x) = sup M~ [ h(Vx) du.
_ p .
The inequality
| Hy) <y j i) dk

shows that the set of y's for whlch H(y)ze‘/' and so also the set of points
x for which H(x)Ze’/- is of measure <&, It follows that for A=A, and.
for all M we have the. mequahty ) '

“)lc’) i L '
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: AM ) .
= [ [rwrveayaran — L[ g -
| AM ij(U Vl‘x)dld[t M g(v X)dy §€+_V£
0o 0
outside a set of measure <&, and independent of A, M.
plg

Let us now observe that M-![g(V#x)dx tends to a finite limit g,(x)
0 .
almost everywhere, and so

M
1
[
[

for x outside a set of measure <& and independent of M= M,(¢). Combining
this with the previous mequallty we finally obtam that

<2e42)e

] e JJf(U‘V"X)dldM —a®

~for AZ A, M= M, and outsnde a set indepencent of A, M and of measure
<&+ ¢, This completes the proof of the Theorem.

Remarks. It is clear that if f=L*, p>1, the function F‘ of Lemma 3
also belongs to Lf, and sfF"(x) dx;Ap,ksfj"dx If f(x){log*f(x)}* is

integrable, so is F*, and
[F dx < A £x) {log* [0} dx+ A,
S S

If. Uf,..., U¥ are commutative, we can complete Theorém 1 as follows.

Theorem 2. Let S and Ub,..., U* be the same as in Theorem 1.
Let L(t),...,L.(t) be positive functions defined for t>0, non-decreasing,
tending to 0 and + o with t. Let | be a number not less than 1 and
suppose that A,, ..., A, satisfy the conditions
(1) PIL(=ASIL(®, .. . PILO) S A IL(D).
Then for any function f(x) integrable over S the limit (2) exists and is finite
Jor almost every x.

It is enough to prove the following

Lemma 4. Under the asstmptions of Theorem 2, the function F*(x)
defined in (8') under conditions (11) and for f=0 satisfies the inequality

(12) {IF‘“(x)dx:‘/“<Akz.,ff(x)dx ©<a<1).

For then we make the usual decomposmon =f+rf where fi is
bounded and fj;dx small.

Lemma 4 will follow if we prove the®following result analogous 10
Lemma 1 (compare also inequality (5)).
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Lemma 5. Let f=0. Under the assumptions of Theorem 2 and under
conditions (11), we have

(13) Foys <Ak/y)d[f(§> dE  (y>0).

Without entering into a detailed proof of the lemma, one may stress
the following points. The familiar proofs, like WIENER's or PITT’s, of the
ergodic theorem of BIRKHOFF are based on covering lemmas, like VITALI’S or
SIERPINSKI's. In our case we need the following covering lemma, in which
for simplicity we consider sets of points (,u) in the plane.

Lemma 6. Let h(t) and k(f) be two positive functions defined for
t >0, non-decreasing and tending to 0 and - oo with f. Let E be a plane
set whose outer measure |E| is tinite and positive. Sugpose that lo -every
point (A, u) €E corresponds a rectangle R= R, , with lower left corner at
(4, 1), with sides parallel to the . axes, and of lengths contained respectively
between I7*h(t) and lh(t), and between [T k(t) and lk(t), where {=1t(4,u)
varies with the point. Then there is a finite number of rectangles Rj, .,»
Ri,py, ooy Ray, pn Such that

([4) . ZIRJJI‘11>A|E'

For I==1, the proof is known*) (there only rectangles with center at
(4,u) are comnsidered, but the proof remains unaffected). The constant A4, is
then an absolute constant A. For /> 1 the result then follows immediately
by considering rectangles R , with lower left corner at (4, ) and with sides
[-'h(f) and I-'k(t), since obviously |R|>|R'|.

If we assume that for every (i,u)€E there are rectangles R with ¢
arbitrarily small, then applying the lemma a large (but finite) number of
times we may cover E, except for a subset of arbitrarily small measure with
rectangles R of the family. From this it foliows without difficulty that the
integral of any f(,u)€L is at almost every point differentiable with respect
to rectangles R.®%)

From Lemma 6, one easily obtains the followmg result which is an
. analogue of PITT’s Lemma 29).

Lemma 7. Let Ay>0, and let g(A,A,) be non-negative and integrable
over any finite portion of the quadrant 2,=>0,2,=0. Let A, A, be 1the func-

4; See A. Zvamunp, On the summability of multipl: Fourier series, American Journal
of Maih., 69 (1947), p, 838.

' 5) The fact is not new; it is explicitly stated in B. Jessen, J. Marcinkiewicz and
A. Zyamunp, Note on the differentiability of multiple mtegrals, Fundamenta Math., 25 (1935),
Pp. 217—234. '

6 1.c. 1y, p. 327.
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tions of Theorem 2 (for k=2) and suppose that for almost all (u,,p,)
Ay Ay

Jfg(ﬂl+ Ay g+ 4y) dll di,za.

o< AhAl<Ao A1A2

Then

Ay Ay —r 4

Ay As
lim inf —'—ffg(z,,z,)dzldzg;Aa.
A,A,0 ;

Lemma 5 follows from Lemma 7 exactly as in the case of one variable?),
if one uses Lemma 6 and the differentiability theorem mentioned on the
preceding page.

There is an intermediate result between Theorems 1 and 2, the analogue

of which for differentiability of integrals is given in JESSEN, MARCINKIEWICZ
and ZYGMUNDs) The assumption is that f(x) is measurable, and the integral

[ ()] {log* |f(x)|} dx

finite, where r is an 'integer satisfying the inequality
Osr=k-—1.
In that case, the llmlt (2) still exists almost everywhere, provided k—r of

the A; satisfy conditions (11) while the remaining A’s -tend to -+ oo inde-
pendently..of one another. There is no need to give the details of the proof.

(Received March 27, 1951.)

) See Prrm, 1.c, pp. 327-328.
8 I.c.5)



