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Let {(pv(x)} (v = 0, 1, 2, ...) be a normalized orthogonal system in [a, b] and 

( 0 i c ( « p » ( x ) 
v = 0 

be an orthogonal series which satisfies 

. (2) i c v
2 < ~ . 

v = 0 
We write 

n 

= 2cv<pv(x) 
v = 0 

and ( < = ( n T ) l . 

Concerning the strong summability of orthogonal series, TANDORI proved 
the following theorems. 

T h e o r e m A. (TANDORI [3]) If the orthogonal series (1) with (2) is (C, 1 )-summable 
to f ( x ) almost everywhere in [a, b], then 

l i m a l „ ( [ i v - / ] 2 ; x ) = 0 ( 0 < a < l ) 
N—• CO 

almost everywhere in [a, b], where 

v=-0 

T h e o r e m B . (TANDORI [4]) If 

2 c2 (log log v)2 < °° 
v = 2 

then there exists a square-integrable function f(x) such that 

l i m - ^ T i ' K ( . T ) - / C r ) ] 2 = 0 
n-> OO n + 1 V = 0 

almost everywhere for any increasing sequence nv. 
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In the present note, the author intends to generalize these results to the following 
form. 

T h e o r e m 1. If the orthogonal series (1) with (2) is (C, \)-summable to f ( x ) 
almost everywhere in [a, b], then 

almost everywhere in. [a, b]for any a > 0 and k> 0. 

T h e o r e m 2. If 

N
 : . ' , : . . Z (log log l ) 2 < c o , 

v=2 

then there exists a square-integrable function f ( x ) such that 

A.n v = 0 

for any a > 0 and k>0, almost everywhere in [a, b] for any increasing sequence nv. 

In the sequel, we use A, B, ... to denote positive constants, not necessarily 
the same on any two occurences. 

L e m m a 1. I f . Z^^^^then 
v = 0 

b 

i { i 1 k r 1 (A-) - ^(-v)!2} dxs A Z c2
n (a > 1/2). 

J |n=l ) n = 0 
a . 

P r o o f . T h i s i s we l l k n o w n . I n f a c t , it c a n b e p r o v e d b y a p p l i c a t i o n o f BESSEL'S 
inequality. 

For any scalar series 

(3) 
v = 0 

we write 
n 

v = 0 

S*„= o* = s*nIA"n, an = al 
v = 0 

Then we have the identity 

n W - C i ) = - « W - C ) ( « > 0 ) 
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a n d w e w r i t e t h i s x%. I f 

n = 1 

t h e n FLETT [1] says t h a t t h e ser ies (3) is s u m m a b l e \C, ot\k. 

L e m m a 2. If then 

b 

/ {2 n~' |5„(X) - an(x)VY<- dx^B 2c2
n ' ( R £ 2), 

J n = 1 n = 0 
a 

and (1) is |C, \ \r-summable almost everywhere for any EG2. 

P r o o f . FLETT [1, p. 115] p r o v e d t h a t 

( co \ U r ( co /* 
( 2j » -114 lrj ^ A (k, r, a, P) I 2 1 

w h e n e v e r 

r S A : > l , a > - 1 , P ^ o t + l / k - l l r . 

I n p a r t i c u l a r , s e t t i ng k = 2, a=l/2 + e ( e > 0 ) , w e h a v e 

p^l+e-l/r. 

F o r a n y g iven r 5 2 , w e c a n se lec t s < H e n c e w e h a v e 

( ¿ « - ' | t „ t ) ^ ( ¿ j « " 1 ^ ! 2 ) ( a = l / 2 + e). ' 

By L e m m a 1, f o r a > l / 2 , 

[I 2 "-1 K(x)-<Tn(x)r} ' fife == ^ [ [ 2 "-1 k i T S 5 i c„2_ 
J L«=L J J L«=L J /1 = 0 
a o 

H e n c e 2 r ' ! s » (* ) - v n ( x ) \ r 

n=l 

c o n v e r g e s a l m o s t e v e r y w h e r e . 

L e m m a 3. If I c t h e n 

b 

[ { s u p U r i Ai-l k W - f f v W ! 4 ] 1 ' \ d x ^ A 2 cl J llSn<coV/Sn V — 0 • ) ) /1 = 0 
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P r o o f . For any given a > 0 , we select s near to 1 such as — s ' ( s > l ) 
.and set / • _ 1 + I _ 1 = l. Then, by HOLDER'S inequality, 

^ flu'j | 5 v ( x ) - ( 7 v ( x ) r y / r
 c | j , l . v ( x ) - f f v ( . y ) r " j l / r 

b 

"Hence i/'n-lMx)-^*)^ } dx ^ 

•\sv(x)-<rv(x) I' 

- / ( I 

b 
rk\V'k 

dx. 

!For a given k, we take s sufficiently near to 1, then rk is greater than 2 because r 1 + 
+ i - 1 = l. Hence, by Lemma 2, we get the required result. 

The method of proof of Lemma 3 has been given in SUNOUCHI and YANO [2]. 

P r o o f of T h e o r e m 1. For any positive s > 0 , we take 

2 <\2<e3 

v — N + 1 
and split Icj? into 

N ~ 
2 cv

2 and 2 c v 2 -v = l v = /V+ l 

•Consider the orthogonal series > 
N 

(4) 2 c„(p„(x) 
n = l 

and 

•(5) 2 c„<p„(x). 
n = (V + 1 

For the series (4), the conclusion is valid evidently and for the second series (5), 

b ^ 

i f sup \ dx* A 2 ci^Ae 3, 
J l l s n < ~ [A„ V = 1 J J v = /v+ 1 
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"where t„(x) and T„(x) is the partial sums and the arithmetic means of (5). Hence 

meas jx | lim sup Z A"„ll |iv(x) - r v (x ) | k j > f i j S As. 

That is, lim 2 ¿1-1 \h(*) ~ Ty{x)\k = 0 
n-* OO V- .1 

almost everywhere for the series (5). Combining the two results for series (4) and 
(5) we conclude that if 

then 

•i; Z A'nZl\s,(x)-<iv(x)\k ( a>0 ,A:>0) 
v = 0 

converges to zero almost everywhere. By the hypothesis, <T„(X) converges to f(x) 
a.e. and so 

4 r Z ¿i-l \sXx)-f(x)\k ( a > 0 , k>0) 
v = 0 

converges to zero almost everywhere. 

P r o o f of T h e o r e m 2. Let us set 

iKO) = 77 [c„v+1 <P„V+1 (x) + ... + cBv+i<pBv+l(x)] 
ftt 

where 
yv = {c2

nv+1+...+cl+,yi\ 

Then {i//v(x)} (v = 0, 1, 2, ...) also is a normalized orthogonal system and the 
orthogonal series 

(6) ¿ V v - A v W 
v = 0 

satisfies 

Since «„ is an increasing sequence and «V = v, 

2 J2 (log log V)2 = 2 1 + . . . + cl^) (log log V)2 3£ 
v = 2 v = 2 

s 2 (Cnv+i (log log (n v + l))2 + ... +C2
V + 1 (log log wv+1)2) == 2 Cn (log log ri)2 < =o, 

V=2 n=2 

by the hypothesis. 
By the well-known theorem, the sequence of the (C, l)-means of the series 

(6) tends to f ( x ) almost everywhere. Moreover. 
m "m 

2 yviAv(x) = 2c«<Pn(x) 
v = 0 n = 0 
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and so the m-th ordinary partial sum of (6) is identical with the «„,-th partial sum 
of (1). Applying Theorem 1, we get the required. 

R e m a r k . Actually our argument proves the following maximal theorem:: 
b 

[ I sup U r ¿^.-l K v O ) - / ( x ) | * | 1 f dx % A 2 c2n (log log n)\ • 
J l l S i K " ! ^ . »=0 J I n = 2 
a 

for any a > 0 and ¿ > 0 . 
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