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1. Throughout this paper let L denote a relatively complemented lattice
‘with greatest and least elements i, o, respectively’). Let further a, b, r be any
-elements of L such that

(1) | a=r=b.

As usual, by a relative complement of r in [a, b] we mean an element
-§ whxch satisfies the equations

(2) rAs=a, rus=Ab.

‘Clearly, s then also belongs to the interval [a, b].
J. v. NEUMANN has proved?) ‘that-if L is modular, then, for any com-
plement ¢ of r, the element

3) s=(a@Jt)ymnb=avw({tb)

is a relative complement of r in [a, b]. It is known that this theorem plays
-a very important role in the theory of modular lattices.

In this paper we shall establish further connections between the com-
plements and relative complements of an element r of L.

2. First we state, without assuming the modularity, the following con-
‘verse of. NEUMANN's Theorem:

Theorem 1. Let L be any relatively complemented lattice with great-
.est and least elements, and let a, b, r be any elements of L such that (1) holds.
Let further s be any relative complement of r-in [a, b]. Then there exists at
least one complement t of r which satisfies (3).

1) For the. concepts of lattice theory which will not be defined and for the results
which will be used without proof in this paper see G. Bwrkuorr, Lattice theory (Amer
Math. Soc. Coll. Publ,, vol. 25), revised edition, New York, 1948,

%) See, for example, G. Bwrkxorr, op. cit,, p. 114. References to this theorem™ will
‘be made below briefly by the term “Neumany’s Theorem”.



-G Siész: On reiatively cornplemented lattices. 49

This theorem is an rmmedrate corollary of the second part of the more'.
general : . :

Theorem 2. Let L,a, br, s be as in Theorem 1 and Iet t (EL) be
any solution of the equatton system

_ rnt=o,
o rot=li,
@ . _ : (aut)ymb=s,

av(tnb)=s. _ ,
Then there exists a relattve complement y of a in-[o,s] and a relative com-
plement z of b in [s,i] such that t is a relative complement of s in [y, z].
Conversely, if y is any relative complement of a in [o,s] and z is any
relative complement of-b in [s, i), then any relative complement t of s in [y, z]
satisfies the equation system (4) (See the flgure) .

Proof. In order to prove the first part of Theorem 2, let us consider
any solution ¢ of (4) and let us define two elements y, 2 by

) § y=snt, z=sut..

Then, by the choice of these elements, f is a relative ‘complement of s in
{», z]. Furthermore, by the last two equations ‘of (4), we have

©) . y—smt—(aut)mbmt—bmt
(7).‘. o zf—sut—-av(tmb)ut=aut_.

‘We show that o I
(8) amy‘ép{ auy.=s ..
“and . ' o ) e
© . B L brz=s, buz=i

Indeed, (6) (1) and the frrst equation of (4) 1mply
‘ amy=am(bmt)-(amb)r\t=amt<rr\t—-o

Ag -
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and (6) and the last equatron of (4) imply
avy=auvbnt)=s.

Similarly, by (7), (1) and (4), we obtain (9). Clearly, by (5), (8) and (9),
the first statement of our theorem is proved.

Conversely, let y,2,t. be any elements satrsfymg the ‘equations (5), (8) -
and (9). Then, firstly, ¢ is a complement of r. Indeed, by M, ), (9), (2,
-(8) and (8), :

rmt=(rob)n(zr\t)=rm(bhz)r\t=

. S =rnsmt=(rms)n(sr\t)=ar\y=o,
and dually, : B o
. rut—t
Moreover t satrsfles the last two equations of (4). For by (5),(8), (5) and (9)
(aut)r\b=(au(yut))mb=((auy)ut)ub=(sut.)mb=zmb=s,
and by (5), (9), (5) and (8)

av(tnb)y=aw((f~z)nb) —au(tm(zr\b))—au(tms)-—auy =s, .
thus completing the proof.
By Theorems 1 and 2 we have the followmg

Corollary. Let 'L, a, b r, s be as in Theorem 1. Then, by suitable
choice of the complements a', V', s’ of a, b, s, respecttvely, each solution t of
(4) may be represented in the Jorm »

(10) t—,((a ms)us)m(sub)=(a NS U (s (s b)).

" Proof. Let # be any solution of (4) and let y,z be defined as in the
proof of the first part of Theorem 2. Then, with regard to the equations (5),
(8) and (9), Theorem 1 1mphes that for some complements a’, ¥, s’ of ab,s,
respectively,
: y_ou(a ~Ss)y=a s,
2=(ub)ni=sub,

) t=(yus)nz=yu(sn2).
These representations obviously yield the corollary

- 3. This section will be concerned with the speclal case when L is
modular. We recall the reader that, by NEUMANN’s Theorem, complemented
modular lattices are also relatively complemented consequently, Theorem 1
and 2 may be applied for them.

Using the results of the preceding section, we prove

Theorem 3. Let L be any complemented modular lattice and let a, b, r
be any elements of L satisfying (1). Then, s being any relative complement
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of r in [a, b] and a', b, s bemg arbttrary complements of a, b, s, respecttvely,
the element t of the form (10) is a complement of r. '
_ Conversely, to each complement t of r there exists at least one relative
complement s of r in [a, b] such that, by suitable choice of the complements
a,b,s of a, b, s, respectively, the equation (10) is satisfied®).
Proof. Let s denote any relative complement of r in [a, b). Consider
the elements :
y=o0vw(@s)=a s,
2= b)ni=sb,
t=(yws)nz={da r\s)dgs)r\(sub')—
=pu(S N2 =(a ) (b)),
where a’, b’, s’ denote - arbitrary complements of a,b,s, respectnvely Then,
by NEUMANN’s Theorem,
1. y is a relative complement of a in [o sl;
2. z is' a relative complement of & in [s, i];
3. tis a relative complement of s in [y, Z](=[a' ns, s b))
Hence, by the second part of Theorem 2, ¢ is a complement of r, as asserted.

Conversely, if ¢ is a complement of r, then, again by NEUMANN's The-
orem, the element s.of the form (3) is a relative complement of r in [a, b].

© . It follows that, for this s, the element f is a solution of (4). Hence, by the

Corollary obtained in the preceding section, we conclude that, with some .
complements a’, &', s” of a, b, s, respectively, the element ¢ may be represen-
ted in the form (10). This completes the proof of Theorem 3.

(Received April 8, 1957.) -

3) The flrst part of this theorem may be proved also by a direct, but very tedlous .
calculation.



