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Equlvalence of a problem of set theory to a hypothesis
‘ concermng the powers of cardinal numbers

By G. FODOR in’ Szeged

¢ To Professor Béla Szdkefalvi-Nagy on his 50th birthday .

Let E be an arbitrary set of power &, and suppose that with every element .
x of E is associated a non empty set J(x) such that for any x € E the power of the
set f(x) is smaller than a given cardinal number &, which is smaller than &, and
 f(x) #f(y) (x#y). We say that the subset I' of E has the property T(q, p), where
q and p are two cardmal numbers. such that p=q=§,, if

xélrf(x) =q and x&J (f(xmf(y))<v

We ‘define the ordinal number B, as follows:

Let B, be the smallest ordinal number g <p such that the set E@ of the ele-
ments x€E for which f(x)<& has the power X,.

Consider now the followmg propositions.

(I) Under the above conditions E has a subset T wiih the property T(X,, 8,,)

(II) For every ordinal number y, f<y<a, the mequalzty .

o

(®52)%0 < ¥,
holds, where &“”0 =3 g“e .
Q<ﬂo B
We shall prove in this paper the following
Theorem. The propositions (1) and (II) are equivalent.

We shall use the following notations. For any subset T’ of E let
= U (f(xmf(y))

X, y€&!
x:#y

For _any cardinal number t we denote by t* the cardmal number immediately fol-
lowing r. The symbols S and y denote the cardinal numbers of the set S and of
the ordinal number y, respectively. For every ordinal number t, R, denotes the
least cardinal number n such that 8, can be expressed as the sum of 1t cardinal num-
bers each <#,. If m and n cardinal numbers, then we define me= > m. Put, for
every ordinal number y, W(y)={&:&<y}. . r<n
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In the proof of the theorem we shall use the following theorems:
Theorem 1. If &, is regular and U f(x) has the power 8., then E has a.sub--
“set wzth the property T(&a, 8,). (See [1], theorem 1.)

Theorem 2. Let 8, be a singular cardinal number, t, a cardinal number which
is smaller then &, and {&¢}¢<mwm a sequence* of regular cardinal numbers such
_that 8,>R, (a>r) max {Regs> &ﬁ,r0}<x¢<& and 8,= . 3 R If for every

§<cu

& <Oy, Ey is a subset of power = R, of E such that E; has a subset E; with the
property T(R;, 1o), then E has a- subset with the property T(R,, [8cf(a) Tol*). (See
[1}, theorem 4.) .

Theorem 3.If M. is.an infinite set oj power M, and if n=m, then the set S of
subsets XM with X <W has the power S= 2> -m*. (See for example the theorem.
3 of §34 in [2].) ) Fen

‘Theorem 4. » S

(m¥ for p=of(o),
m¥)% = (m' for cf(Q)<p=o+l,
- m& for p=o. )
~ (See theorem 7 of § 34 in [2].) ' ,
Theorem 5. Let 8, be a singular cardinal number and n an ordinal number

smaller than w,. If to every element y of W(w,) there corresponds an ordinal number-
_h(y)<n, then there exists a subset M of power &, of W(w,) such that '

h[M] = Ref(a) *

Proof. Let. {a¢}¢<wm,, be an increasing sequence of ordinal numbers such_
that lim a, = & for every ¢ <w.pu), W, >1 and w,, is regular. It is clear that

o E<ocf(a)
W(wa = U W(wag)

< §<wcs(a)

Let us define g,(y) on W(w,) as follows:

&M=k (YEW(0,)).

Since w,, is regular and .w,, >7, there exists an ordinal number n:€ W(n) and a.
subset M, of power R,, of W(w,,) such that-

: &My ={ng}. s
Let . . M= U M,
’ CE<acr@) | .
Clearly the power of M is &,. Let further N be the set of all dlstmct elements of
the sequence {n§}§<wcm) It is clear that
. ' h[M]=N.
Since N= R, theorem 5 is proved.

-
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Cbrbllary If n is an ordinal number of the second kind and cf (n)%cf (),
then there exists a subset M’ of power R, of M and an ordinal number ' <1 such
that* : , _

M IE W ().

Proof @) If- N< Rere)» then it follows from the regularlty of wg, that there
€Xists an 1ncreasmg sequence {¢, }chm) of the type wc,y of ordinal numbers
‘smaller than w.g, such that

Mgy = Mg, =oeee =T, = ... (V<wcf(a))' ¢
‘But then - EMih) =ngl = 3 Re = R
v<Wef(a) .
and . hIM) = h{yEM:h(y) = mg J]S W(ng, +1).

G) If N = Rermy» then let {n,},<,.,,, be an increasing sequence of ordinal
numbers for which 11m r,v—n

(y) If cf (a)<cf (ry), then it follows from the inequality NC W(y) that there
exists -an ordinal number vo<wgy,, for which -

NSWh)cWn). -
(j2) If cf (@) > cf (), then let N,=NNW(x,). It is clear that '
U N=N

v<Wcf(n)

Since wcg,y is regular, there exists an ordinal number vy <, such that

Nyy= &cf(a)

It follows that there exists an increasing sequence {ég}gwm,) of the type wyy,
. such that ‘

NVO = {ﬂ¢9}0<wc](2) N
Thus we get from the definition of {”<}§<mc,m that M'= (J M, has the power

V< Wef(a)
ZR% and

h[M’] < W)

Theorem 6. Let &, be a singular cardinal number and n an ordinal number
smaller than w,. If to every element y of W{w,) there corresponds an ordinal number
h(y)<n, then the smallest ordinal number 1o, for which there exists a subset M of
power R of W(w,) such that

hIM)C W(no) S W(n), ,
is either of the first kind, i. e. no = 1o+ 1 or of the second kind with cf (3,) =cf (o).

Proof. (i) W(n,) has a greatest element. In this case the power of the set M’,
for which A[M’)={n,}, is &,.and the power_of the set M”, for which_. .

h{M")E W (7o),
is smaller than .§,. Thus 5o = 75+ 1.



A problem of set theory o 155

(ii) W(n,) does not contain a greatest element. Then 74 is of the second kind.
It follows from the definition of #, and the corollary of theorem 5 that cf (o) =
=cf («). Theorem 6 is proved. With the aid of theorem 6 we get

Theorem 7. The ordinal number B, is elther of the first kzna' or of the second.

kmd with cf(By) = cf ().

Proof of the theorem. (A) First we prove that (I) follows from (II). Sup-

pose also’ that the proposition (II) holds. Put

Ng\N
(RFIZ2 = Rpor)-

It follows from theorem 4, that

8% for cof(Bo)=4o .
Ngon =

' Rfﬂ" for cf(Bo)<Bo.
This implies that
_ w2 (x::.%)’i’;o

N, __
o) 7" = Rpon

for cf (B,) =B, and

hJ g AN No N, Neg, WX
8/35(07)_281300) Z(Rﬁo)e_z Ry oTe= 2 R)Pe = PRy, =

8
e<po e <ﬂo folr)

for cf(By) <Py, i. €. in both cases &ﬂ = Rptro) holds As the sets f(x) are distinct
it follows from this that the set U f(x) has the power &,. Thus, if &, is regular,

we get by theorem 1, that F has a subset with the property T(&,, 8. Suppose
now that &, is smgular Then E®9 has for every y, f<y<a, a subset E, with the
property T (Rpo+ 1 Rpaps s 1€

Mg, = Rpoy <Rpom +1-

Let S(y) be the set of subsets XCIIy with X < x,, It follows from
theorem 3 that S('y)< ;My) R poty) - Hence, since for given 7 the sets’

SOX)=f(x)—Hg (x€E,) are mutually disjoint, we obtain that there exists an
element X, of S(y) and to this a subset Ej of power Rg,;+y of E, such that

Sf1(x)#0 and
‘ FR=fPx)UX,

for every x€ Ej, i. e. E; has the property T(Rgo;)+1, Rg,)- It follows from theorem
2 that E has a subset w1th the property T(R,, g, Reray+1)-

(B) We prove now that from the. proposition (I) follows the proposition (II).
Suppose therefore that (II) does not hold Then we prove that the proposition
(Iy is false.

Let 8, is an ordinal number of the first kind, i. e. S, —ro+1 If (IT) does not
hold, then there exists an ordinal number j,, B <y, <o for which

-~

RO R,

Y0
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Let E1 be a subset of power R,, of E and T, a set of power &, of subsets of power
8., of E;. Let further f(x) be 2 one-to-one mapping of E into T;. It follows that
if 1s a subset of E with the property T(q, p) then q=¥, , because the sets

’ ) = f(x)~TrCE,

‘must be not empty and mutually disjoint for q elements x of I
Let B, be an ordinal number of the second kind. Then cf(B,) =cf(a) by the
theorem 7. Let {a,}, <0, a0d {B,}n<0.,., De two increasing sequences Of ordinal:

numbers such that lim «,=a and lim pf,=p,. We have two cases:
N<Wef(a) N<Wecf(x).
(1) there ex1sts a smallest ordinal number r10<a)cf(,) and -an ordinal number

Vo> B<9y,<a, such that z\“""ozx
(ii) for every o <f, there exists an o <P such that R 9 >R oﬂ’ In this case
we assume that, for every n < gy, [3,, is the smallest ordmal number such that

Y0

-

Rg ",
=R, :

"Let T, be in both cases (but in the case (i) we assume that n5§n<[30 holds)

a set of power R, of subsets of power R, of E;, where E1 . It is clear that
the set .
U T,
N<Wcf(x)

has the power ¥,. Let f(x) be a one-to-one mapping of E into T. If T is a subset
of E with the property T'(q, p), then g =R,,, because the sets f'(x) = f(x) -II;CE,
must be non empty and mutually disjoint for q elements x of I". The theorem is
proved.
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