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Non-summable partial sums of orthogonal series 

By DAN J. EUSTICE in Urbana (Illinois, USA) 

Introduction 

Let {<£„(*)} be an orthonormal system on [0, 1] and let {5„(x)} denote the 
sequence of partial sums of 2 an®n(x)> where 2 an i t will be shown that the 
Riesz summability, R(k, 1), almost everywhere of { S n ( x ) } does not necessarily imply 
the R(k, l)-summability of every subsequence of {S„(x)}. A condition on the index 
set {«*} implying the R(k, l)-summability a. e. of {S„k(x)} if {5„(x)} is R(k, 1)-
summable a. e. will also be demonstrated. 

Let k„ be a positive, strictly increasing function with / 0 = 0 and k „ — a s 
/i — Then {S„} is R(k, l)-summable if an converges, where 

1 " 
2 (K + l 

A„+l k = 0 

Z Y G M U N D [8] has shown that if the coefficients {a„} are such that 

(i) 2 al C°B log A„)2 < 

then {S„(x)} is R(k, l)-summable a. e. It was recently shown ([1], [4]) that condition 
(1) implies every subsequence of {5n(x)} is 2?(/1, l)-summable a. e. 

The following result is a generalization of a theorem of K. T A N D O R I [6] for 
(C, l)-summability. 

T h e o r e m 1. Let R(k, \)-summability be a Riesz method stronger than con-
vergence. There exists an orthonormal system {<£>„(x)}, a sequence {<?„} with 2 al < 00« 
and an index set v = {vk} such that the sequence of partial sums { } is R(k, 1)-
summable a. e. but {SVn(x)} is nowhere R(k, X)-summable. 

The existence of such an example was recently conjectured by J . M E D E R [ 4 ] . 

T h e o r e m 2. Let the sequence of partial sums {S„(x)} of an orthogonal 
expansion with 2 al <oa be R(k, X)-summable a. e. Then, if v = { v j is an index set 
such that 

(2) = 1) 
k = j A-k + 1 Vfc 

as j — where A kk = kk+l—kk, the sequence of partial sums {SVk(x)} is R(k, 1)-
summable a. e. 

This is a generalization of a result of Z A L C W A S S E R [7] for (C, l)-summability. 
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let 

1. Proof of Theorem 1 

The proof of Theorem 1 depends on two lemmas. For any index set v = {vft), 

(3) = KSVk(x). 
K+l k=l 

Also, let A(x) denote the function inverse to a continuous, monotone extension of Xn. 

L e m m a 1. For any index set v = {vk}, 

(4) lim <7V,„(•*)=/(*) a . e . 

if and only if 

(5) l imSv {x) = f(x) a .e . , pk 

where pk = [A(21)]. ([A] denotes greatest integer function.) 

P r o o f . ([4], [1, Lemma 4. 2]). 

L e m m a 2. Let R(l, \)-summability be a Riesz method stronger than conver-
gence. Then there exists a sequence cv of positive, non-increasing real numbers such that 

(6) Z c l { l o g l o g A v ) 2 < ~ 

but 2 c\ (log v)2 diverges. 

P r o o f . It is clear that 

(7) A 8 J L r * o w log log 

as n — since if it were 0(1) , any sequence of partial sums that is R{k, l)-summable 
would be convergent, for (6) would then imply 

(8) Z c * l o g 2 v < -

which, in turn, would imply convergence of Z B Y THE theorem of M E N C H O F F 
a n d R A D E M A C H E R [3 , p . 1 6 4 ] . 

A particular sequence {nk} of positive integers will now be defined. Let n() = 1 
and let be the smallest integer such that 

log«i 
log log/1.,,, 

Such an integer exists by (7). In general, if ..., nk have been defined, let nk+l be 
the smallest integer greater than (nk + l)2 — 1 and such that 
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Now, let {cv} be defined such that 

c v = v - " 2 ( i o g , / t ) - 3 / 2 

when -<v<nk. Then {cv} is a positive, non-increasing sequence and 

— - nk + 1 ~ "k+1 Iflp2 V 
2 c 2 i o g

2 v = 2 2 2 ( i o g « , + i ) - 3 2 L — • 
v = 2 l' = Ov=i,+ l k = 0 v = nk+l V 

^ l o g 3 ( « k + l + 1) l o g 3 ( » * ' + 1 ) 1 ^ 
2 ' 

t = 0 l o g 3 / i t + 1 

- ¿ I " 1 - -~ ¿ o i l 3-2 
But 

2 ci (log log ;.v)2 = 2 2 cv (log log Av)2 s 
V:AvB2 k= 1 v = nk+ 1 

00 1 "k 4- t 1 
^ 2 l 2 — T - 2 ( l 0 g l 0 g A „ t + I ) 2 ^ kf1 l o g n t + 1 v = £ + , vlog2 / i , ; + 1 

1 I'k+l 1 1 
< 7 ! t _ < y _ i _ < 0 0 
- 2" + 1 log nk+ \ ¿ 2 v - 2k + l 

P r o o f o f T h e o r e m 1. TANDORI [6] has shown that if {cv} is a sequence 
of positive, non-increasing real numbers then condition (8) is necessary and sufficient 
for the convergence a. e. of 2 cv'AvW f ° r every orthonormal system {ip v(x)}. 
Moreover, if condition (8) is not satisfied, {^v(x)} can be determined such that for 
a "suitably chosen index set the series 2 c v ^ v W with the A^-th terms deleted, 
diverges everywhere. This example of TANDORI is a modification of an example of 
MENCHOFF [5]. By Lemma 2, the sequence {cv} can be chosen such that (8) does not 
hold but (6) does. Let 2 C * ^*(x) denote the orthogonal series formed by deleting 
the jVfc-th terms and re-indexing. Denote its partial sums by {S*(x)}. Condition 
(6) then implies that {Si(x)} is R(k, l)-summable a. e. Also, if /?V = [A(2V)], then 
{Spv(x)} converges a. e. The theorem will be proved by constructing an orthonormal 
system {0„(x)}, a sequence {«„}, and an index set {vA.} such that 

(9) spjx) = s;jx) 

where w = ivv tends to » as v tends to «>, and such also that 

(10) S,pk(x) = St(x). 

Property (9) will show that {.S„(x)} is R(k, l)-summable a. e. and (10) will show 
the divergence of o\,,„(x) by Lemma 1. 

The index set {vt} will now be constructed to have the property that for every 
m^M, 

(11) max {k: vPkSpm}=pw 



Partial sums of orthogonal series 225--

for some iv. Let v; = / for / = 1 , 2 , ...,pPl. Let p be the smallest integer such t h a t 

for some R, O S R^pll+1 — S u c h a value of p exists since the sequence {pv+, — pv},. 
v = 0 , 1, ... cannot be bounded if R{)., l)-summability is stronger than convergence 
[2]. Now, let 

%,+,•=/>„„+* + '> '=1,2, ...,pP2—pPl. 

In general, suppose v; has been defined for / = 1, ... pPlc; let p be the smallest integer 
greater than pk such that 

Ppn'+R+ 1 ~Ppn +R^Ppk+i ~Ppk 

for some R, R^p^+i — pp,. Now, define 

vpPk + i = P p s + R + '> ' = 1 , 2 , . : , p p k „ - p p k . 

This defines {v.} such that for every m ^ p p i , property (11) holds. 
Now, define 

( 1 2 ) ° v (.0, otherwise, 

and let ^„( .y) = Complete the definition of the orthonormal system {<t>„(x)} 
with sucessive members of i¡/Nk(x). It.will be shown that properties (9) and (10> 
are satisfied for this system. 

vp„ n n 

\ (.v) = 2 ^K(x) = Z = 2 ctiptix) = № ) . p" k=i *=i pk pk k=i 

Thus, (10) is proved. 

Pm PW 
sPm(x) = 2 'h^(x) = 2 = 2 « ( * ) = S p M 

k = 1 l : v p t s p „ n n k = 1 

Thus, (9) holds and the proof the theorem is completed. 

2. Proof of Theorem 2 

Let f{x) be a square-integrable function to which {5„(x)} is R(X, l)-summable-
a. e. 

1 
2 A/,[S,v(.y)-/(.Y)] 2 • 

¿,,+ 1 k=j 
(13) 

Z [SV t( .v)-cV k ix)}> + y ? - 2 AA»[ f f v t ( .Y) - f ix)) 2 . 
/,7+1^=1 An + 1 * = 1 
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S i n c e oVk(x) c o n v e r g e s t o f { x ) a . e. , t h e las t t e r m o n t h e r i g h t s ide o f (13) c o n v e r g e s 
t o 0 a . e. T h e first t e r m o n t h e r i g h t s ide o f (13) will c o n v e r g e t o 0 a . e. if 

i s finite a . e . a s n — T o s h o w th i s it is seen t h a t 

l l 

U v K v = 2 - ^ -
k= 1 ¿k+i . 

0 0 

1 g . 
2 ; . / / , <!>, (a) ) dx 

/ l

V
t
+ 1 j = I 

n A3 i t vi " A ; 1 k vi 

= 2 , f - 7 j L 2 2 Z f ^ - ^ Z * 2 a). 
k = l Ak+i A V j < + 1 i = l j = v , _ i + l <1=1 I Avk+1 i = 0 J = v i - t + l 

T h e r e f o r e , 

l im /„ J 

i 

M 
(A') dx ~ Z ' J j 2 of 2 y—T 

j = l i = V j _ , + t fc =./ + 

I _ 
2 
Vk 

0 ( 1 ) 2 2 «,? = o ( i ) 2 « j 
j = 1 • = Vj _ 1 + 1 J = 1 

T h i s c o m p l e t e s t h e p r o o f o f t h e t h e o r e m . 
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