Remarks to a paper of D. Gaier on gap theorems -
By GABOR HALASZ in Budapest

In his paper [1] cited, D. GAIER proved several gap theorems, including the
high indices theorem for Borel summability. However, in its original form, his
method is not applicable to the theory of Abel summation. In this paper we show.
how to eliminate this difficulty by a slight modification. At the same time we complete
the series of the theorems of GAIER with some more, obtainable by the same modi-
fication.

Theorem 1. (HARDY—LITTLEWOOD [2).) If a series is Abel summable to 0
and has Hadamard gaps, then it converges to its Abel sum 0. 1. e., if

() = Za T S T

and
Jim ) =0,
then
2 4, =
n=1

Or in an almost equivalent form:

Theorem 1”. If f(x) of Theorem 1 is bounded for x>0, then

Za

n=

sup
N=1

= 01 Sup A=),

where the constant ¢, depends only on the sequence {A,}.

(Such positive constants, independent of the quantities a,, x, N etc will be denot-
ed in the sequel by ¢, ¢3, ... .)

Without any special difficulty, we get the following more precise information
about the rapidity of convergence in Theorem 1:

Theorem 2. Let r(x) (x=0) be an increasing positive function such that with
some a=0 r(x)x~* iy decreasing. f(x) should satisfy, in addition to the hypotheses

of Theorem 1,
fGl=r(x)  (x=0).

| 3 a) = cpr(X-Y).
An<X

In this case -
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The condition imposed on r(x) implies that it is larger than constant times
x* near 0. As to smaller remainder terms, let us restrict ourselves to extremely small
ones in the following connection.
Theorem 2 suggests that > a, and f(X~!) have approximately the same
in<X

. . const.
order of magnitude and one would expect that an estimation | f(x)| =exp [— . ] ,

implies | Z'a | =exp (—const. X) so that f(z) is regular in a larger half plane

and by 1ts vamshmg at z=0 of infinite order, f(z) =0. We can deduce this from

a weaker estimation, e.g. from ]f(x)]éexp[— } as is shown by

xlog?x

Theorem 3. If for the error term we have r(x)=e~°* where s(x) is convex
from below and :

.1 ' :
f V=5"(x)dx = + o
J .

then f(2) =0, a,=0 even if the weaker gap condition

SLcve G-hii<a)
n=1 A
is assumed.
Concerning absolute summability, we prove
Theorem 4. (ZyoMUND [3).) If f(x) has Hadamard gaps and is of bounded
variation on (0,+ <), i. e.
[ 17 @ldx <+,
0
then

2!a|<+°°

n=1

Theorem 5. Theorem 4 is valid if f(x), mstead of being of bounded variation
satisfies the condition
[Y@ gy
X

0

Proof of Theorem 1’. Suppose first

a,] - 4o

N

S

and consider the Laplac.e‘ transform

F@s) = [ f(desdx  (Res <O0).
0 ' .
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Substituting the series representation of f(x), we get F(s) in the form

n=1

F(s) = f Zane—}.nx-i-sxdx — Zanf e =A% gy = — 2_"_,
0o n=1 n=1 0 : S_;Ln

where the change of order of summation and integration is justified by 3 f | |<+eo

a conseqﬁence of Z Ij"'
n=1 n C
of F(s) into the right half plane with poles at s=41, and corresponding residues

—a,. An application of the residue theorem gives therefore

N
,,Z = 2m

[ Fsyas,

|sl=R
provided Ay <R<1y,,, and our task is to estimate F (s)

On the negative real axis a bound is provided by the original integral represent-
ation:

|[F(—0)| = f [f()|e=r*dx = sup |f(x)|f e~*dx = sug |f(x)[% - (0=0).
0 x> 0 . x> .

To be able to extend this, we form the Blaschke product for the region D obtained
from the plane by omitting the negative real axis: -

Lk |
G(s) = [—[1 ‘Z (Vs is determined by V1 = 1).
n= 1+——

7
By its yén_ishing at the poles of F(s), the. f;mction

H($)=F(@$)G(5)s
is regular in the whole of D; satisfying on both sides of the boundary line the

inequality - _
|H(=0)| = |F(~0) = sup | /()

- because |G(—o){=1. Well-known theorems of Lindelof type (see e. g [4]) state
that the same bound is valid for H(s) in the whole region D if we know in advance
some mild estimation on a sequence of circles around 0, tending to infinity. Circles
at a distance of at least 1 from all the 4,’s can serve for such a sequence, for we



314 i G. Halasz

have on them

[H(s)| = [F(s)lls] =

é!s‘l{ Z G, 2 a2, 3 l) -

b Slal aal) _ i S lal
=p S5, 3 Sl e S5

and O(Js|?) is well below the limit allowed in those theorems of Lindelsf type.
Therefore, we may write -

JH@)| = ggg /@ (seD).

Let R=241
Vg

Lemma *), using heavily the gap condition (with its notations v,=VZ4,, p="Vq,

- 4_
z=1s, m=Vq), that on |s|=R we have |G(s)| =c5, thus by the definition of H(s)

in the residue theorem written down above. We shall prove in a

PO = 1o = 5 98 100

The residue theorem then gives

N
>a = %I | f IFG I = - sup 9.
s|=R -

. s la . .
To get rid of the supposition > = la,| < + o we first consider the function
n=1

S(x+06) (6=0) with the coefficients a, e"{:"’ For this the above argument holds
and hence

—And
n

1 .
= —sup|f(x+0)| = Lsup S,
03 x>0 C3 x>0 .
and we may let 6 -0, the bound being uniform in &, thus completing the proof
of Theorem 1’.
Proof of Theorem 1. From Theorem 1” we know already that the partial
sums, hence also the coefficients, are bounded so that 2, 2,

n=1 ;L
repeat the argument of the previous proof. The only difference is that Jf(x) is not

‘< + oo and we may

*) See after the proof of Theorem 3.
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only bounded but tends fo 0 with x, which implies for o — + o the better estimations

oo

WFW§fU®V“M=fomw“w=oGL
0 0

|H(=0)| = [F(=0)|o = o(). |
Another variant of the Lindel6f type theorem used states that in this case
' H(s)=o0(l) as [s]>+o, .

uniformly in s in the whole region D. Returning to F(s), this means

F(s5) = 0[%] for s =
and by the residue theorem

):i, a, = o(1). Q.e.d.
n=1 :

: . - . 1
Proof of Theorem 2. First we remark that the constant 1 in r [7]
has no special significance since if 0<c<1
ricx)=r(x)=x*r(x)x"*=x"r(cx)(cx)~*= ¢~ (cx),

r(x) being increasing, r(x)x~* decreasing.

Now, the proof will consist of a repetition of that of Theorem 1, o(1) replaced
everywhere by cxp11c1t estimations.

First,

oo 1/a

|F(—a)l=f r(x)e“”‘dx:f + f§r[1]i+r[%]a“ fx"‘e“’xdx=
: 1o

0 0 1/a
= r[—l]i[l+f x“e“”dx] = ¢4t [l]i,
g)o ; , oo

1
[H(—o)|_§ Cat [;].

Owing to the properties of r(x) we can write further with a temporarily fixed R

ie.

|H(—a)| = cu[%] for ¢ =R,

1,1 ) el _ [1)[R) ,
lH(—0)|=C4f[;]Ug=C4"[§]Ra c4r[R][;] for "e=R.

The test function
. D )2a
W(s) = [1 +V—IS]
Vs
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is regular in D and since Re ! = 0 there, we have on both sides of the boundary
s .

|[W(—0o) =1 for o= R,
I Y22 a
\W(=0)| = [V—J_‘i] - [5] for o= R.
: Vo .
On account of the estimations of H(—¢) from above and those of W(—ga) from
below, the quotient

H(s)
W(s)

(which is bounded since H(s) is bounded and |W(s)|=1 in D) has the uniform
bound on the negative axis
1
Cqr [—E] .

By the much used Lmdelof theorem this prov1des a bound in the whole region

and applying it to |s|=
2a
1 1
= cu[-E] 2% = csr[—-—R]. '
1

o= )

VR
Vs

|H(9)| = C4r[ ]IW(S)I = cu[ H

For F(s), |s|=R this implies

and by the residue theorem

N N _ .
| | 1 Vq] [ ; ]
Za,,§cr—=cr——§cr————
=1 ¢ [R] ¢ [/bm VT

which is only an alternative formulation of the theorem.

Proof of Theorem 3. The gap condition enables us (and it is its 6nly
use here) to form again the product

o= [l-) 1+

Let further
Fy(s) = f Se+8)edx, Hy($) = Fy()G(O)s.

As proved in Theorem 1°, the last function is regular and bounded (umformly
with respect to §) in D w1th boundary values

Hy(—0) = _—aG(—a)ff(x+5)e-‘”‘dx.
. 0
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Since f(x) ~0 as x—~ +0'and O(e~°o"st*) as x — + oo, these boundary values tend
uniformly to

H(-0)% 06 (=0) [ fx)e=ox dx L —6G(~0) F(~0)
p |

as & —0. But then the convergence is uniform inside D and we get that H;(s) tends
to a regular and bounded function H(s) with the above boundary values H(-o0).
To prove f(x) =0 it is enough to show that H(s)=0. According to a well-known
theorem®*) this will follow if we can show that

[+ )t

where the integration is on both sides of the boundary line. Recalling |G(—0)|=1
and the definition of H(— o), we have to prove this with F(—o0) in place of H(— o).
Now

Rl = [ Uwlerman + f femord = [ esr-on 0G0,
] ’ 1 0

For o large enough the integrand attains its maximum when
—5'(x)—0=0. '

—5’(x) being decreasing, this value x =x (o) is a well-defined and decreasmg function
of o and with it the integral is less than

1 e—s(x) 0X = p—O0X,

Since x(c¢) tends to O with 1/a, the second term in the estimation of F(— a) cannot
-exceed this bound and hence

|F(~0)|=0(e") log |[F(—0)| = —ox+0(1),
and it suffices to show )

f =17 da__f—da_+oo

Introducing x as a new vanable, we have, since —s'(x) =0,

X do = — _a(x)dx- 2 (x)
[jztn== I ="
and partial integration shows that this is .
= O(1)+lim x2Y—s"(x) + Zfl/—s’(x) dx = 0(1)+2f]/—s’(x)dx = + oo,
x=0 !
, 0 0
Qu.e.d.

*) This is JENSEN’s inequality f log | f(2)Ild.| = log | f(0)I, after a conformal mabping

lz}=1
of the unit disk onto our region D. .
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. v : '
Lemma. If {v,} is an Hadamard sequence ["v—“ = p>l] of positive numbers

n
»

then with the definition

n n

so-no-3Jfo+3

we have
cg<|B(2)| <cy

v : .
for vym < |z| < % (m=>1), uniformly in z and N.

Proof. For n§N+1" ‘

z Izl
U e
L n e‘ v
A .
v’l vn
1— V4
Yn <exp[c [Zl —1—] Sexp[c Izl [ +i+_l_+ ]]s
n=N+1 z ' ARG i vpl ™ 1 N+1 p Pt N
+__
vll
= exp[c11 12 ] < efnt
N+1
For n=N
T2 B B |
Vn Vp - 2 =1+ 2 = 01z| l’
1+=| By 2y [1 i] 2
n v’l n m v'l
1-Z .
| = ex [c L v]sex [c' ﬂ[H—i+i+ ]]s
néNl z == p 12 |Z| = nl — p 12 |Z| p p2 =
+_
vn
= exp [613 —IVZ—IT] < e, .
thus B(z) is bounded above. Since B(z) = —B(ITZ), boundedness from below follows.

"Proof of Theorem 4. The hypotheses of Theorem 1’ are satisfied here’

and we can use the results of its proof.
Separating real and imaginary parts, we may suppose a, real. If and only if



Remarks to a paper of D. Gaier 319

a, and a,, are of different sign we pick out a number between 4, and 4,.,, €. g.
the1r geometric mean and denote the sequence constructed this way by {ix.}. On
the positive real axis the function '

P(s) = kéll‘i]/[“’ﬁ]

changes sign at its simple zeros s =y, so that according to the construction, P(4,)
. has the same changes of sign as a,, and a,P(4,) is either always positive or always

negative. Now ‘the y;’s form an Hadamard sequence and since 4, is “far” from
all of them in the sense required in the lemma, applying it to P(s),

P =cya
Consequently .
N

y 1 g 1
2l = — 2 la, P3| = —| 2 a,P(A,) |,
n=1 Cian=1 ‘ ¢ 1

4 |n=

and it is enough to prove that the sum on the right is bounded.

This is a partial sum of the residues of the function F(s)P(s) originating from
the poles of F(s) at s=4,. Taking into account the remaining poles § = —
provided by P(s): :

S ap@) = ‘7— / F@P(s)ds + 3 F(~m) Res P(s)

An<R k<R §=—Hk
: Isi=R '

Let here R= f—i’. This choice guarantees that R is far from both the 4,’s and the
A Vq
w's and we have
Fis)=0 [Ri] (=R
as we proved in Theorem 1° while
|P(s)|<eys (Is|=R)
by the Lemma so that the integral on the right hand side is bounded.

To estimate the sum on the right, we return to the or1g1na1 integral represent-
ation of F(s):

F—p) = f fx)emmx dx,

Z F(—)pe = f 109 3 premds.

ue<R Hk<R
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Here we have introduced the notation p, = Res P(s). Integrating by parts where
s=—pr
we may assume that lin(l) J(x)=0 making the integrated part vanish,
. x= .

(@2wewm—fﬂn2”ewws-
<R <R Hg
= max —e e f|f (v)|dx$sup Z‘D" f|f (,\)|a’x
x=0 ik <R

the last inequality by a simple Abelian theorem. Appealing once again to the residue
theorem, we have

e _ 1 fP(s)d ol
me<R Hi 27“ISI =R §

where the estimation |P(s)|<c¢,s assures that the integral is bounded and so are

the partial sums of > % Thus we proved
k=1 Mk

ZﬂmmmM)ou

S= -

hence
N
2, @, P(h) = 0(1),
n=1

from which according to an earlier remark the conclusion already follows.

- Proof of Theorem 5. We try to repeat the previous proof up to the stage
where the boundedness of variation was exploited. '
The results of Theorem 1” were used there and we do not know in advance

if its hypotheses are fulfilled here. But a simple consequence of our assumptions is

oo

[ ifeldx <+

0

and thus the primitive function

[rexyax = -2 e =

is of bounded variation on (0, + o), implying by Theorem 4

oo

This was a prerequisite for the considerations in the proof of Theorem 1°. The
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1
boundedness of f(x) was used to deduce F(—0)=0 [;]. Here we have, however,
the same bound by '

|F(—o0)| -§f |f(x)]e‘”xdx£f|]”$)—lxe‘“xdx§
0 0

= max xe
xz0

f“’ @, et f”_ Lo
5 X 0 X

Therefore the rtesults of the proof of Theorem 1’ are vélid,

F)=0 [%] (sl = B)

and the proof holds unaltered until the partial integration. This was performed
to prove the boundedness of

ff(x) Zpke """dx

#e<R

Here we proceed more roughly:

f fG) 3 pyerds| f e Z[pkle wer .

k<R

As we showed, the part1al sums of Z’ Z k are bounded, hence [Pkl <c16ix and
k=1 Mg
we get - further, {1} being an Hadamard sequence,

N5 -

|Pk{e B = 46 Zﬂke B = €49 Z(Ilk Hx-1)e” x5

o HEX
4
-§——72 f e~vdu = -1,
X k= X
Lpg-1x

The integral to be estimated is, therefore, less than
[ L)
€17 6[ —x——dx

and with this the proof is completed.

*

I wish to express my thanks to Prof. Dr D. GAiErR for his reading the
manuscript and making some valuble suggestion among them calling my attention
to a mistake in my original proof of Theorem 3 wich is corrected here.

21 A
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