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On unitary equivalence of unitary dilations of contractions 
in Hilbert space 

By N. G. DE BRUIJN in Eindhoven (Holland) 

1. Introduction 

Let § be a Hilbert space, and let T be a contraction of (i. e. a linear oper-
ator with norm 1). It was proved by B. SZ.-NAGY [2] that there exists a Hilbert 
space $ with and a unitary operator U in ® such that (P denoting the 
projection onto .£)) 

((1. 2) is, of course, a consequence of (1. 1)). If we require that .f{ is minimal, i. e. 
that ft is the closed linear hull of the set of all U"h (n = 0, ± 1, ±2, . . . ; A €.£>), then 
$ and U are uniquely determined (if we neglect isometries which leave ¡q and T 
invariant). This U is called the unitary dilation of T. 

It was shown by M. SCHREIBER [6] (see also B. SZ.-NAGY [3]) that the unit-
ary dilation of a proper contraction (i. e. an operator with norm II T|| < 1) is al-
ways unitarily equivalent to a fixed operator U0, depending on only. U0 can 
be described as the orthogonal sum of t] copies of the bilateral shift operator, where 
ri = dim This means that & has a complete orthogonal system {<pu} (where 
i = 0, ± 1 , ± 2 , ..., and / runs through an index set of cardinality rf) such that 
uo<Pij = <Pi+i,j f o r a " i and y. 

In this note we shall establish the unitary equivalence explicitly in matrix form, 
thus giving an answer to a question proposed by B. SZ.-NAGY [4], a question di-
rectly connected with J. J. SCHAFFER'S matrix representation of the unitary dilation 
(see [5] and [4]). We shall moreover generalize SCHREIBER'S result: Instead of 
III'll < 1 , our assumption will be only T"—0. Under that condition we shall prove 
that the minimal dilation is still unitarily equivalent to the orthogonal sum of a num-
ber of copies of the bilateral shift operator, but the number of copies can be less 
than dim In fact it equals dim 9Jcz (to be defined below). 

A further discussion will be postponed to section 6. Here we only remark 
that the results of this paper have been generalized, and proved in a more geo-
met r i c way , by I. HALPERIN. 

(1.1) 
(1.2) 

T"P = PUnP (« = 1 , 2 , 3 , . . . ) , 

T * n p = p u - n p (« = 1 , 2 , 3 , . . . ) . 
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2. Preliminaries 

Throughout the paper we assume that T is a contraction, and we put . 

(2 .1) Z=\l-T*T)i, S=(I-TT*)i; 

Z and S are non-negative definite hermitean operators. We have (cf. [1]) 

(2 .2) TZ=ST, T*S = ZT*. 

The spaces 9 a n d 9Jcs are closed subspaces of defined by 

(2.3) 93iz = Z § , = 

It follows f rom (2.2) that 

rmz = TZ& c 7 Z § c ST$ c S.*Q = 9)l s , 

and a similar result for T*9Jis, whence 

(2.4) T W z a m s , r * m s < z d J c z . 

3. Operators and matrices 

Let 9i denote the orthogonal sum of countably many copies of Elements 

of 9i are sequences {/if} ( - with /(,€£>, 2 

Let Pi denote the projection of 9R onto the ;-th coordinate space, and let Q , 
denote the natural isometric mapping of this coordinate space onto $ itself ( the 
sequence {/;J is mapped by P j onto {..., 0, 0, h p 0, 0, ...}, and this one is mapped 
by Q j onto hj). 

If A is an operator in 9i, then we can define a matrix of operators in § by 

(3.1) A^QfLAPjiQji (i,j = 0, ±1 : , ± 2 , ...). 

If A, B, C are bounded operators in Sft, and if AB = C, then it is not diffi-
cult to establish a matrix product relation 

(3.2) Z ¿ i j Z j k = C i k . 
j= - c o 

I t has to be noticed that this means that the partial sums of the series on the lef t 
converge to the operator on the right in the sense of operator convergence, i. e. 
tha t for every 

iv 
lim lim 2 ^ uBikh = Cikh. 
¡V-.ccM-»~ - M 

Moreover we notice that, if A is bounded, we have (A*)^ = ( / f j ; ) * for the a d -
joints. For convenience, we shall occasionally use the same symbol A both for th i s 
operator and for the matrix (A¡J). 
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Conversely, if a matrix (AtJ) of operators of § is given, it is sometimes (but 
not always) possible to find an operator A of ® such that Au is related to A by (3. 1). 
For example, if the Ay's satisfy, for all i, k, 

(3.2) i (AJi)*Ajk = 5ikI, 

and 

(3.3) 2 AtJ(Akj)* = 6lkI, 

then there is exactly one unitary operator A of $ satisfying (3. 1). 

4. Reduction of the Schâffer matrix 

The Schâffer matrix is (see [5]) 

UT -
Z-T* 
m s 

(in order to indicate the indices of rows and columns, we have drawn a square 
around the central element, i. e. the element at the intersection of 0-th row and 
0-th column). It is easily seen f rom what was said at the end of section 3, using 
(2. 1) and (2. 2), that UT defines a unitary operator in D£. And as the matrix U"r 
has as its central element T" (if « S O ) or (T*)~n (if n < 0 ) , we find that (1. 1) and 
(1.2) are satisfied with P = P0 (see section 3), U=UT. 

If T i s replaced by 0, we get Z = S = 7, T=T* = 0 whence U0 is the operator 
described in section 1. 

We want to establish unitary equivalence of UT and U0. That is, we want to 
find a unitary operator W satisfying 

(4.1) uTw= wu„ 

We shall show that T" is a sufficient condition for the existence of such a W. 
First we determine a matrix (JVU) satisfying (4. 1) as a product relation. As UT 

and U0 have only a finite number of non-zero elements in each row and in each 
column, this is only a matter of finite sums. It turns out that we are still able to 
require 

(4 .2) WU = 5U if i and j are not both &0. 
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is uniquely determined by (4. 1) and (4. 2); it turns out that 
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I 
I 

(Zj T*Z T*2Z T*3Z • 

-T SZ ST*Z ST*2Z• • 

-T SZ ST*Z • • 

i. e. " 
W0J=T*JZ if j 

wu = 0 if i-jm 2, 

W,j=-T if i = 7 + l s i , 

Wij = S(T*)i~iZ if j^i^A. 

These values can be obtained e. g. by introducing the formal power series wt = 2 Wt ft 
j=o 

(/ = 0, 1,2, ...)• Relation (4. 1) implies 

Zw0 — T*wt = I 

7V0 + Swi = Çvfo 

and iv2 =Cwi> w3 =Çw2 , ... . Using (2. 1) and (2. 2) we easily solve these equations 
for vi'0, u»,, and find 

w0 = ( / - ÇT*)~ lZ, wt =-T+ CS(I- CT*)~ lZ. 

We have to verify that the matrix W defines a unitary operator, i. e. we have to 
check (3. 2) and (3. 3), with A replaced by W. For Wjk this does not in-
volve infinite series, and the result follows by some elementary computation. It can 
also be remarked that W*W=I directly follows from (4. 1) and (4. 2): If we put 
W*W=J, we have, by (4. 1), U0J=JU0, or J(J = Ji+l J+i; now (4. 2) shows that 
J=I. 

In order to prove (3. 3) (with A replaced by W), we shall assume that T"—0. 
This implies that T*nTn^0 (actually, if T is a contraction, then T" ̂ 0, T*nTn~0 
and T*nTn-*0 are mutually equivalent), whence 

ZZ* + T*Z(T*Z)* + T*2Z(T*2Z)* + ... = I-T*T+T*(I-T*T)T+ ... = 
= I-T*T+(T*T-T*2T2)+ ... = I. 

The other relations we have to establish for proving (3. 3) easily follow f rom this one. 
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5. The unitary dilation 

If T is a proper contraction then the Schaffer matrix UT represents the unit-
ary dilation, but if T is improper, UT does not always satisfy the minimality con-
dition. It was remarked by B. SZ.-NAGY [4] that the unitary dilation is still described 
by UT if we only restrict ourselves to a suitable subspace of 91, viz. 

St = ... wis@ms®.... 

This notation means that ® consists of the sequences (.. . , h-lt h0, hlt ...) of 9t 
for which hjtWlz i f . / < 0 , h}£2)ts i f 0 , h0£<Q. By (2. 3) and (2. 4) we have 

(5.1) UTStcSt, UfSt c i l , 

whence UT provides a unitary operator of ffi, still satisfying (1. 1) and (1. 2), and 
moreover St is minimal. So, when restricted to the operator UT provides the 
unitary dilation of T. 

Next we introduce a second subspace of 9i, viz. 

8 = . . . ® 3 » 2 ® p 3 ® g f t z ® . . . . 

We infer f rom the matrix representation of W, using (2. 3) and (2. 4), that 

As WW* = W* W=I, we infer that W provides an isometric mapping of 8 onto 
The transformed operator W*UTW~U0 maps 8 into itself, and we obtain 

T h e o r e m . If the contraction T satisfies J " — 0 (n — t h e n the unitary dilation 
of T is unitarily equivalent to the orthogonal sum of co copies of the bilateral shift 
operator, where OJ = dim 

6. Remarks 

We shall say, for a moment, that T has property (A) if the unitary dilation 
of T is unitarily equivalent to the orthogonal sum of a number of copies of the 
bilateral shift operator. 

If T has property (A), then T* has propety (A), for if U is the unitary dilation 
of T, then E/ - 1 is the unitary dilation of T*. With this in mind we see that our the-
orem has a lack of symmetry, for the conditions T"—0 and T*"—0 are not equi-
valent, whereas both are sufficient for T and T* to have property (A). Meanwhile 
we learn that if both T" — 0 and T*" —0, then SDcz and 2)is have the same dimension. 

Neither T"—0 nor J * " — 0 are necessary for (A). For example, if T is itself 
a bilateral shift operator, then T is its own unitary dilation. 

An instructive example is provided by the unilateral shift operator, defined 
by Tcpi = 0 , T(p2 = (p1, Tcp3 = (p2, ..., if <pi, (p2, <p3, ••• is some complete orthogonal 
system. With this operator T" tends to zero, but T*n does not. ?0lz consists of all 
multiples of <pl5 but 99ts = 0. 

A simple necessary condition for (A) is that T" tends weakly to zero, or, what 
is the same thing, that T*n tends weakly to zero. In order to show this, we only 
need to remark that the powers of the bilateral shift operator tend weakly to zero. 
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O n t h e o t h e r h a n d , th is w e a k c o n v e r g e n c e of T" is b y n o m e a n s suf f ic ien t f o r 
(A). F o r it is n o t d i f f icul t t o find u n i t a r y o p e r a t o r s w h o s e p o w e r s t e n d w e a k l y t o 
z e ro b u t w h o s e spec t r a s h o w gaps . Because of these g a p s t h e y c a n n o t be of t h e 
b i l a t e r a l sh i f t t ype . 

I t is easy t o see t h a t 2) i z = Q a n d = § a r e e q u i v a l e n t ; in t h a t case t h e spaces 
9t a n d M a r e iden t ica l . T h e a u t h o r t h i n k s it poss ib le t h a t th i s c o n d i t i o n 3)2Z = ,£>• 
impl i e s (A). 
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