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An application of the theony of regressnve functlons

By G. FODOR in Szeged

Let E be an arbitrary set of power R, and suppose that with every element
x of Ethere is associated a non empty set f(x) such that for any x € E the power of the
set f(x) is smaller than a given cardinal number ¥, which is smaller than §,. We

-say that the subset I' of E has the _property- T(q, m), where q and p are two cardinal

numbers such that p<q<k\1, if F-q and

_U: F)NG)) <»

‘Consider the following

Proposxtlon Under the above conditions E has a subset I with the propertyv

T(Ry» Ry

. “This proposition’ was proved in [1] for 8, not thbe sum of 8, or fewer cardinal
numbers less than §,, for 8, of the form &, , , and — usmg the generahzed contmuum
hypolhesm — in the remaining case too. ' .

We define the sequence {y,},<, as follows:
' . )’lfwy yl—. Y14 e yn-rl_w ’

We shall prove in this paper the following '

Theorem. If ‘ - .

a).' cf () =0, a=y,,, and B<yns or by cf(0)=>0 and w,=a,

then the above proposition is true. N _ ' '

We shall ‘use-the‘following' notations. For ahy subset I' of E let
U (f(x) ﬂf(y))
V#y

For any cardmal number T owe denote by t+ the cardinal number 1mmed1ately

following 1. The symbols Sand j y denote the cardinal number of the set S and the
ordinal number v, respectively. For every ordinal number 7, Res(r) denotes the least
cardinal number n such that 8, can be expressed as the sum of n cardma] numbers
each < N,. .
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By the proof of the theorem we shall use the following

- Theorem 1. If 8, is not the sum of Ry or fewer cardmal numbers less than
R, then the above proposition is true. (See [1], theorem 1.) - :

Theorem 2. Let 8, be a singular cardinal number, v d cardznal number which
is smaller than ¥, and {&v¢}§<wc iy @ S€quence of regular cardinal numbers such that
R,, >R, (0’>‘L’) max {R. .y, Rg, Lo} <Ry, <R, and R,= 2 k\‘: If, for every -

<y, Eg is a subset of power Z &, of E such that E, has a subset E} with the
property T(R,,, vo), then E has a subset with the property T(%,, [Repy tol*). (See
“[1], theorem 4.)

Theorem 3. Let w, be an initial number which is not confinal to w and Ma
subset of W(w,;)={n:n<uw,}. Suppose that to every element o € M there corresponds
an ordinal number g(y) such that g(y)<vy for y=0 (and g(0)=0 for 0eM). If
- W(w,) — M does not contain a closed subset confinal to W(w,) (i. e. M is a stationary
subset of W(w,)). then there exists an ordinal number m<w, and a stanonary subset.
" N of M such that g(y)=n for every y€N. (See [2], theorem 2)

Theorem 4. Let w, be an initial number >w and 0a regulai ordinal number
of the second kind with ¢ <w,. The set of all ordinal numbers L <w, of the second
kind which are confinal to g, is a stationary subset of W(w,). (See [3],theorem 8.)

Proof of the theorem. We are going to prove a). The proof of b) is quite
similar and will be omrtted Let .

Xgs X1 --os xw:xr:)+lt-'-:x§x"- (¢<wa)

be a well- ordermg of the type w, of the set E. By the hypothesis, f<7,. ‘Hence
B+1<y,i e wpyy<w, =y,+3=0. Let now M={pu},<, be the set of all ordinal
numbers of the second kind of W(w) which are conﬁnal to wg4y. By theorem 4
Mis a statlonary subset of W(a). Put

~

v = {xn . ’7 < wu‘.}'

Qbviously E' =N,,. Since 8, is not the sum of ¥, or fewer cardinal nuniber less
than R, there exrsts by theorem 1. a subset I', of E, with the property T(8,,, 8,.)-
Hence, the power of the set Il is smaller than R,

Put Hr =R,, and g(u,) =0,. Thus we have associated with every element y, of
M an ordinal number g(u,) such that g(u,) <y, for every p,€ M. By theorem 3
there exists an ordinal number <o and a statlonary subset M’ of M such that
g(u)=n for every pu,c M.

Let {u, },,wmv) be a subset of the type w.p,y of M’ such ‘that lim Hy, =0

* Consider now an increasing sequence 1&,v } of regular cardinal numbers

< R, such that for every - * Wer(y)

’l<“’01(7)

. <' - = .
R/"v., x'v,, - &“ Y+
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Let ry, be a subset of power R, of I, . . Itis 0bv1ous that Hr‘ En=1g.

Thus by theorem 2 there exists a subset of' E wrth the property T(&,, Cf(a)to] )
The theorem is proved. .
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