Transitivity of implication in orthomodular "lattices

By GY. FAY in Miskolc (Hungary).

Extensive investigations in lattice theory [2—5] and logic [6—8] regarding
the quantum logic of G. BIRkKHOFF and J. voN NEUMANN [1] have induced many
authors to call orthomodular lattices “generalized logic” {9]. KUNSEMULLER -[6]
ipointed out that in quantum logic the relation of implication defined by

atub=1

s not transitive (aJ-=orthocomplement of @, I=greatest element). The same
holds also for orthomodular lattices in general. For example the lattice with the
diagram

is orthomodular and at ub=1 bluc=1I but atuc=Iin it

Kortas [7] has analysed the relations of implications defined. on orthocomple-
mented modular lattices and characterized quantum logic on this basis by logical
postulates. From the point of view of quantum logic the transitivity of the above
established “classical” relation of implication is an interesting questlon ‘We have
noticed that this property is characteristic to classical logic. Obviously it is the least
we may demand of a logic L, and this we must demand [10], that L should be a
lattice with unique orthocomplements.- Rose [11} has proved that such lattlces
coincide with orthomodular lattices.

We will prove that a lattice with unique orthocomplements is a Boolean al-
gebra (i.e. a generahzed logxc is classical) .if and only if the classical relation of
implication defined in it is transitive.

Definition 1. A complemented lattice L is called orthocomplemented if the -
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complemeritation is an involutory dualautomorphism in L, i.e. if to every x€L
there exists an xt € L, such that

xnxt =0, xuxlt=I x=y=>yl=xl, xii=x

Definition 2. An element x of an orthocomplemented lattice L is said to be
orthogonal to y€ L, in symbols x L y, if x=ypL.
The relation of orthogonality is evidently symmetrical.

Definition 3. An orthocomplemented lattice L is called uniquely ortho-
complemented if each x € L has at most one complement orthogonal to x.

Lemma 1. The De Morgan laws hold in every orthocomplemented lattice L, i.e.
xny)t=xtuyt and (xup)t=xtinyt
for each x, y€L. '
Proof. x,y=xuy=xt, yl=z(@xupt=xtnyl=@xuy-
and
xi,pt = xtayl = xil pli = (xlAyh)t = xllupld = (xtApt)l =
= xUy = Loyt = (L ayh)tt = (xuy)t = xtayl = UYL,
whence (xny)L = xLtuyl. The other statement folldws by duality.
Lemma 2. In every lattice L with unique orthocomplements we have
as=b=a=bn(btua), a beL.
Proof. Let a=b. Then bl =a' and according to Lemma 1 we get
anbn@tua)t =anptubnat) =anfetubdnat) =anat =0,
' aulbnGrua)t = aulbtuBaa)] = @ubl)u (@t nb)
= (@alnb)tuatnd) =1,
[batua)t =bltubnal)y=satubnat) =at.

Hence [bn (b1 v a)]*- is a complement of @ and also orthogonal to a, and so by
the assumption is equal to at. '

Lemma 3. If L is a lattice with unique orthocomplements, then

xny=ynf(xuy)tux]
for each x,y €L.

Proof. Applying Lemma 2 for a=x, b=xuUy, we get
yolxuytusl=ly nxuylnlxuy)tux]=

=yn{xvy)n[xuptuxl}=ynx.

s
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Theorem. Let L be a lattice with unique orthocomplements. If
(6] (xtuy=Lyluz=DNH=xtuz=]1,
for each x,y,z€L, then L is distributive (and thus is a Boolean algebra).
Proof. First we prove that (1) implies
2) xtuy=I=x=y foreach x, y€eL.

Let xtvuy=I, and
z=(xny)uxtnxuyl
Then
ytuz=ptu{xny)vixtnxuy)l}=

=xny)u{ptulxtnxuy)l}=
=@xny)u{ynixuxuy)i,
by Lemma 1, hence, by Lemma 3,
ytuz=@Exnp)u@xnyt=
Thus from (1) we obtain xLuz=I i.e.
I=xtvuz=xtu{xny)ulxtnxuy)}=

:(xmy)u{xJ-u[xi‘n(x‘:ujz)]}.——‘-:(xmy)uxl..
But L HE o
Enypnxt=xnxt)ny=0ny=0, ‘ iy
and i
xny)sx=xtL.

Consequently, x Ny is a complement of x1 and is orthogonal to it, which means that

xNy=x+i=x,
i.e. :
x=y.
Thus (2) is proved.

_Let us take now g, b€ L arbitrarily and let x=>b, y=atu(@nb). Then

. xtuy=I
since

xtuy=bltufatul@nb)]=0GLtuvat)v@nb)=@nb)tu@nbd)=1L
Thus, according to (2), x=y which means
3) ' b=agltu(@anb)

for each a,bcL. Similarly, if x—c,y aiu(anc), where a,c€L are taken
arbitrarily, then

@ . c§aJ-u(anc).-
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By making use of (3) and (4), we get
am(bu'c)§an{[alQ(anb)]u[aiu(anc)]}=
=an{(atvat)vllanb)u@ndl}=
‘=anf{atullanb)u@nd)}.

Here, the last term is equal to (@n b) U (anc) by Lemma 2 (since a =(anb)u (anc)).
Therefore an(buc)y=(@nb)ulanc). .

The opposite inequality, and the converse of the Theorem is well known. Cf.
for instance [12]).
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