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On the class of subdirect powers of a finite algebra

By G. GRATZER in Budapest

1. Introduction. Let K be a class of algebras, Sp(K) the class of all algebras
‘which are subdirect products of algebras in K. If K consists of a single algebra 9
then we put Sp() for Sp({}).

In case K is an elementary class in the wider sense!) (K€ EC,), Sp(K) was studied
by LyNpoN [4]. He proved that Sp(K) is, in general, not an arithmetical class in
'the wider sense.

The simplest case of K€ EC, is when K={¥}, where % is a finite algebra of
finite order. This special case is discussed, but not completely settled, in this paper.

I will define a property (U,) which may or may not hold for a finite algebra
9. The main result is that if I is a finite algebra of finite order and (Uy) holds on
A then Sp(A) is an elementary class, Sp() € EC.

A simple example will show that Sp(3)) ¢ EC may happen.

Several known classes of algebras can be represented as Sp(20). I will list a few
examples:.,

(i) Ais the two element Boolean algebra; Sp() is the class of Boolean algebras;

(i) A is the two element lattice; Sp(A) is the class of distributive lattices;

(ii)) A is the n element chain; Sp(M) can be characterized and is in EC;?)

(iv) A is a group of order p (p is a prime); Sp() is the class of elementary
.abelian p-groups;

(v) A is the ring of integers modulo 2; Sp(A) is the class of Boolean rings.

References. Ad (i): [6] (STONE’s theorem); ad (ii): [2] (BIRKHOFF’S theorem);
ad (iii): ANDERSON and Brair [1].

The content of the paper is the following: § 2 gives the notions and notations.
“The algebraic part of the paper is § 3 where theorem 3.3 gives a necessary and
sufficient condition for B € Sp(AN). Condition (Uy) is introduced in §4 and in 4.3
we show how to use it. In §5 a first order formula is constructed. The main
Tesult is given in§ 6 (theorem 6. 1). A generalization of 6. 1is given in § 7 where some
examples are given too. § 7 is concluded with a list of problems.

1 want to éxpress my gratitude to Prof. R. C. LyNpON who read the manus-

cript of this paper and made several valuable suggestions. The metamathematical
proof of 3.3 and Problem 5 are due to him and are included with his permission.

1) For the notions see § 2.
2) The present paper was inspired by this very interesting result of ANDERSON and BLAIR [1]
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2. Notions and notations. An algebra A is a sequence (4,f;,....f[,, . )y<a
where 4 is a set and f, is an n,-ary operation on 4, i.e. f,€A44” and 0=n, <.
The sequence (n,),<, is the type of A, o is the order of AL An algebra I is finite
if 4 is a finite set.

In this note we will consider algebras of finite order, « <w. Further, a type
{n,),<q is fixed and every algebra considered (except when otherwise specified) will
be of this type.

With this type we associate, in the well-known way, a first order predicate
logic with the identity symbol, without predicate variables, with the individual
variables x, y, z, ... and with the operation symbols F,, ..., F,_,.

We hope that the reader is familiar with the following notions: formula, closed
formula; the validity of a formula in 9; elementary class in the wider sense (EC,;
i. e. the class K of all algebras satisfying a given set of closed formulae); elementary
class EC (algebras satisfying a single closed formula). Detailed information on
these can be found in [7], [8].

We will need the notion of a partial algebra. 1t is a sequence (A, fo, ..., f, .- )y<q
where f, is an n,-ary partial operation on A4, i. e. fi(ay, ..., a, ) is either not defined
or an element of A.

In building up the logic for partial algebras one has to consider a partial
algebra as a relational system (4, ro, ..., r,—;) Where r, is a relation of rank
n,+1, r(ay, ..., a,,, @y, +y) if and only if a, ., =ffa;,...,a,), and to use the
relational symbols Ry, ..., R,_, as non-logical predicate constants. These rela-
tions always satisfy the sentences

(-G ) DD RE oy Xy VA RX1 o0 X, D) =y =2).

If A={4, 1y, ..., fo-1) is an algebra, BS 4, then restricting the £, to B we get
a partial algebra B, which is called a partial subalgebra of 9.

A congruence relation @ on a partial algebra 3B is an equivalence relation which
satisfies the substitution property whenever it makes sense, i.e. if f(ay, ..., a,),
flai, ..., an) exist and a;=a{ (O) (1=i=n,) then f(a,, ..., a, ) =f(ai, ..., ai,) (O);
the operations on A4/@ are defined as follows: fy(aIIG, ...,.a,,yI@) =5|® if there
exist elements aj,...;an ,b" such that g;=ai(@) (1=i=n), b=b(0) and
Sflai, ..., a5)="b. :

3. Subdirect products. We fix the algebra U =(4, fy, ..., fr—1), x<w, of type
(Mos ooy Myey), 0=n,<w (0=y<a). We assume that 9 is finite, with elements
ag, ..., a,. )

" We would like to find a criterion for B¢ Sp(A). The well-known result of
BIRKHOFF [3] takes on the following form:

3. 1. Be SpQ) if and only if for every x, y € B (x 3 y) there exists a homomorphism
@ of B onto W such that xp=ye.

We will give a “local condition” for € Sp(). To formulate it we need

3.2. Let ¢ be a homomorphism of B onto A. We can find a B; S B such that
B, has at most f(n) elements and W is the homomorphic image of B under g, , where
@y, denotes the restriction of ¢ to B,. Here f(n) depends only on n (the number of
elements in A) and not on B and p.

A1l
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Let c€ B, if and only if .
e=f,(bi, ..., b,-ny)

for some 0=y<a, I =i;=n, where b,, ..., b, are elements of B such that every
element of 4 has an inverse image which is a b;. The number of such ¢ with a fixed
y is at most n™. Hence f(n) = n"+ ... +n"-1 is certainly effective in 3.2,

This f(n) is used in the following statement:

3.3. BeSpQA) if and only if for every x,y€B (x#y) there exists a partial
subalgebra B, of B with x, y€ B,, containing at most f(n)+ 2 elements, and a homo-
morphism @ with B, = (x@ = yp) such that whenever B, is a finite partial sub-
algebra of B containing B, then ¢ can be extended to a homomorphism p of B, such
that B,p =.

The “only if” part is obvious. Indeed, if B e Sp(N) and x, y€B, x#y then
by 3.1 there exists a homomorphism ¢ with By =90, xy % . By 3. 2 there exists
a partial subalgebra B{ containing at most /(i) elements such that Biyqy; =, Let
B, equal Bi with x and y adjoined and ¢ be the restriction of y to B;. Then
Bo=U is trivial as well as xp#yp. Further, if B, c B, then ¢ i. e. the exten~
sion of ¢ to B, is simply the restriction of ¢ to B,.

To prove the less obvious “if” part of 3. 3 suppose that the algebra ¥ satis-
fies the condition formulated in 3. 3. By 3. 1 we have to show that if x, y€B (x #y)
then we can produce a homomorphism ¥ with By =9 (xy # yy). By assumption
we can find B, and ¢ as specified in 3. 3. Consider the set P of all couples (€, x)
satisfying the following conditions:

(a) € is a partial subalgebra of 3, contammg Ay

(b) x is a homomorphism with €y=4;

(¢) @ is the restriction of y to By;

(d) if €, is a partial subalgebra of 3 such that CEC, and C,\C is finite then
x can be extended to a homomorphism 7 of €, with C,y =A4.

P is not empty since (B,, p)EP..

We define a partial ordering = on P as follows:

Ql’ [1\/§<QZ, [2>

if and only if the following two conditions are fulfilled:

(e) €' is contained in G2;

() x' is the restriction of y? to &',

We want to prove that we can apply ZorN’s lemma to the partially ordered
set W=(P, =). To this end consider a well-ordered ascending chain in L:

(6% 10 =(C!, yy= .. =(C, yH=.. (y=<Pp).
Let C= U Cv. There exists a unique mapping y of C which is an extension of all

2 (y <[j) We prove
(€, eb.
Conditions (a)—(d) are to be verified. Conditions (a), (b) and (c) hold for
(€, x) trivially.
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To prove (d) let D be a partial subalgebra of B, containing € such that D\.C
is finite, say {d , ..., d,}. Consider the partial algebras D7 with D =C*U {dy, ..., d,,}.
By definition y? can be extended to D”. Let Q(y) denote the set of all possible exten-
sions, i. €. an ¢€ Q(y) is a homomorphism of D? onto 4. If y, <y, then D7 S Dz
and the restriction of an &€ Q(y,) to D¥: gives an element of Q(y,). Thus a natural
mapping p(y;, 1) of Q(y,) into Q(y,) is defined. Obviously, if y; <y, <y; then
P, v2)'p(va, v =p(y3, y1). O(y) is finite, it cannot contain more than n™
elements. Hence we may apply STEENROD’s theorem [5] to the system (Q(7)),<.
with the mappings p, and we get the existence of ¢, € Q(y) such that Y1 =<7Y2 implies
&,P(v2, v1) =¢,,. That is ¢, is a homomorphism of D7 onto A and ¢,, is the restric-
. tion of g, to D if y, <y2 Thus the limit of the ¢, is a uniquely defined relation
gon D= UDV Obviously, ¢ is a homomorphism of fD onto ¥ and ¢ is an extension
of y, which thus verifies condition (d).
By ZornN’s lemma there exists a maximal element

€, 10

in P. If b€B, b4§C then y can be extended to a homomorphism y¥ of & with
"={C, b} and (¥, 7) were an element greater than (G, x).
Thus C=B, and the homomorphism y is the one we were looking for. The

proof of 3.3 is complete.
* 3k ok

In a letter dated July 14, 1963, R. C."LYNDON gave a metamathematical ver-
sion of 3. 3. Since his proof is very interesting, 1 include his proof too.

Lemma. Let N be finite, B, C B, and ®, be any map from B, into . If &,
cannot be extended to a homomorphism & from B into N, then there exists some

jfﬁmte gz CB S(L)l[Ch that @, does not agree on B\ B, with any homomorphism &,
rom B, into

Proof. In an extended language with predicates P, , 1=i=n, and names b
for the clements of B, consider sentences as follows:

S, expressing that exactly one P, (b) holds;
Sy,hl,...,b,,v,bE /\ [ A a,, (b)_’Pf(ahla - )(b)]

ey n l=i=n,

For B, & B, let S(B,) be the set of all sentences S, forbin By, and all S,

¥b1,

for by, ..., b,,, b in B, such that fi(b,, ..., b, )=b. Now S(B,) holds if and only
if there exists a homomorphism @ from do into 9 such that b® = a; if and only
if P, (b). Let &, be given. For B, & B, let D(B,) be the set of all sentences

D, =Py, (), for b in B,.

Now, &, has an extension to a homomorphism ¢ from B into % if and only if
S(B)U D(B,) is consistent. If this set is inconsistent, some finite subset is, hence,
for some finite B,, the set S(B,)U D(B,) is inconsistent. This gives the asserted
conclusion.

4. The condition (Uy). A as in §3. In order to formulate condition (Uy) we
need the notion “a system of equations over A”.
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Let us fix a finite list of “unknowns”: x,, ..., x,,. Let X denote set of unknowns.
An equation is

(4.1) Sy s vn)=ye. (0=y<a)

where y; (0=i=n,) is either an x; or an element of 4 (y;€XU 4).
E. g. if ny=2 then examples of equations are the following:

Jo(xi, xs)=x3, folar, ax)=a3, folas, x3)=x;, fola;, as)=xy,
and so on.
A system of equations I' = I’(xl, ces Xy) OVET 9 is a finite set of equations of
the form (4. 1) A solution of I' is a mapping y: X — A4 (x —xy) such that if (4. 1) is
an equation in I' then the relation

F1ds s Yu, ) =Yox

holds in A, where y,;x=y, if y;€A4. I' is unsolvable if it has no solution.

The system of equatlons r=r (x,‘, > X), t=m, is a consequence of
r=r(x,, ..., x,) if using the equations in I" and the known relations in % one
can prove the equations in I

E.g. if I'=I{x,, x;) consists of two equations:

Jox1, x3)=ay, filas,as)=x; (no=n,=2)

and we know that f;(a;, as) =a,, then I'’=TI"(x,) consisting of a single equation
- fola,, x,) =ay is a consequence of I.

The algebra 9 is said to satisfy condition (Uy) if there exists an integer N such
that whenever I'=I"(x,, ..., X,) is a system of equations over 2, I' is unsolvable,
then there exists a consequence I''=I"(x;,, ..., x;) of I' which is unsolvable too,
and for which t=N.

We will list without proof what is the value of N for the algebras listed in § 1: (i)
N=2, (ii) N=2, (iii) N=n, (iv) N=0, (v} N=0. That is every algebra listed here
satisfies condition (Uy), for some N.

4, 1. There exist algebras which satisfy condition (Uy) for no N. 3)

Let the algebra be of type (1), let n=2, i. e. A contains two elements a,, a;,
and f, is defined by
fola)=a,, folaz)=ay.

Now suppose that this algebra U satisfies condition (Uy) and consider the
following system I =I"(x4, ..., X,y+,) of equations:

Jo(x)=x3, fo(xz)—_-xs: oo Solan) =Xon41, JolXan+1) =X;.

I has no solution for if y were a solution and e. g. x;y =¢,, then x,y =f,(x,0) =
=fo(a,) =a,, similarly, x3y=ay, ..., X,y+1X =4a;, and then the last equation gives
fola;)=a,, a contradiction. At the same time any consequence of I' containing
less than 2N+ 1 unknowns has a solution, thus 9 does not satisfy (Uy).

3) Essentially the same example was suggested by A. HAINAL.
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Now we prove ‘what is condition (Uy) good fpf:

4.2, Let A be an algebra satisfying condition (Uy). Suppose that B, is a finite
partial algebra, B, a partial subalgebra of B,, and ¢ a homomorphism of B, onto .
The homomorphism ¢ can be extended to B, if and only if it can be extended to any
partial subalgebra B5 of B, such that B, S B; S B, and B;\B, contains not more
than N elements. .

The “only if” part is obvious, therefore we prove the “if” part. Suppose that
the condition holds and let b, ..., b, be the elements of B, not in B,.

We build up a system of equations I'=TI"(x,, ..., x,,) as follows:

We consider the relations

_fy(co’ cees cny—l)zco

in B,. We substitute a b; by x; and a ¢; by ¢;p€ 4. Thus we get an equation. I is
the set of all such equations.
E.g if
Jo(b1, c1)=c,

holds in B, (¢,, ¢, €By;c;p=a,, c,p =as), then the corresponding equation is

Jo(x1, az)=as.

It is now obvious that ¢ can be extended to B, if and only if I' has a solution.
If I' has no solution then I' has a consequence I''=I"(x;,, ..., x;), t=N such
that I'” has no solution. Obviously then if we consider B;, which contains besides
the elements of B, the elements b,,, ..., b;,, we will find that ¢ cannot be extended
to B, contradicting the hypothesis.

Now 3.3 and 4.2 give the following result:

4.3. Let the algebra W satisfy, condition (Uy). Then B € Sp(N) if and only if for
every x, y € B (x #y) there exists a partial subalgebra B, of B with x, y € B, containing
at most f(n) + 2 elements, and a homomorphism ¢ with B, =N (xp = ye) such that
whenever B, is a finite partial subalgebra of B (B, S B, S B), B, \B, contains at
most N elements, then @ can be extended to a homomorphism @ of B, and B,p=.

5. A first order formula.
5. 1. There exists a first order formula
D(xy, -y Xp)
Jree in the variables x,, ..., x, expressing the following fact: if 8 is a partial algebra,

and by, ..., b, are the elements of B, then ®(by, ..., b)) holds if and only if B has a
homomorphism ¢ onto W such that byp b, . :

The formula we are going to'construct is of the form
(5.2) @YD) Ey2)-. @) @A) . @YD (@1 A B2 A .. A D),

where the @; contain no quantifier. (n is the number of elements in ¥.)
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The idea of the construction is the following: we want to describe a congruence
relation @, such that B|@ =I; let the congruence classes be {yi, ..y}, ...
s {¥%, ..., ¥7}. Then we have to guarantee that:

(i) this is a partition;

(ll) {ylx ey y;'} ={xl,; RS xn};
Giii) x, #52(0);
(iv) @ is a congruence relation;
(v) yi—a; is a homomorphism.

’

Conditions (i)—(v) are taken care of by &, ..., &;.
(i) @, expresses that y: =% implies i, =i, thus
B PIEYIAPIEVIA  AVLEVIAPIEYL A Ayl 2
(i) every x; is a ¥\ and conversely:
By =PIV =V VXL=PDA L AKI=PLIV V=) A
AI=XIVII=X2V . VIL=XDA . A =XV .. VYT =X).
(iii) x, #x,(0):
Dy: (XU =PLAXI=PD)VEL=PIAX2 =2V ... V(X =YL AX2 =PV ...
vixi=y " Ax; =y;')v(x2=yi/\x1=yf)v vz =p" Axi=y).

(iv) We want to assert that if b, =b1(®), ..., b, =b;(0) and b#bH (@) then
not f(by, ..., b, )=0b and f(b1, ..., bs,) =b". This is expressed by the conjunction
of all formulas of the form

I By N __ 0 1 lli‘__ 1"
([ s VIV =ViA[, (Gl oo TR = P)

for h=H.
(v) Now we would like 3% —~a, to be a homomorphism. This means that if

e. g flay, ..., a,) =ay then f,(¥j,, ..., ¥j2) =¥, holds for suitable j, , ..., ,, and p,
further if fl(y},, <> Yin ) is defined then it takes as value some ya.
In formula: '

[t s )=V VAL, o YO =0 VIO, s Y3 =

:yi V.. Vf1(y11, veay y;”):yl3

We take one -such formula for each (in U valid) expression of the type
fay, ..., a,)=a; and &5 is the conjunction of all such formulae.

6. The main theorem. Now it is easy to formulate and prove our main result:

6. 1. Let N be a finite algebra of finite order satisfying condition (Uy). Then
Sp(N) € EC. In other words, there exists a closed first order formula W such that
is satisfied by an algebra B if and only if B is a subdirect power of N.
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Let ‘
@y1)--- @YD) (@1, ..., X1))

denote the formula which we constructed in § 5. The formula ¢ is the following
@)@y Brre) @r1)- @ysm+2)-- @V
@Y+ 2) @) .. @) @u1) .. QU2 s e n) o (W2 fay )
(x5 y = (@y1) ... Q¥+ 2)(P s+ 2,8 (%, Py V1, ooy V) A
A (3“})‘...(3ug+f(")+xv)(¢2+f(ll)+N,n(x: Vo V1, cois Yi@mys 215 «ons ZN))A :
1 1 1 1 1 1
/\(yl =uLtvVy1=uVv ...vy =u2+f(,,)+N)/\

n n n n
AV rmrz=ULY LV Vw2 = U2 +f(")+1\’))):

where f(n) was specified in 3. 2.
The proof of 6.1 is an application of-4.4 and 5. 1.

7. Generalization, counter examples, problems. A natural generalization of the
main theorem is the following:

7.1. Let Ny, ..., N, be finite algebras of finite order, each of which satisfies
condition (Uy), K={A,, ...,U,}. Then Sp(K)€ EC.

~ Let ¥(x, y) denote the formula free in x and y what we get from the formula
¥ in the proof of 6.1 after omitting the first two universal quantifiers. Let ¥ (x, )
denote the corresponding formula for the algebra ;. Consider the following for-

mula:
R ANEY) (y)(x #2y =¥ (x, V...V ¥, (x, )

Using the same ideas as in the proofs of 3. 3, 4.4 and 5. 1 we can verify that
this ¥ is satisfied on ¥ if and only if B € Sp(K).

All theorems proved so far remain true if we replace “algebra” by ‘‘partial
algebra”. Even more is true. These theorems hold true for relational systems as
well. Some changes are, of course, necessary (e. g. in the definition of (Uy)); the
details are obvious.

7.2. There exists a finite algebra N of finite order such that Sp(A) ¢ EC.

Let U be the algebra given in the proof of 4. 2. Let X be the following system
of axioms:

() (x Zfo(x))
(Vl)(\z)(xa)((fo(xl) =X Afo(xy) = \3) - fo(x3) ?ﬁAl)

(-Vl)(xz)---(xzr,)((fo(xl)_: X Afo(x2) = X3 A A fo(X2) = X g4 1) ~fo(X20 4 1) 7£x1)

Using 3.1 one can verify that B¢ Sp(A) if and only if Z is satisfied in B. Thus
Sp(N)€ EC,. At the same time no finite subsystem of X is equivalent to X, thus
SpA) ¢ EC.
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7.3. Let A be an algebra of power >w. Then Sp()§¢EC,.

Obviously, B¢ Sp(A) implies that the power of B=w (or B is a one element
algebra) which (by the theorem of SkoLEM and LOWENHEM) implies Sp() ¢ £C,.
If the power of % equals w then either Sp(A)€ EC, or not.

7.4. Let A be a countable field, then Sp(N)¢ EC,.

Indeed, suppose Sp(A)EEC then by the completeness theorem of the first
order functional calculus (or by using prime products) we get that there are in
Sp(A) fields of arbitrarily large power. Since these are subdlrectly irreducible, we
get a contradiction.

A less trivial example is the following:

1. 5. Consider @+ w* +w as a lattice. Then Sp(w +w* +w)§ EC,.
Indeed, if Sp(w + w* + w) where in EC, then w (being elementarily equivalent

to w+w*+w) would be in Sp(w + w* + w) obviously contradicting 3. 1, since @
has no homomorphism onto w+ w* + .

7.6. Let W, be the field of p; elements where p,, p,, ... is the sequence of prime
numbers. Let K={,,,...}. Then Sp(K)¢ EC,.

The same reasoning as in 7. 4.
Now I will list a few problems which arise most naturally.

Problem 1. Let % be a finite algebra of finite order. Find necessary and
sufficient conditions for Sp(N) € EC.

Problem 2. The same for Sp(A)€ EC,.

Problem 3. What can be said about SpQl) if (1) A is finite but of infinite
order; or (ii) U is countable?
Find sufficient conditions for Sp(AM) € EC, in these cases.

Problem 4. 9, %,,... be an infinite sequence of finite algebras of flnite
order, each of which satisfies condition (Uy). Let K={%,, %,, ...}. Under what
conditions is Sp(K)€ EC, true?

Problem 5 Does Sp() agree with some S in EC, for all B of large power?
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