On |C, 1}, summability factors of infinite series

By S. M. MAZHAR in Aligarh (India)

1. Let Za, be a given infinite series with partial sums s,, and let #,=t0 =na,.
By o7 and ¢ we denote the n-th Cesdro means of order « (¢ > —1) of the sequences
{s.} and {t, } respectively. The series Xa, is said to be absolutely summable (C, oz)
with index &, or simply summab]e |C, a]k k=), if

an . 2t tor—ar_qff<e ([1]).
Summability |C, «|, is the same as summability |C, «f. - - -
Since

tn = n(o;—05_1),

condition (1. 1) can also be written as

(.2 2@<
If
1.3 3 'S

as n — oo, then Za, is said to be strongly bounded by logarithmic means with index 1,
or bounded [R, log n, 11.

2. Recently PaTl 2] proved the following theorem concermng summability
|C, 1] of arfactored infinite series.

Let {4,} be a convex sequence such that X % is convergent (then, necessarily,
4, =0). If Za, is bounded R, log n, 1], then Xa A, is summable |C, 1]|. '

The object of this note is to generalize this result by obtaining a theorem for
summability |C, 1|,.

3. In what follows we shall establish the following theorem,

A
Theorem. If {4,} is a convex sequence such that X 7"< oo, and

3. 1) lz"lsvlk/v = O(ogn)  (k=1),

then Za,l, is summable |C,1|;.
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It is clear that in the special case k =1 our theorem includes the above theorem

of PaTL For k>1 (Ilc —|-kl, _1) , WE observé that

I _ & ds) (& 1) ,
= > — > 5 = O{(logm)'/*(log m)**} = O (log n).

1 v

5

Thus conditidn (3. 1) implies condition (1. 3). However the results of FLETT [1] show
that summability |C, 1], and summability |C, 1| in general are independent of each
other. .

4. The following lemmas will be required for the proof of thls theorem.
Lemma 1. [2] If {4,} is a convex sequence such that2—<oo then
Zlog(n+1)42, <=

and mlog (m+ 144, = 0(1),
as m-—oo,

Lemma 2. [2] Under the condition of Lemma 1, we have
> nlog(n+1)4%4, = O(1), as m—co.
1

5. Proof of the Theorem. Let T, denote the n-th Cesaro mean of order
1 of the sequence {na,A,}. Then we have to show that :

(5.1)  ZnlTf<e
Now, '
1 S n agly _
Tn"‘n_*,_lv:Z:"av v—n_‘_lZA(VA'V) + n+1_
ns, l ag A
)8, — 1(nA —(n+ l)/l,,+1)+ = n:-i -
— (n) (n) (O}
n+1ZA(vl)s + 5, A,,H +1 =L+ LY+ LY
By MINKOWSKI’s inequality it is therefore sufficient to prove that
(m)1k
.2) > IL; .
. (n) |k
(5.3) 2 I—Lz—l—<voo,
' )k
. 4) ST

n
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Proof of (5.2). Inthe sequel C,, C, denote positive constants.. We have
> !L(ln)lk Lot B L ( n _ k
2= = 2Ty H)k = 12 2 14vh) i) =
= C 2 k+1 ‘2 VA}' |Sv}] + C], vt 1 Isvl)
o 1 . n kfk 1 kiK'
=C, 2 k+1 Z vAL,ls, [k 2 vA2, +C1 ZTI Z}w+1lsv|k Zﬂ'v+l =
1 " 1 T Ty v=1

n

Z (4v2 )s

v=1 n=v 1 v=1 n=v n
-0 [2 sz|sv|"]+0(2 & ISvI"J-
v=1 . v=1
Now ) ZAA s % = Z vA4l, IS“I

m—1

=S a3 s, Sl
1 u=1 H n=1 H

=0 (MZ—’ vA4?2,log (v + 1)]+0 [E 4, log (v+ l)J+ O(mAdi,log (m+1)) = 0(1),
1 1

by virtue of Lemmas 1 and 2.
Also applying Lemma 1 we have

m m

LI Sl Sl

1 u:l

m—1
=0 (‘12' 4i,log (v+ 1)]+0(ﬂ.,,, log (m-1)) = O(1).

- hind (n)|k
Hence _ Z ILi ' = 0(1).
. : 1
Proof of (5. 3). We have by virtue of the hypothesis
m (") k m . m )
SEL 3 Lt Sl Sy Sy S
1 1 n 1

m—1

= 2 AXO0(logn)+ O (2% logm) = O ( D AXk 10gn]+0(1) = 0().
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Finally, it is clear that

<< oo,
nk+1

(n) |k hiad

- SIPE_ o 3
Lo o n - Lodd
- 1

This completes the proof of the theorem.
The author would like to express his warmest thanks to Professor B. N. PRASAD

for his kind encouragement and helpful suggestions.’
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