" Quasitriangular operators

By P. R. HALMOS in Ann Arbor (Michigan, U.S.A.)*) -

Every square matrix with complex entries is unitarily equivalent to a triangular
one. In other words, if 4 is an operator on a finite-dimensional Hilbert space H,
then there exists an increasing sequence {M,} of subspaces such that dim M,=n
(n=0, ...,dim H), and such that each M, is invariant under 4. On a Hilbert space
of dimension ¥, the appropriate definition is this: A is triangular if there exists an
increasing sequence {M,} of finite-dimensional subspaces whose union spans H
such that each. M|, is invariant under 4. It is easy, but not obviously desirable,
to fill in the dimension gaps, and hence to justify the added assumption that
dim M,=n (n=0, 1,2, ...).

In many considerations of invariant subspaces (AM C M) it is convenient
to treat their projections instead (4E = EAE). In terms of projections a necessary
and sufficient condition that an operator 4 on a separable Hilbert space H be
triangular is that : ' '

(4) there exists an increasing sequence {E,} of projections of finite rank such
‘that E,~1 (strong topology) and such that AE,— E,AE,=0 for all n.

This formulation suggests an asymptotic generalization of itself. An operator A4 is
quasitriangular if ' ' '

(4,) there exists an increasing sequence {E,} of projections of finite rank such
that E,—~1 (strong topology) and such that |AE,— E,AE,| —O0.

(Informally: E, is approximately invariant under 4.) The concept (but not the name)
has been seen before; it plays a central role in the proofs of the Aronszajn—Smith
theorem [1] on the existence of invariant subspaces for compact operators, and
in the proofs of its various known generalizations [2], [3], [5].

*) Research supported in part by a grant from the National Science Foundation.
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It is interesting and useful to examme a variant of the condmon (4,); the
variant requires that

(4,) there exists a sequence {E,} of projections of finite rank such that E, -1
(strong topology) and such that |AE,— E,AE,| —0.

The only diﬂ'erence between 4, and 4, is that the latter does not require the
sequence {E,} to be increasing.-

There is still another pertinent condition. The set of all prOJectlons of finite
rank, ordered by range inclusion, is a directed set. Since E—»HAE EAE] is a net
on that directed set, it makes sense to say that

(40) liminf |AE— EAE| = 0.
. . E-1

What it means is that for every positive number ¢ and for every projection E; of
finite rank ‘there exists a projection E of finite rank such that E,=FE and
|AE— EAE| <s.

The purpose of this paper is to initiate a study of quasitriangular operators.
The study begins with the observation that approximately invariant projections
that are large (in the sense of having large ranks) always exist (Section 1). The main
result is the characterization of quasitriangular operators; it asserts (for separable
spaces) that the conditions 4,, 4,, and 4, are mutually equivalent (Section 2).
This characterization is applied to show that there exist operators that are not
quasitriangular. On the other hand the set of quasitriangular operators is quite
rich (Section 3); it is closed under the formation of polynomials, it is closed in the
norm topology of operators, it is closed under the formation of countable direct
sums, and it contains, for example, all operators of the form N + K where N is normal
and K is compact. The paper concludes with a few questions (Section 4). Sample:
is it true for every operator A4 that either A or 4* is quasitriangular?

Section 1

Sequences of approximately invariant projections that are not required to be
“large” always exist. A precise statement is this: for each operator A4 there exists
a sequence {E,} of non-zero projections of finite rank such that |AE, — E,AE,|| -0;
in fact the E,’s can be chosen to have rank 1. The proof is immediate from the existence
of approximate eigenvalues and eigenvectors. Let A be a scalar and {e,} a sequence
of unit vectors such that | 4e, — Ze,|| = 0. If the projections E, are defined by E, f=
=(f, e,)e,, then :
(AE,—E,AE)f=(f, e,)(de,— (4e,, e,))e,.

Since (Ae,, e,) -4, it follows that ||AE,—E,AE,|| —0.



Quasitriangular operators ' . 285

Since every operator has approximately {nvariant projections of rank 1, it is
tempting to conclude, via the formation of finite spans, that every operator on an
infinite-dimensional Hilbert space has approximately invariant projections of
arbitrarily large finite ranks. The theory of approximate invariance turns out,
however, to be surprisingly delicate. It is, for instance, not true that the span of
two approximate eigenvectors is approximately invariant. More precisely, there
exists a 3 X3 matrix A4 and there exist two projections F and G of rank 1 such that
F is invariant under A, G is nearly invariant under A4, but if F= F VG, then
|AE—EAE| =1. In detail: put

A=

-0 O
(e B e B o]

0
o,
0

let F be the projection onto {0, 1,0), and let G be the projection onto (a, b, 0),
where |a|? + |b|* =1 and a is “small” (but not 0). It is easy to verify that

0 00 la|* ab* © 1 0.0
F=|o 1 of, G=|a6 b2 0|, E=|0 1 of,
0 0 0) . 0 0 O ' 0 0 0)

|AF—FAF| =0, |AG—GAG|=|al, and |AE—EAE|=1.

This example, informal in its interpretation of ‘“nearly invariant”, can be
used to construct an example of two sequences of approximately invariant projections,
in the precise technical sense, such that the sequence of their spans is not approxi-
-mately invariant, as follows. Let H be the direct sum H, ® H, @... of 3-dimensional
spaces such as played a role in the preceding paragraph, and let the operator A
on H be the direct sum 4, @ A4, & ... of the corresponding operators. Let F, be the
direct sum projection whose summand with index 7 is the prévious F and whose
other summands are 0; let G, be the direct sum projection whose summand with

index » is the previous G with a:—nl— and whose other summands are 0. It follows

that |AF,— F,AF,| =0 for all n, |4G, —G,AG,| -0, and, if E,=F,VG,, then
|4E,— E,AE,| =1. _

It is slightly surprising that, despite the evidence of the preceding example,
approximately invariant projections of arbitrarily large ranks always exist.

Theorem 1. If A is an operator on an inﬁnite-dimensiohal Hilbert space, ¢ is
a positive number, and n is a positive integer, then there exists a projection E of rank
n such that |AE— EAE| <e.

Proof. For n=1, the result was derived from the existence of approximate
eigenvectors. The idea of the inductive proof that follows is that although near
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invariance is not preserved by the formation of spans, it is preserved by the formation .
of orthogonal spans. Given ¢ .and », assume the result for n, and let F be a
projection of rank n such that ||AF— FAF|<gf2. Since the compression of A.
to ran (I — F) (i.e., the restriction of (1—F)A4(l1 —F) to ran (1 — F)) has approxi-
mately invariant projections of rank 1, it follows that there exists a prOJectlon G
of rank 1 such that G L F and

(1= F)A(1 — F)G—G (1 — F)4(1 — F)G|| <¢/2.

(Find G on ran (1 —F) first and then extend it by definining it to be 0 on ran F.)
Since G(1—F) = (1 - F)G = G, the last inequality is equivalent to

| (1= F)(1 = G)AG| <¢/2.
If E=F+G, then Fis a projection of rank n+1 and
[AE—EAE| = (1 - E)ME| = [[(1 - F)(1 - G)A(F+ G)|| =
= [(1-G) (A= F)AF+(1 - F)(1 - G)AG]| =||(1 — F)AF| +[(1 - F)(1 - G)AG] <.

Section 2

It is trivial that the definition of quasitriangularity (4,) implies the weakened
" form (4,) (obtained from (4,) by omitting the word “increasing”). It is also quite
easy to prove that if, on a separable Hilbert space, liminf||AE— EAE| = 0(4,),
) E-1

then A is quasitriangular (4,). Indeed, let {e,, e,, ...} be an orthonormal basis
for the space. By (4,) there exists a projection E, of finite rank such that e, €ran E,
and ||AE, —E,AE | <]. Again, by (4,), there exists a projection E, of finite rank
such that E, =F,, e,¢ran E,, and |AE,—FE,AFE,|<%. In general, inductively,
use (4,) to get a projection E,, , of finite rank such that E,=E, .., é,+,€ran E,, ,,
and |A4AE,,,— n+1AE,,+1||<’;—j_—1. Conclusion: {E,} is an increasing sequence
of projections of finite rank such that E,—1 and such that |AE,— E,AE,| —0;
in other words A is quasitriangular, as promised.

The non-trivial implication along these lines is the one from (4,) to (4,). The
proof depends on a lemma according to which if two projections have the same
finite rank and are near, then there is a “small” unitary operator that transforms
one onto the other. (For unitary operators “small”® means “near to 1”.) A possible
quantitative formulation goes as follows.

Lemma 1. If E and F are projections of the same finite rank such that |E— F| =
=g <1, then the infimum of ||\ — W], extended over all unitary operators W such
that W*EW = F, is not more than 2e*.
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The lemma can be improved, but the improvement takes considerably more
work and for present purposes it is not needed. A trivial improvement is to drop
the assumption that £ and F have the same rank and recapture it from the known
result [7, p. 58] that the inequality ||E— F| <1 implies rank E =rank F. Another
qualitative improvement is to drop the assumption that the ranks are finite and
pay for it by introducing partial isometries instead of unitary operators. The best
kind of improvement is quantitative; the estimate 2¢* can be sharpened to
241 — (1 —&?)#]t. For a discussion of such results and references to related earlier
work ‘see [4]. Conjecturally the sharpened estimate is best possible, but the proof
of that does not seem to be in the literature. ‘

Proof. The equality of rank E and rank F implies the existence of a unitary
operator W, such that WEEW,=F. Write E, F, and Wy as operator matrices,

according to the decomposition 1=E+(1 .—E), so that, for instance, E= (1 O].

00
A B (A* c*
C D)’ then W= B* D

A*A+C*C A*B+C*D)_ (1 ©
B*A+D*C B*B+D*D) ™ |0 .1

If w, =[ ) , and therefore

W§Wo = [
A*4 A*B)
B*A B*BJ

Since the norm of each entry of a matrix is dominated by the norm of the matrix,
it follows that

The matrix of F (= W§EW,) can now be computed it turns out to be (

IC*Cll =l —4*4]|=¢ and ||l —D*D|=||B*B||=e.
Observe next that if U and V are unitary operators on ran E and ran (1 —E)

(()] 3) then W, commutes with E, and, therefore, W, W,

transforms E onto F (just as W, does). The purpose of the rest of the proof is to
choose U and V so as to make |1 — W, W,| small. Since

respectlvely, and if W1 (

- U4 —UB]

, 1
I=WiWo = [‘—VC‘ 1-vD)’

and since the norm of a matrix is dominated by the square root of the sum of the
squares of the norms of its entries, it is sufficient to prove that by appropriate choices
of U and V the entries of the last written matrix can be made to have small norms.
The off-diagonal entries of 1 — W, W, are easy to estimate:

|-VCl?=|CI?= IC*Cll=¢ and |—UB|2=|B|*=|B*B|=e.

In these estimates U and V are arbitrary unitary operators; it is only in the next step
that they have to be chosen so as to make something small.
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‘Observe that since the ranks of E and F are finite, the lemma loses no generality
if it is stated for finite-dimensional spaces only; the infinite-dimensional case is
recaptured by applying the finite-dimensional lemma to E and F restricted to
ran £ V ran F and extending the resulting unitary operator by defining it to be the
identity on the orthogonal complement of ran E V ran F. In the finite-dimensional
case A4 is the product of a unitary operator and (4*4)* (polar decomposition);
let U be the inverse of the unitary factor. With this choice 1 —UA becomes 1 — P,
where P =(4*A4)*. Since |A| =1, so that 0=P2?=P=1, it follows that 0=1-P=
=1-—P2?, and hence that

Il —UAl =]t - P =[1—-P*| =|1—A4*4].

A similar argument for D produces a unitary ¥ such that |l = VD| =|l—D*D|,
Conclusion:
1= W, WOHZSZ(s +82)$48

and the proof of the lemma is complete
The ground is now prepared for the proof of the prmc1pal result.

Theorem 2. [f {E,} is a sequence of prajections of finite rank such that E,—1
(strong topology) and such that |AE,— E,AE,| -0, then liminf |AE—~EAE| =
. E~1

Proof. It is to be proved that if ¢=0 and if E, is a projection with
rank E, =n, < e, then there exists a projection E of finite rank such that E,=E
and |AE—FEAE| <e. : :

Let & be a temporarily indeterminate positive number; it will be specified,
in terms of e, later. Suppose that {e,, ..., e,,} is an orthonormal basis for ran E,.
The two limiting assumptions imply the existence of a positive integer n such that
le;— E,ejll <6/Vny (j=1,...,n,) and |AE,—E,AE,| <&. The first of these in-
equalities implies that if § is sufficiently small, then the set {E,e,, ..., E,e,,} is linearly
independent. (The proof is easy and is omitted here; it is explicitly carried out in
[6].) Let F, be the projection (of rank #,) onto their span; note that Fy=E,. (The
n here used will remain fixed from now on.)" '

If f€ran £,, so thatf= _"chje,-, then
,
If=Fof 12 =11 3 & (e~ Enep? = (S| - le;— Epe,l)? =
= 318,12 Sle;— Evejll? = 112 rig(8/Vno)’,
J J

and therefore :
|Eo — Fo Eoll = 0.



Quasitriangular operators ' ' 289

This shows that E, is approximately dominated by F,; what is needed for the rest
of the proof is the stronger assertion that E, is .approximately equal to F,.

By definition, ran F, is spanned by the vectors Foe(=Ege)), j=1,...,np;
it follows that ran Fy=ran Fy,E,. In other words, the restriction of F; to ran E,
maps ran E, onto ran F,. Call that restriction T; then T is a linear transformation
from a space of dimension n, onto a space of dimension n,, and, consequently,
T is invertible. Since the spaces involved are finite-dimensional, the transformation
T-1 is bounded, but that is not enough information; what is needed is an effective’
estimate of [[7~!||. That turns out to be easy to get. If f¢ran E,, then

1EfI =W —If = Fofl = fl-dlf] =1 =)/,

. L
and therefore |T-Y=—-——-.

1-6

The inequality ||E0—F0EO[] =6 shows that F, is near to £, on ran E,; the
next step is to show that F, is near to E, on rant E,. Suppose therefore that
flran Ey, ie., that E,f=0, and write g=T"1Ff. Since géran E,, it follows

that Fog=Tg=F,f, or FyEog=Fof; note that [lg|| = T/l Since | Fof — Eogl| =

b
=\ Fof—FoEogll +1 FoEog — Eog||<5||g|| ——llfll, it follows that

1 Fofl2=(Fof, f)=|Fof—Eog, f)| + I(Eog’f), = 1 ||f|l2
((Eog, f)=0 because: E,f=0), and hence that
12
ARSI R

This inequality together with ||EO Fy Ey|| =0 yields

s 2
| Eo— Foll = 5+[———1_5] =7

Lemma 1 is now applicable. Choose § small enough to make sure that y <1
and conclude that there exists a unitary operator W such that W*E,W = F, and
11— W[ =2Vy. Write E=WE,W*. Since Fy=E,, it follows that E,=E; all that
remains is to verify that E can be forced to be within ¢ of being invariant under 4.
That is easy; since :

|AE — EAE| = | A(WE,W*) — (WE, W*)A(WE, W*)I[,

t

and since the right hand term depends continuously on W, it follows that if W is-
chosen sufficiently near to 1 (i.e., if § is chosen sufficiently small), then the right

19 A
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hand term can be made arbitrarily near to |4AE,— E,AE,|, within g2 of it, say.
" Since |4E, — E,AE,| <9, it might now be necessary to make J a little smaller
still, so as to guarantee 6 <g/2; after this modification it will follow that, indeed,
|4E — EAE| <e. . _

The first definition of quasitriangularity (4,) is quite hard ever to disprove;
how does one show that there does not exist a sequence with the required properties?
Theorem 2 makes the job easier. For an example suppose that {eg, e, e;, ...}
is an orthonormal basis and let U be the corresponding unilateral shift. The prop-
erties of U that will be needed are that it is an isometry (U*U =1) whose adjoint
has a non-trivial kernel (U*e,=0).

Theorem 3. The unilateral shift is not quasitriangular.

. Proof. Let E, be the projection (of rank 1) onto e,. The proof will show

that if E is a projection of finite rank such that E,=F (i.e., ey&ran E), then
|UE—EUE| =1.

Put D=UE—EUE=(l —E)UE. Clearly |D|=1; the problem is to prove
the reverse inequality. Observe that D*D=EU*(1—E)-(1—E)UE=EU*UE—
EU*EUE=E—(EUE)X(EUE). The finite-dimensional space ran E reduces
both E and EUE, and on its orthogonal complement both those operators vanish.
It follows that if T is the restriction of EUE to ran E, then [D*D| ={1—-T*T};
the symbol “1”” here refers, of course, to the identity operator on ran E.

Now use the assumption that e, €ran E and observe that THe,=EU*Ee,=
=EU%*e,=0. Since T™ is an operator on a finite-dimensional space and has a non-
trivial kernel, the same is true of T*T. (The falsity of this implication on infinite-

" dimensional spaces is shown by U itself.) If fis a unit vector in ker T*7, then
(1 = T*T)f|| =1, and therefore |1 — T*T|| = 1; the proof of the theorem is complete.

Section 3

It is not difficult. to see that a polynomial in a quasitriangular operator is
quasitriangular. Suppose indeed that {E,} is a sequence of projections such that
|AE,— E,AE,]| —0, and let p be a polynomial. Since AE,—~E,AE, is linear in A,
it is sufficient to prove the assertion for monomials, p(z) =z*, and that can be done
by induction. The case k=1 is covered by the hypothesis. (Note icidentally that
constant terms can come and go with impunity: (4+A)E,—E,(A+A)E,=AE,—
E,AE,.) The induction step from k to k+1 is implied by the identity:

(1 _En)Ak+1En = ((1 —En)Ak+1En - (l - En)AEnAkEn) +(1 _En)AEnAkEn=

=(1—-E)A((l-E,)A*E,)+((1—E,)AE,)A*E,.
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W. B. ARVESON has proved that an operator similar to a quasitriangular one is
also quasitriangular. The result of the preceding paragraph and ARVESON’s result are
closure properties of the set of all quasitriangular operators. The next two results
are of the same kind. ‘

Theorem 4. A countable direct sum of quasitriangular operators is quasi-
friangular.

Proof. Suppose that for each j(=1,2,3,...) AY is an operator and {E{}
is a sequence of projections of finite rank such that |[AVE{Y) — EWAWDED|| -0
as n—~oo. Write A=ADPAP@.... For each fixed k, find n, so that ||ADEY) —

—EVAVED|| < % when 1 =j=k and nzn,; write £, =E’®... 0 ER ©0000....

The E.’s are projections of ﬁmte rank. Since E,ﬂi) —1 as k> (strong topology)
for each j, it follows that

E(f @, @, f®, Ly~ (fO, 7@, 1@, )

whenever the vector (f(), f®, f®) % is finitely non-zero. The boundedness of
the sequence {E,} implies that E,—~1 (strong topology). Since |AE,—EAE,|=

S N 1
=max {|[AVEP — EDADED|: j=1, .., k} <l—]€ , the proof is complete.

Theorem 5. The set of quasitriangular operators is closed in the norm topology.

Proof. Suppose that A4, is quasitriangular and || A4, — 4| —~0. Given & positive
number ¢ and a projection E, of finite rank, find n, so that [4—A4, | <¢/3, and
then find a projection £ of finite rank such that E;=FE and |4, E— EA, E|| <¢/3.
It follows that |AE— EAE| =|AE— A, E| + || A, ,E—EA, E| + | EA,,E— EAE| <e.

Theorem 4 implies (and it is obvious anyway) that (on a separable Hilbert
space, as always) every diagonal operator is quasitriangular. Since every normal
operator is in the closure of the set of diagonal operators, Theorem 5 implies that
- every normal operator is quasitriangular.

A similar application of Theorem 5 shows that every compact operator is
quasitriangular; what is needed is the easy observation that every operator of finite
rank is quasitriangular. For compact operators, however, more is true; not only
does there exist a well behaved sequence of projections, but in fact all “large”
sequences are well behaved. That is: if 4 is compact and if {E,} is a sequence of
projections such that E, -1 (strong topology), then ||4E, — E,AE,| 0. The following .
formulation in terms of the directed set of projections of finite rank is more elegant;
the assertion is that lim inf can be replaced by lim,

Lemma 2. If A is compact, then ém} |AE — EAE| =
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Proof. Given a positive number ¢, find an operator F of finite rank such that
|A — F| <g/2, and then find a projection E, of finite rank such that FE,=E,F=F.
If E is a projection of finite rank such that F, = E, then

|AE ~ EAE| = | AE — FE| + | FE — EFE|| + || EFE — EAE| <.

Lemma 2 implies that an operator of the form 4 + K, where A is quasitriangular
and K is compact, is quasitriangular; in particular so is every operator of the form
N+ K, where N is normal and K is compact.

Still other quasitriangular operators of interest have arisen in the various
generalizations of the Aronszajn—Smith theorem on invariant subspaces of compact
operators. Thus, for instance, a crucial step in the treatment of polynomially compact
operators [5] is the proof that every polynomially compact operator with a cyclic -
vector is quasitriangular. In their generalization of the invariant subspace theorem
for polynomially compact operators, ARVESON and FELDMAN [2] need and prove
the statement that every quasinilpotent operator with a cyclic vector is quasitriangular.

Section 4

Quasitriangular operators first arose in connection with the invariant subspace
problem, but their status in that connection is still not settled.

Question 1. Does every quasitriangular operator have a non-trivial invariant
subspace ?

Experience with compact and polynomially compact operators suggests that
the answer to Question 1 is yes. On the other hand, if the answer is yes, then it follows
that every quasinilpotent operator has a non-trivial invariant subspace. Since it
is a not unreasonable guess that the general invariant subspace question is equivalent
to the one for quasinilpotent operators, and since the answer to the general invariant
subspacé question is more likely no than yes, the compact and polynomlally compact
experience comes under suspicion.

PETER ROSENTHAL suggested a more concrete way of connecting Question 1
with quasinilpotent operators. It is quite a reasonable conjecture that the spectrum of
every unicellular operator is a singleton. (An operator is unicellular if its lattice
of invariant subspaces is a chain.) Every transitive operator is obviously unicellular.
(An operator is traansitive if it has no non-trivial invariant subspaces.) The truth of-
the conjecture would imply therefore that, except for an additive scalar, every
transitive operator is quasinilpotent, and hence, once again, an affirmative answer
to Question 1 would imply an affirmative answer to the general invariant subspace
question.
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Question 2. If the direct sum of. two operators is quasztrzangular are both
summands quasitriangular?

This question is due to CARL PEARCY. He has proved that if 4@®0 is quasi-
triangular, then 4 must be, but the general case is open. An interesting related
question concerns the unilateral shift U: is U@ U* quasitriangular? If the answer

-to Question 2 is yes, then the answer to this question about U must be no. What
is known, as a special case of PEARCY’s result, is that U0 is not quasitriangular.

Question 3. Is it true for every operaifor that either it or its adjoint is quasi-
triangular ?

The only example presented above of an operator that is not quasitriangular
is the unilateral shift U; a glance at the matrix of U proves that U* is quasitriangular.
If the answer to Question 3 is yes, then Question 1 is equivalent to the general in-
variant subspace question. Since U@ U* is. unitarily equivalent to its own adjoint,
it follows that an affirmative answer to Question 3 would imply that U& U* is quasi-
triangular, and, therefore, that the answer to Question 2 is no. There are other
Jinteresting and unknown special cases of Question 3. Thus, for instance, by an
improvement of the argument that proved that U is not quasitriangular, PEARCY .
has obtained a large class of operators that are not quasitriangular; one of them
is 3U + U*. It is not known whether the adjoint of that operator is quasitriangular.
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