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Introduction

Let qo (3, qoz(x), ... be an orthonormal sequence defined on a measure space
{X, S,u}. For the sake of simplicity we assume that u(X)=1. Further let ¢,, c,, ...
be a sequence of real numbers with
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A fundamental problem of the theory of orthogonal series is to find condltlons
implying the almost everywhere convergence of the series

) , Ci w,(x)

”M8

In general the condition (1) does not imply the almost everywhere convergence
of the series (2). However, the classical MenSov—Rademacher theorem states:

Theorem A. If
(3) » S 216g? i <
: i=1

then the series (2) is convergent almost everywhere.

Under certain special restrictions on the sequence {¢,(x)} the condition (3)
can be replaced by weaker ones. For example the classical Kolmogorov theorem
states that if the functions ¢,(x), (pz(x), ... are independent in the sense of probability
theory, with expectation O and variance 1, then condition (1) implies the almost every-
where convergence of (2). A-similar result is due to G, ALEXITS [1]. Heintroduced -
the following definitions:

Definition 1. The sequence ¢,(x), @,(x), ... of measurable functions is
called a multiplicative system if . :

[ 0101 0 di=0  (y=i=..<iy k=1,2,..).
X- :
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Definition 2. The sequence "@,(x), @,(x), ... of measurable functions is -
called a strongly multiplicative system 1f the system {q),lqo,2 ... ¢;.} is an orthogonal.
system, l.e. if

f(p?ﬁ(p?: e Qi du = 0 (i<iy<..<i; k=1,2,..)

X .
where o, a5, ..., o, can be equal to 1 or 2 but at least one element of the sequence:
Oy, 0y, ..., 0 is equal to L

Definition 3. The sequence @,(x), @,(x), ... of measurable functions is called.
an equinormed strongly multiplicative system (ESMS) if

Joau=0, [otde=1 (=12,
X X '

f(p‘.-’,‘tp?z’---<p?,i‘du=f(p?,‘duf(p?fdu_ f(p.kdu (i=<..<i; k=1,2,..)
X X X

where a;, &,, ... , % can be equal to 1 or 2.
Making use of these definitions, ALEXITS and TaNDORI ([2]) proved the following

Theorem B. If ¢,(x), ©,(x), ... is a uniformly bounded ESMS, then condition
(1) implies the almost everywhere convergence of the series (2).

Obviously any 1ndependent system with f @ dp=0; f efdu=1 is an ESMS,

therefore ALEXITS’S theorem would be much stronger . the KoLMOGOROV’s if the
condition of boundedness could be dropped. A previous paper ([3]) of the author
shows that there are some further theorems (the central limit theorem and the law
of the iterated logarithm) known to hold for 1ndependent random varlables which.
remain valid for ESMS.

§ 1. The Theorem

The aim of this paper is to prove the following

Theorem 1. Let ¢,(x), @,(x), ... be a sequence of measurable functions defined
on a measure space {X, S, p} with p(X)=1. Suppose that

) Sorau=x - G=1,2,.)
X -
and _ _
f¢?<p,~<pkdu= f¢?<pjd#= f(Pi(pj(Pk(pldu=
X X X

(6
) = f¢i¢,~<pkdu= prjdu= f_qo;du=0,
X X X .



A convergence theorem of orthogonal series 255

where the indices i, j, k, I are different, and K is a positive constant. Further let C1sCayen.
be a sequence of real numbers and suppose that there exists an integer r (depending on:
{c,}) such that =

M 2¢ lz(k)<°°

k=1
where?) | ’ )
ogx If x=

and l,.('x) is the r-th iterate of I(x) i.e. [(x)=/(l,_(x)). Then the series

co

kZ € i (x)
is convergent almost everywhere, :

Remark 1. If {¢,} is a sequence of fourwise independent random variables-
with expectation 0 and variance 1 and with uniformly bounded fourth moments.
then (5) and (6) hold.

Remark 2. Condition (7) is not very far from condition (1) This facts suggests.
the conjecture. that (7) can be replaced by (1).
‘ The proof of this theorem is based on three lemmas.

Lemma 1. If @, @5, ... is a sequence of measurable functions for which (5)-
and (6) hold, then ,

. . n o \2
® max [c, @, +c, @+ ... + ¢, @pl* du = 8KI*(n) [2;‘312]
=

1=k=n
X

where ¢,, ¢,, ..., ¢, is an arbitrary sequence of real numbers.

Remark 3. This lemma is not the best possible. In [3] it was proved that in.
the case ¢, =c,=...=c¢,=1, I*(n) can be replaced by O(1)/3(n). The same method
can be applied in this more general case to obtain a stronger inequality. Unfortunately .
using such a stronger inequality instead of (8) we cannot obtain a stronger result.
than Theorem 1, therefore we do not intend to attain the best possible inequality..

Lemma 2. If ¢;,c,,... is a sequence of real numbers for which

S (k) <o

k=

o,

then there exists a sequence n, n,, ... of integers for which .

© , Z’[ > cf-]lf.l(k><oo,

k=1 \j=nm+1

, had ni+ 1 2 .
(10) Z[, 2> -c}-] P ngy  — ) <

k=1 \=m+1

1) log x means the logarithm with the base 2.
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Lemma 3. If {(pk} is a sequence of measurable functions for which (5) and (6)
hold and m; <my <... is a sequence of integers then for the sequence

’ . 1 me+1 ]

) Y= a_k,-%l‘f"’f vou=0
- : 0. if o=0"

mk+l

‘where [ ]
J=me+1
- ‘we have flp,? du = 4K
X

.and (6). '
' § 2. The proof

Proof of Lemma 1. First of all we assume that n=2"(v=1,2,...) and
introduce the followmg notations
°'j=cr¢1+cz(Pz+--«’+cj(/’j (U=12,..),
Vap=Cat1Pa+1 t Cat2Pa+2 +\--- +CpPp

where a=p2*; B=(u+1)2%; n=0,1,2,..,2"7%~1; k=0,1,2, ..., v—1. Consider
the function g; as the sum of some ;. Let us put

0; = Zwﬂiﬂi

‘where f; —a, - By—oy=>.... Clearly the number of the members of the sum
. Zzp, .5, 1s less than v. Therefore by the Schwarz inequality we have

= (2 V)t = (S V) =Y T

‘which implies

(12) [ max otdu =+ P f v, du

¥ 1=j=2v

-where o and § run over all their possible values.
We obtain an estimation of the right hand side of (12) as follows

' fll/;‘pdu—~ f¢3‘du+6 fqn @F dp+
X j= a+1 a<l<15ﬂ
(13) '
8
+4 > dec f(p‘ ¢1dy<K{ Dl ct+6 > cteci+a > lc?cjl}.
x<i, j=p Jj=a+1 a<i<j=p . a<i, j=p

L iR i#j
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‘Summing the right hand side of (13) for each «, we obtain any member of it at
most v times, so we have

Z’fu/zﬁ,,dy = vK{Z’c +6 > cfci+a Ic?c,l}.
af X 1=si<j=2Y 1=, iSZ“
. it
It is easy to see that
2 lep ¢l = Zc“ D ctct.

1=, j=2v 1=si<j=2v
Hence we havé .
| > [yydu = 4v1<[§c§]2.
a,f X ji=1
Thus in the case n=2" we obtained
J s levonter ot vapitd = k@ | Seff.
i=

Our inequality in the case 2'=n<2"*! follows immediately from this fact, setting

) C"+1———C”+2=...=C2v+1=0
and using the inequality
2log* n=(log 2n)* =(v+1)*
if n is large enough.

Proof of Lemma 2. Set

= S 1R®%

k=

-

then .
Az 3 lf(k) = [2(n) 3}

k=n k=n

and
s A
2
~ 2% = 7@

Therefore we have

2v4el

14 : ‘ ? = .

4 k=§+l C £ Q)

- Now we can find between 2"+ 1 and 2**! a sequence of integers

2"+l =P == <1§1)_1 = 1§V) P

as follows: Let 7% be the smallest integer for which

™

A = A
=71 veIZ ()

%A
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and let 9 =1 —1. Slmllarly let 7. be the smallest. integer for Wthh

135 )
i = 6 ;4
j:z’%") +1 l -1 (V)

and let 1§ =7¢’ —1. In general, if 3 is defined, we define %, ;, as the smallest
integer for which
' T§FI)+1)
2 A

=
j=T 41 TTVE L)
and let r(,)+1-rz&+1) 1. Now let

(v) ) +1
4+l =10 <t <..<t =27
be the different elements of the sequence t{”, t¢", ..., t{*). Clearly
D, = 208,

Define now the sequence {r,} as the union of the sequences r{?, 7", ..., %
i.e. the sequence ny, n,, ... is the same as the sequence

I O N O S N (S 7 S 1 Lo 1 o £ SO 4 SO Lo

Clearly if n, €(2%, 2v+1].then k=23 j5=2(v+1)". We prove that (9) and (10) hold
. j=1 . .
for this sequence {n,}. We have

2v4+1 oo 2v+1
1

A= ch(])—z Z 2-13(1')%52 G2, (v+1) =

v=1 j=2V41 v=1 j=2V+1

D+ 1

. Zﬂ 2> > 22 v+ =

v=1 me€(2V, 2"+‘] j=mc+1

oo i+ 1 N+ 1
>z 2 g 1(2(v+1)7)—*2 2 ci i (k)
v=1 nc€(2%, 2¥+'] j=nmc+1 k=1 j=nc+1 -

that proves (9).
If n,cE(Zv 2¥+1] then by the definition of {n,} we have

: Mypr —m=2""1
and either :
J = 0672 (v)
J=ni+1 Vel l(v)
or

M =15

this gives (10).
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Proof of Lemma 3 is so simple that we can omit it.

" Proof of Theorem 1. First of all we prove that the series (2) is convergent
almost everywhere if

(15) ,% 12 (k) < oo.

"[\48

k

Let {n,} be a sequence of integers for which

(16) ' f’[ > cf]lZ(k><oo

. k=1 \Jj=m+1
and (10) holds. Set

Ni+1

— Z c;o; if o=>0

Ye =) % j=mtt
0 if =0
ni+ Ya N .
where a, = [ 2 cf] and put oy = ch @;. Clearly we have
j=ret 1 : =1 :
a7 ' C O = kZ: Y

By Lemma 3, Theorem A and (16), the sequence {o,_} is convergent almost every-
where. By Lemma 1 and (10) ' :

J 4
(18) 2/ max [ c,(pl] dp < eo.
I=np+ 1 .

ax<j=nk+y

Hence by the Beppo Levi theorem we have

co ’ j 4

5 oma [ 3 aof <=
k=1ne<jsne+ U=m+1 R

hence

J

2 €9,

l=me+1

max -0

me<jsSnk+1

almost everywhere. This fact and the almost everywhere convergence of the sequence
(17) prove our theorem in the case when (15) holds. _

Now Theorem 1 can be proved by induction. Suppose that, for every sequence
{a,} and for every system {y,} having the properties (5) and (6) we have already
proved that the condition

(19) | : kZ’a . (K) <o

implies the almost everywhere convergence of the series

oo

2, 4 ().
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Let {c.} be a sequence of real numbers for which (7) holds. Now we can construct
a sequence {n,} for which (9) and (10) hold. Then we can obtain by the same way
that o, (defined by (17)) is convergent almost everywhere, if we replace the reference |
to Theorem A by a reference to the condition (19) of our induction. (18) follows
from (10).
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