On completely continuous and uniformly bounded operators
in /7 spaces

By L. GEHER in Szeged

To Professor L. Kalmdr on his 60th birthday

Introduction and terminology. In the sequel, a rransformation T means:
a linear, bounded (and everywhere defined) mapping of a Banach space 3, into:
another Banach space 3,; T is called invertible if it has a bounded (everywhere
defined) inverse 771 In case B, =B,, T is said to be an operator. An operator
T defined on a Banach space is called uniformly bounded if there exists a constant.
K with |[T"\=K (n=0, 1, ...). Contraction means an operator with norm not greater
than 1. Two operators 4 and B defined on A and B, respectively, are said to be-
similar if there exists an invertible transformation C mapping 9 onto B such that
A=C-'BC. :

A few years ago B. Sz.-NaGy [1] proved the following theorem:

Every completely continuous and uniformly bounded operator defined on a Hilbert
space ) is similar to a contraction of 9.

The theorem also has been proved for /P Spaces [2].

In this paper we are going to give a generalization of the above mentioned
theorem of B. Sz.-NAGyY in /7 spaces. The following theorem will be proved:

Theorem. Every completely continuous and uniformly bounded operator omn
7 (1 =p <o) is similar to a contraction defined on a proper subspace of IP isomorphic
to 17,

Every subspace of a Hilbert space £ isomorphic to § being also isometric to-
9, our result contains that of B. Sz.-NAGyY (at least for separable Hilbert spaces).

Proof of the theorem. 1°. Let 7 be a completely continuous and uniformly
bounded operator defined on /7. Then the spectrum 2 of 7T consists of countable
many points, the only possible accumulation point of which is the point 0. Further,.
T being uniformly bounded, its spectrum X lies on the closed unit disc, and on the
unit circle there are only finitely many eigenvalues of 7. Denote by u,, ty, ..., th
the eigenvalues lying on the unit circle, each of them being written as many times.
as its geometric multiplicity (for a uniformly bounded operator, each eigenvalue
lying on the unit circle has the same algebraic multiplicity as its geometric multipli-
city, cf. [l]). Let a<1 be a positive number such that the rest 2’ of the spectrum
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lies in the disc |z] <a. Then, as well-known,

1 . ) :
—_—— 7 = — -1
T R.dz, where R.=(T-—-zl)"1,

|zi=a

P =

‘is a projection commuting with 7, such that the spectrum of the restriction Ty of
T to B=PI7 is X’. B has finite codimension. (A subspace of a Banach space has
finite codimension k&, if it has a k-dimensional complementary subspace.) 8 being
isomorphic to /7, there exists an operator 77 on /? similar to Ty.*) For a moment,
.suppose that the theorem is true for 77, i. e. that there exists a subspace B; of /7,
-such that 77 is similar to a contraction on 3.

The space of the elements («,, o5, ..., o, x), where o, a5, ..., &, are scalars

k 1/p
.and x €/7, supplied with the norm | > |«;|P +||x}|P} ~is a Banach space isometric
i=1 . :

to /7, thus it can be identified with /7. The elements (oty, 0a, -evy 0y, X) (x€B7) form
a subspace B, of lhis space. The operator

T[(al y Upy eeey O x) z(ﬂla:tuZaZt eres l'lkakxTix) (XE‘QS;)

-defined on this subspace is evidently a contraction and similar to 7.

*) We have made use of the fact that every finite codimensional subspace of /7 is isomorphic
‘to [P, Although this is a consequence of a general theorem of PELCzYNsk1 [3], in this special case
‘we sketch a proof for it. Let ¥ be a k-codimensional subspace of /P (k is finite, k=0) and P a
-(bounded) projection of /? onto 3. Introducing the basis vectors e; =(1, 0,0, ...), e2=(0, 1,0, ...), ...
-in 17, every element x € 8 may be written in the form .

x= 3> anPe, with > lotn]P <o, .
n=1 n=1
“but not uniquely. It can be proved, however, that we can choose a set of k subscripts N={n1, #2, ..., me}
such that a representation

x= 2, a/Pe. with _ |a/|P<so
ng¢ N . ng N

s pessible and is vniquely determined, foreach x¢ 8. T e. {Peu},, ¢ v is a basis for B and P furnishes,

"by the closed graph theorem, an isomorphic mapping of the space spanned by the vectors e, (#¢N)
onto B. To construct such a set N consider a basis ¢ = anies+ozea+... (i=1,2,..., k) of the
-complementary subspace (I—P)I? of 8. Then the matrix

Q11 Ol12 aen coe aue
. 021 &22 -ve wne ..

-is of rank k, i.e. it has a subdeterminant of order k different from 0, e. g.
Aisy Ltsy oo Uisy

D= Q2sy OL2sy ... Ol2sy = 0.

Oksy Olksy +oe Olkesy

-An easy calculation with determinants shows that the set N={si, 52, ..., 5} satisfies the above
-requirement, '
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So 1t is enough to deal with the case when the spectrum is contained in the
‘interior of the unit disc.

2°. Suppose that T has no eigenvalue lying on the unit: ‘circle. Tn virtue of the
‘well-known theorem of Gelfand, lim ||T"||¥" = ¢ <1, where ¢ denotes the spéctral

. N=roco
radius of 7. Thus for any number ¢ with ¢ <o <1 there exists a natural number
© N such that ||7"||=¢" for n>N. We define a new norm in /7 with '

S A
W = zé,nrnxun] .
n=

It fbllbws from

: - | | '/p - V
nxnélxl:[ZnT"xn] <nx||[2||:rn"+ S ) =Clxl (C<=)

n=0 n=0 . n=N+
‘that this new norm is equivalent to the old one. Denote by I? this new space and
by T the operator on I? defined by Tx=7Tx. Evidently, T is a contraction. The
‘two norms being -equivalent, T is similar to 7. Now, we have only to prove that
1? may be isometrically imbedded into /7. Let © be a rearrangement of the double -
isequence into a simple sequence. Rearranging the double sequence (x, Tx, T%x; ...),
where x, Tx, T2x, ... stand instead of the sequences corresponding to x, Tx, T2 x, .
respectlvely, by means of @, we easily get an 1sometrlc transformatlon of I? into /7.

Remark. Suppose that there ex1sts a decreasmg sequence B;oYP,o... of .
finite codlmensmnal subspaces of » reducmg T, with ﬂ 23,, 0. (For instance this -

is the case if the point 0 is not an elgenvalue of T. Indeed let {a,}T be a decreasing
" sequence of positive numbers, converging to 0, such that the circles with radius
-a, (n=1,2,...) and centre 0 contain no eigenvalue of 7. Then with the aid of the

projections
. 1
P = R.d
S 2ni 96 S
) |z |="n -

‘we' get a sequence of 1nvar1ant subspaces having the required property.) Then T
is similar to a contraction defined. on a finite codimensional subspace of IP. The
proof is based on the fact that if T,, T,, ... denote the restrictions of T onto
B,,B,, ..., respectively, then ||T,|| -0 for # —~ <. To prove this. suppose the contrary,
i.e. that there exist a positive. number £¢=>0 and a sequence {x 3T, with x,|l=1""
and x, Ed (n=1,2,. .) such that - o

,

llTnx,.l\ = %l = ‘.

T being completely continuous, there exists a convergent subsequence {Tx; }T ; of
{Tx,}7. Let lim Tx; =x. Then by | 7x; | =e it follows that |x||=e. On the other

h— oo

'hand in virtue of x;€¥, and ﬂ B,=0, we get x=0, which is acontradlctlon.

Usmg this, the proof can be finished so as in the former case.

3A
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