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To Professor L. Rédei on his seventieth birthday -

In her papers [3], [4], M. ERDELY! has studied systems of equations over non-
commutative groups. Although her results were achieved in a group theoretical
way, analogous statements can be proved for semigroups too. Namely we are going
to characterize compatible systems of equations over semigroups and give a criterion
for a semigroup to be n-algebraically closed. Moreover, we present simple de-
scriptions for algebraically closed and weakly algebraically closed semigroups.

For the notions and notations of this paper not defined here, see CLIFFORD—
PrResTON [2].

1. Preliminaries. Let S be an arbitrary semigroup, and X={x,: y€Il'} a set
of symbols which will be fixed in the sequel. Any relation on the free product
S+ Fy, where Fy denotes the free semigroup on X, will be called a system of
equations over S with unknowns from X. Systems of equations will be denoted by
small Greek letters or they are given in the form

) Li(x) = galxy)) (A€4, yeD).

More exactly, let (1) be the detailed description of a system ¢ of equations over §
in that case if for all A€ 4, fi(x,) and g;(x,) are elements of S* %y, and any pair
of elements (i, v) with u, v€ S F, belongs to ¢ if and only if there exists a 1€ 4
such that u=f,(x,) and v=g,(x,).

Let T be a semigroup containing S. We call the system {r,: y€I'} a solution
of (1), if for each 1€ A we have z, €T and fy(z,)=g,(t,)- A system g of equations
over S will be said to be compatible (strongly compatible) if there exists a semigroup
containing S (containing S as an ideal), in which ¢ has a solution. ‘

A semigroup S will be called algebraically closed (weakly algebraically closed)
if every compatible (strongly compatible) system of equations over S has a solution in
S. Furthermore, let nt be an arbitrary infinite cardinal. We say that S is n-algebraically
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closed if every compatible system of equations over S consisting of fewer equations
‘than n has a solution in S. .

A subsemigroup S of a semigroup T will be called a retract of T if there exists
an idempotent endomorphism of T onto S (cf. [1]). A semigroup T'is a pure extension
of its subsemigroup S if every system of equations over S which has a solution
in T has a solution in S, too. It is clear from the definitions above that a semigroup
S is algebraically closed if and only if any semigroup T containing S is a pure
extension of S.

Let S be a subsemigroup of T and ¢ a congruence on T. If for any s, 5,€ S,
5y =5,(¢) implies 5, =5, then we say that ¢ separates S.

Since a relation on a set M is a subset of M X M, we may speak of the power
of a relation. Let T be a semigroup and ¢ a congruence on 7. We say that ¢ is an
n-congruence if there exists a relation with cardinality n on 7" which generates o.
Let now S be a subsemigroup of the semigroup T and let #,€ T (y€I') be elements,
such that SU{¢,: y€I'} generates T. In this case we say that {t,: yeI'} generates
T over S. Using the notation X={x,: y€I}, there exists a homomorphism ¢
of S* %y onto T such that for all s€.S, sp=s and for all y€r, x,¢=t, hold. If
the congruence ¢, on %%y corresponding to ¢is an w-congruence, then we say
that T is an n-extension of S. Naturally, it is possible that 7 is an n-extension and
an m-extension of S with distinct cardinals n and nt. ¢ and ¢, will be called the
canonical homomorphism and canonical congruence for {t,: y€I'}, respectively.

2. Results. The following theorem which characterizes the compatible systems
of equations, is an analogue of some earlier results for modules, rings and groups
(cf. 5], [6]), [9] and the Lemma in [4]).

Theorem 1. A system ¢, of equations given by (l):over a semigroup S s
compatible if and only if the congruence ¢ on Sx% y generated by g, separates S.

Proof. Let g, be compatible. We may suppose without loss of generality
that gq is reflexive and symmetric. Let now s, € S and s=1#(g). We have to prove
that s=¢. In accordance with Theorem 1.8 in [2] there exist a natural number
n and elements s,=s, 5y, ..., 5, =1 in S*Fyx such that for any j(1=j=n) the
following assertion holds: there exists a A;€A and elements h;, k;E(S*Fy)
for which the equalities s;_; =h;-f; (x,) k;, s;=h;g; (x,)-k; are fulfilled.

Let now T be a semigroup containing S in which ¢, has a solution and let
{t,: y€I'} be such a solution. We may assume that {t,: y€I'} generates T over S.
Denote by ¢ the canonical homomorphism for {f,: y€I'}; then for any A€ 4,
by the definitions of ¢ and the 1’s, f,(x,)0 =/fi(x,0)=/fi(t,) =g:(t,) =g:(x,0) =
=g,(x,)p holds. Hence for j=1,...,n, we have sj_lgor-hjga-ﬁlj(xy)qa-qup:
=hjp-8.,(x)0-kjp=s;¢ and thus s=sp=s50=5,0=..=s5,0=tp=L1
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In order to prove the sufficiency let y denote the natural homomorphism of
S* Fy upon S Zy/o. Since o separates S, x is an embedding of S into S* ZFx/o.
On the other hand, {x,x: y€TI'} is a solution of g, in S*Fx/e. Indeed, for any
A€, we have f,0x,1)=f(x,)1=28i(x,)x=28:(x,x). Hence g, is compatible.

Our next aim is to give a description of the algebraically closed and weakly
algebraically closed semigroups. To this purpose first we prove a preparatory

Lemma. Let S be a subsemigroup of a semigroup T. S is a retract of T if
and only if T is a pure extension of S (cf. Theorem 1 in [4]).

Proof. Let ¢ be an idempotent endomorphism of T onto S, and let (1) be
a system of equations over S which has a solution h,(y€I) in T. Then h,p(ycr)
is also a solution of (1). Indeed, for any A€ A, f(h,@)=/fi(h,)o = g.(h,)p =g,(1,0)
holds. Thus (1) has a solution in S too.

Conversely, suppose that T is a pure extension of S. Denote by t,(y€r) the
elements of T\ S. Then {t,: y€I'} generates T over S, and let ¢ be the canonical
homomorphism for {#,: y€I'}. The corresponding canonical congruence ¢, is
a system of equations over .S, which has a solution in T, namely {¢,: y€I'}. Indeed,
if filx,)=gi(x,)(@1) then fi(t,)=1i0x,0) =f1(x,)0 =8gi(x,)p =g:(%,0) =g:(1,). In
view of the purity of T it follows that ¢, has a solution in S as well. Denote by
{s,: €T} this solution. We now show that the mapping ¢ of T onto S defined by
the equations t,0=s, for all y€I' and so =y for all s€ S, is an idempotent endo-
morphism of T onto S. It is obvious that ¢ is an idempotent mapping of T onto §.
Let us consider the elements u,v, w€T and let wu;=u,(x,), v;=v,(x,), w =
=w(x,)ESxFy satisfying w,¢o=u, v;p=v, w,o=w. Suppose that u-v=w.
Then (u, v,)p=u ¢+ v, @ =u-v=w=w;@, whence uv, =w,(¢@,) thatis the equation-
uy(x,)-v4(x,)=w;(x,) belongs to the system ¢, of equations. Hence wug-vo=
=1y (%,)00 - v (x,)0p0 = u, (5,)v,(s,) = wy(s,) =w,(x,)po = wa = (u- v)s. Thus ¢ is homo-
morphic.

We now prove that there exists only trivial algebraically closed semigroups,
and .give a simple characterization for weakly algebraically closed semigroups.

Theorem 2. The unique algebraically closed semigroup is the one element
semigroup (cf. Theorem 3 in [4]).

Proof. Let S be an algebraically closed semigroup. Then S° is a pure exten-
sion of S. By our Lemma, S° admits an idempotent endomorphism ¢ onto S.
Then O¢ is a zero element of S.

By a theorem of Bruck ([2], Theorem 8. 45.), S can be embedded into a semi-
group T without proper ideals. By Lemma of this paper, T admits an idempotent
endomorphism ¥ onto S. Let T,={t€T: ty =0¢}. For any t,€T; and t€T, we
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have (to0)Y = (to¥)(ty) = (0@) (1) =0¢, hence tyt€T, and similarly ¢,¢7T. Thus
T, is an ideal of T, whence T,=1T follows. Consequently #y =0¢ holds for all
t€T and, since ¥ is onto, S consists of the single element Op.

Theorem 3. A semigroup is weakly algebraically closed if and only if it has
an identity element (cf. Theorem 5 in [3]).

Proof. Let S be weakly algebraically closed. Adjoining an identity element 1
to S, we get a semigroup T containing S as an ideal. Then T is a pure extension
of S. By the Lemma, T has an idempotent endomorphism ¢ onto S. It is obvious
that lg is an identity element of S.

Suppose now that S is a semigroup with identity 1. Let T be a semigroup
containing S as an ideal. We have to prove that T is a pure extension of S. By the
Lemma, it is sufficient to prove that S is a retract of 7. Define the mapping ¢ of T
into itself in the following manner: tp =t1 for every t€ T. It is clear that ¢ maps
T onto S, and the elements of .S are invariant under ¢. Furthermore, let ¢; and ¢,
be any elements of T. Then (t;t,)p=(t;1;)1=1,(t,1)=1,(1{t,1))=(t,1)(t,1)
=(t;0)(t,0). Thus ¢ is an idempotent endomorphism of 7 onto S, that is, S is
a retract of 7.

M. ErDELYI proved in [3] that a group is weakly algebraically closed if and
only if it is complete. A similar parallelism between rings with identity element
and complete groups has been discovered by J. SZENDREI [8]. '

Finally, we characterize n-algebraically closed semigroups. Note that for any
infinite n, there exist non-trivial n-algebraically closed semigroups. The stronger
fact that any semigroup can be embedded into an. n-algebraically closed one can
easily be proved, by the method of W. R. Scorr [7].

Theorem 4. A semigroup is n-algebraically closed if and only if it is a retract
of any of its m-extensions for all m <n (cf. Theorem 2 in [4]).

Proof. Suppose that S is a semigroup which satisfies the condition in the
theorem. Let

@ L) =gy,) (Ae4, yel)

- be a compatible system of equations over S with [A] = m<u, and denote by Y
the set {y,: y€TI}. In virtue of Theorem I the m-congruence Y on S# %, generated
by the relation (2) separates S. Hence the natural homomorphism y of S% %,
upon S*ZF,/ induces an isomorphism of S into S % /. Thus, in the sequel
we may use S={sy:s€S} instead of S.

~ We shall show that S% % y/y is an m-extension of 5. Observe that {y,y:y€Il'}
generates S%%y/yy over S. Consider the canonical homomorphism ¢ and the
canonical congruence ¢, for {y,y:y€T'}. From f(x,) =g(x,)(¢,), f(x,), g(x,)€§*Fy
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it follows f(y,)x =f(yy1) =f(x,)0 = g(x,)0 =8(»,1) =8(y,), that is f(3,) =2(3)¥).
and vice versa. Thus ¢, is an m-congruence. Therefore, S is a retract of S*ZF /Y
and, by the Lemma, S* %,/ .is a pure extension of §. Since (2) obviously has
a solution in S* Fy/Y namely y,x(y€TI), (2) has a solution in S too, and thus, S
is mn-algebraically closed.

On the other hand, let S be n-algebraically closed. We shall show that any
m-extension T of § (m-<n) has an idempotent endomorphism onto S. Consider
a set of elements {t,: y€I'} generating T over S, such that the canonical congruence
@, for {t,: y€I'}is an m-congruence, that is, there exists a relation ¢ of cardinality
mon S* %y generating ¢,. We may assume that ¢ has the form (1). Then for all
2€ A, the canonical homomorphism ¢ for {t,:y€I'} satisfies fi(x,)o =gi(x,)0,
whence f3(z,) =g.(t,). Thus the system ¢ consisting of m(<mn) equations has a
solution in T, namely {t,: y€I'}. Since S is n-algebraically closed, ¢ has a solution
in S as well, which will be denoted by {s,: y€TI'}. ‘

Now define the correspondence ¢ of T into itself by the rule: for arbitrary
fx)eS*Fx let f(t)o=f(s,). If f(2,) is equal to g(t,), then f(x,) and g(x,) are
congruent under ¢, and, now applying Theorem 1. 8 of [2] (as in the proof of our
Theorem 1) we get f(s,) =g(s,). Hence o is a mapping which is obviously a homo-
morphism of T onto S. The idempotency of ¢ is also trivial. This completes the proof.

Theorems 1 and 4, and the Lemma may be formulated and proved for any
equationally definable class of algebraic systems (instead of semigroups) in an anal-
ogous way. Theorem 2 permits no such generalization. Indeed, in the class of all
abelian groups, satisfying the identity xP=1 (p prime), every group is algebraically
closed. = '
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