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~ Permutations in finite fields
By L. CARLITZ in Durham (N. C., U.S. A)

1. A polynomial f(x) with coefficients in the finite field GF(q) is called a per-
mutation' polynomial if the numbers f(a) where a € GF(q), are a permutation of
the a’s. That such polynomlals exist is evident from the Lagrange interpolation
formula for a finite field:

SRS I f'($c)=—

The formula (1. 1) furnishes a polynom1a1 that is of degree <g. We shall say
‘generally that a permutation polynomial is in reduced form when its degree <gq.
It is known that for g =2 permutation polynomials of degree ¢ —1 cannot occur;
more - precisely the degree of a non-linear permutation polynomial cannot be a
divisor of g—1. This follows very easily from :

o 0 (Osk<g—1)
(1.2 at = { ¢ 1
ac GF(q)

Assume that

-1 (k=g-1),
'f(x) = CoX"+ ... + ¢ (c;€GF(q), co#0)
" is ‘a permutation polynomial and that g—1 = mr. Then

.(f(x)) = c'x’"’+ .+er

(f @) = —cj.

aE GF(q)

so that

This contradicts co #0.

DicksoN ([3] has constructed various classes of permutation polynormals
REDEI [5] has considered rational functions over GF(q) that possess_an inverse.
He has proved.in- particular that if m is odd, 15m<q, then there ex1st rational
permutation functions of degree m. -

The writer-[2] has proved that every permutatlon polynomial is generated by

" the special polynomials .

(1.3) - ax+b, x‘1 2 (a,bEGF(q), a;éO)

For g=35 this  had been proved by BerTI and for q 7 by DICKSON [3 p. 119].
Clearly if f(x) is a permutatlon polynomial for GF(g), the same is true for

Sx) + (x7— x)g(x), where g(x) is an arbitrary polynomial with coefficients in GF(qg).

Indeed the theorem quoted above is to be understood in this sense. Thus if f(x)
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is a permutation polynomial in reduced form then

(1.4 , - F@) = f0) + (- x)g (),

“where F(x) is the resultant of a finite number of the spemal permutations (1. 3) and.
g(x) is some polynomial in GF[g, x]. We may call F(x) a crude permutation polyno-
"mial. Note in particular that in computing the polynomial F(x) reduction (mod x?—x) -
is not allowed. Also F(x) is not uniquely determined by f(x). For example the
polynomials

x(‘l-z)z’ r=12,3,..)
are all crude permutation polynomials corresponding to the polynomial x. -

- 2. Now let f(x) be a permutation polynomial for GF(q) in reduced form.
1t is of interest to ask whether there exist polynomials congruent to J(x) (mod x7—x) -
that are also permutation polynomials for GF(q') where r is assigned. We first
prove the following result. :

Theorem 1. Let f(x) be a permutatién polynomial for GF(q) in reduced form '
of degree >1 and let F(x) be a crude permutation polynomial corresponding to f(x).
Then F(x) is a permutation polynomial for GF(q") if and only if

@10 : @-14-2) =1

Since deg f(x)=>1 we have also deg F(x)>1 Consequently the permutatlon
x4=2 occurs at least once in F(x). Now x1-2 eﬂ'exts a permutatlon in GF(q") if
and only if

(2.2 ' (g=1,9-2) =

Since g"—1 = 2"—1 (mod g —2), it follows that the condition (2. 2) is equivalent
to (2 1). This evndently completes the proof of the theorem.

Suppose that g is odd and greater than 3. Let 2 belong to the exponent t
(mod g —2). Then (2. 1) is certalnly satisfied when r =1 (mod #) but is not satisfied
when r =0 (mod ¢). When q is even and greater than 4; let 2 belong to the exponent .
t (mod $(g—2)). Then again (2. 1) is satisfied when r=1 (mod #) and not satisfied
when r_0 (mod t) We have therefore '

Theorem 2. Let F(x) be a crude permutation polynomlal Jor GF(q) Then
. if q =>4 there are infinitely. many GF(q") for which F(x) is a permutation polynomial
and also mﬁmtely many GF(q") for which F(x) is not a permutation polynomial.

When g= 4 x? is a permutation polynomial for all GF(2’) When q= 3 the
special permutatlons (1. 3) are. all of the first. degree..

"3, Put g=p", where p is a prime. Then it is easily verified that the polynomialw ’
@B - o ax"’+b (@, beGF(q), a=0)

is a permutatlon polynomlal for all GF (q’) and for all j=0,1,2,.... -
If f(x)is an arbltrary permutatlon polynomial for GF(q) then for every ceGF(q) .
the equation f(x) =c is solvavle in GF(q) and indeed has a umque solution be GF (q)
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Assume Sf(x) € GF[g, x]; then
(3.2) f)—c = (x—bFM(x),

where k=1," M(x)€GFlg, x] and either deg M(x)=0 or M(x) is a product of

irreducible polynomials Py(x)€ GFlg, x], deg P(x)=2. Hence if r is a multiple of

any d;=deg P(x) it follows at once from (3. 2) that f(x) is not a permutation polyno-
. mial for GF(q"). We accordingly suppose that (3. 2) reduces to

(3.3) ' C f)—¢ '=a(x—'b)"'» (a#0);

_that is for each c€ GF(q) there is ab= b(c)EGF(q) such that (3. 3) holds. In varti-
cular for c=1,0, (3.3) 1mphes

G. 4) o S a(x bo)"—a(x b, )" =1,
Replacing x by x+bl , (3.4 becomes _
a(x+b)f—axt =1 (b = b, —by).

Expandlng by the b1nom1a1 theorem we get

3.5 . ' (k) 0 (modp) | (0<s<)c).

By a known prbperty of binomial coefficients it follows that k = p’ for some j. We
-have therefore proved the following

Theorem 3. A polynomial f(x)EGF lg, X] is a permutation polynomial for all
GF(gn) if and only if it is of the form (3.1).

We have jncidehtfy proved the following result. .

Theorem 4. If f('x) is a permutation polynomial for GF (q) that is not of the
form (3. 1), then for infinitely many r, f(x) is not a permutation polynomial for GF(q").

It might seem plau51ble that if f(x) is a permutation polynomial for GF(q)
- then it will also be a permutation for infinitely many GF(g"). We have seen that
this is true for crude permutation polynomials (Theorem 2). Two other classes
of polynomials with this property are covered by the following two theorems.

- Theorem 5. Let (k,g—1) = 1 so that.x* is a permutation polynomial for
GF(q). Then there are infinitely many GF(q") for which x* is a permutation polynomial
and infinitely many GF(q") for which x* is not a permutation polynomial.

There is no loss in generality in assuming that (k, ¢)=1. Let ¢ belong to the
exponent t(mod k), so that ¢> 1. Then for r.divisible by ¢ we have g"=1 (mod k),
so that x* is certainly not a permutation polynom1a1 for GF(g"). On the other hand
" for r=1(mod t) we have
g—-1=4-1 (modk)

- so that (k,q"—1)

_ = (k, —l) = 1. Hencc x*is a permutatlon polyuomlal for all
GF(gm™*Y), m=1, 2 3.
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Theorem 6. Let g=p" and put |

G.6 JG) = coxtoxP+ e (¢ €GF(p)).
Then f(x) is .a permutation polynomial for GF(q) if and only if
3.7 (coteyx+ .oty x" L, 1—x") = 1.

. Moreover there are infinitely many GF(q*) for which f(X) is a permutation polynomial
. and infinitely many GF(q") for which f(x) is not a permutation polynomial

The first part of the theorem is a ‘corollary of the existence of a normal basis
for GF(q); see for example [4, p. 250). :
To prove the second part put

C(x)—c0+c1x+ e xnm
Then f(x) is a permutatlon polynomial for GF(g") if -and only if
3.8 (€O, 1=xm) = 1

There is no loss in generality in assuming that ¢y #0, so that (x C(x))=1. Now
let. x belong to the exponent t(mod C(x)). Then for r=1 (mod 7) we have

l—xm=]—x" (mod C(x),

so that (C(x),1—x") = (C(x), 1 —x") = 1; clearly f(x) is a permutation polyno-
‘mial for GF(g"). On the other hand ‘if r=0 (mod ), then 1 —x™ = 0 (mod C(x))
and it follows that f(x) is not a permutation polynomial for such GF(g"). This
completes the proof of. the theorem. .

4. DicksoN [3] showed that the' quartic
4. D ! ' f(x) = x“+3x

1S a permutation polynomlal for GF(7) but not for any GF(7"), 1\1 This result
can be generalized as follows. :
Putqg = 2m +1. We shall show that for proper choice of a ¢ GF (¢) the polynomial

(4.2) L fGx) = xm+t+ax

s a permutatlon polynomial for GF(q)
It is convement to define -

4.3 S P (x) = xm.

Thus Y (c) = ll —1 or 0'according as ¢ is a non-zero square, a non- square or zero
in GF(q). We may rewrite (4.2) as

(4.4 ) = x(a+y ).

We assume that a #1 so that f(x) vanishes only when x'=0. Now if f(x) is not a-
permutation - polynom1a1 we must have -

4.5 A JB)=f(c) (b, cc le;(q), b#c, :bc ¢ 0)
for at least one pair b, c. We consider two cases 1) w(b) =y (c), (1) Yy (b) = — Y (o).
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In case (i) i't follows from.(4 4). and.(4 5) that
(a+¢(b)) = C(a+¢(b))

since a®#1, it follows that b=c.
- In case (u) we get similarly

“bla+ (b)) = c(a (b)),

so that —1=d/(b)—-—l//<a+i).'

Hence if we choose a so that

(4.6) o vw(-“i“;);—_-lA

we have a contradlctxon Clearly (4. 6) can be satlsﬁed by taking
@.7 » o a =W+ D/ -1),

where #® is an arbitrary square of the field (diﬂ'erenf from x1,0). For g=7 such
u' always exist, The value ofa furmshed by (4. 7) automatlcally satlsﬁes the condition
at= 1. _ .

) ThlS proves the followmg

Theorem 7. For g =2m+1=7, the-bolynomzal (4.2) is a permutation
polynomial for GF(q) provided that a is deﬁned by (4.7) with u* an arbitrary square
of GF(q) different from 1,0. :

For g=7,u?=2, it is eaSIly verified that (4. 2) reduces to (4. 1). :
It can be proved that if k is a fixed mteger 22 and ¢ = mk -+ 1 then for prop-
erly chosen a¢GF(q) the polynomlal .
f‘(x) = xm+*l +ax

is a permutati‘on polynomial for GF(q), provided ¢ -exceeds a certain bound N,.
The proof is similar to the proof of Theorem 7 but requlres an estimate for the
" number. of solutions of certain systems of equations in a finite field.

Theorem 8. Let f(x) satisfy the hypotheses of the last theorem. Then f(x)
is not a permutation polyrnomial for any GF(q") with r>1. =

If r is even we have ‘ '
g'=1(modm—1)

and the stated’ result foliows immediately. We therefore assume that r = 2s+]

Put R
(4.8) : . _q“+1 =k(m+ DAn';
since - : g¥*'=—1 (mod m+1),

it is clear thaf an integer k can be found for which (4. 8) is satisfied. We shall consider

i=o

. . ' k+m~—1 _ - ) .
(4 9) (f(x))k+m—1 = (xln+ll+a'x)’(+m—1 _ +Z <k+r;1.. ]‘>ajx(m+1)(k+m—.j—l)+j.
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Since 5=1 it follows easily that
25+1 <(m+ l)(k+m—— l)<2(qzs¢1 — l).

Thus reducing (4.9) (mod x12s+1 — x) the only term that need be considered is the
one corresponding to j =-m — I, that is .

@10 . <k+m_-1> an= iy,
: : m—1 - .

Now it follows form (4. 8) that k(m+1) = m+1 (mod q). Since g =2m+1)—1_~
we have (m+1, q) = | and therefore k=1 (mod g).
We shall requnre the fo]lowmg known property of bmomlal coeﬂicwnts Let
r = ro+r2p+r3p + ... O=r; <p)

. ' : s =So+sip+spP . . —(O:S,\p)»
where p is a prime. Then : i .

o (RIE)) e

In particular if r = ap"+b (0=b<p") s = ¢p"+d (0=d<p"), then (4. 11) implies

<><><>

Returning to (4. 10) we put k = p"+1, where g =p". Since m=<p" it follows

~form (4 12) that .
k+m—1 tp"+m ,
( 1 > (m—l) m#0 (modp).A

Thus (4. 10) is not zero and therefore f(x) is not a permutatlon polynom1a1 for
GF(q2s+ b, . ]

5. Let r be a fixed integer = 1. We now briefly consider the set of transformations
.1 - =i x) (=140

that possess an inverse of the same general form: the coeﬂicnents of the polynomial
f; lie in the fixed field GF(q). The totality of all transformations (5. 1) constitute
a group I',(g) isomorphic with the symmetric group on g’ letters. For some properties
of polynomlals relative to I',(q) see [1].

We can set up a correspondence between I',(q) and I 1(q') in the following *
way. Let @, ..., ®, denote a basis-of -GF(g") relative to- GF(g) and put

(5.2) , Uu=x0+..+xw, v= y1w1+ .y,

By means of (5.1) every n- -tuple (xy,..., x,) of the GF(q) is carried into the
n-tuple (y,, ..., y,). By means of (5.2) to the n-tuple (x,, ..., x,) corresponds the
number. u of GF(g") and to the n-tuple (y,, ..., y,) corresponds the number v of
GF(q"). Clearly the correspondence between u and v is one to one. We may accord-
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ingly write o

(5.3) o - v=f(u),

where f(u) is a permutatlon polynomlal for GF(q’) Conversely if (5. 3) is given .
it is evident that (5. 1) is uniquely determined. We have therefore established a one
to one correspondence between (5. 1) and (5. 3) This correspondence is ev1dently

an isomorphism.
We may state

Theorem 9. To euery znvertlble transformation (5. 1) there corresponds the
permutation (5. 3) and conversely This correspondence mduces an isomorphism be-
tween I’,(q) and I'(q"). :

If & denotes the column vector (x,, ..., ,) and n the column vector (y1 s oo Vo)
(5. 1) can be written, compactly in the form

.4 , =g,

where @ is a vector function of the vector ¢&; q) (fis s S :
We shall now deﬁne two specnal transformations (5. 4) first the hnear transfor-

mation
(5.5) o _ = Af‘l“ﬁ

* where 4 is a non- smgular matrix of order r and ﬂ is a column vector; the elements
of both 4 and f are in GF(q). In the second place corresponding to the transformatlon‘

- N -yt 2

we define an involution

(5. 6) L o =& =(x1, ..‘.', x9)

by means of - ' »
(5. 7 ' * @ + . +x,0)" 2 - Xiw, + +xlm,.
Then we have the followmg -

Theorem 10. Every transformation of fhe group F ,(q) can be generated by
the speczal transformation (5. 5) and (5, 6) o ,

It is evidently not necessary to use all the transformatlons (5.5). It would
suffice to restrict 4 to a certain- cyclic subgroup of nonsingular;matrices of order
gq"— 1. We shall however not take the space to state a stronger version of Theorem 10.

We remark that the involution (5. 6) is not uniquely determined but is dependent

upon the choice of basis w,, ..., w,. If we make a change of basis:
(5 8) ‘ ' _ . ) v (Q' = Cll, .
where w is the column vector (a)1 , ..., w,)and Cis a non-singular matrix with elements

in GF(q), then (5. 7) becomes

5.9 ’ (xiwi+. .+ x,’w,’)_""‘2 = x{'w} 4. x,'wr,
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where 7 is the involution corresponding to the w; and
E=C, E=(x1, ..., X0);
C! is the transpose of C. Comparing (5.9) with (5. 8) it is evident that
(5. 10) Er=(CHH(CEY.
This proves

Theorem 11. Under the change of basis (5. 8) the involutions o,z corresponding
to w;, w}, respectively, are related by means of (5.10).

The special transformation (g > 2)
(5. 11) y=x? (=10

is an involution. However for r> 1 it cannot be identified with any of the involutions
(5. 7). If we assume that (5. 11) can be defined by means of (5. 7) then it follows that

(5. 12) (101 + oo+ %,0) (20, 4 0+ 2 0) =1
for all x4, ..., x.€ GF(q) except (0, ...,0). We may assume that ©?31, Then if
we take x; =...=x,.1=0, x,=1, (5.12) leads to a contradiction.

When g=3 the transformation (5. 11) reduces to the identity; for r=1 the
transformations (5. 5) generate a proper subgroup of I',(¢). It would be of interest
to identify the group generated by (5.5) and (5. 11) when g=>3 and r=1.
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