Unitary dilations and coisometric extensions

By JAMES A. DEDDENS in Ann Arbor (Michigan, U.S.A.) *)

Let $ be a complex Hilbert space, and let B(%) denote the algebra of bounded
linear operators on $. For a subspace M H, let Py, denote the projection of
onto M. If S is a commutative semigroup with identity O, then we say that
T ={T(g): g€ S} is a semigroup of operators on H if T(g)eB(H), T(0)=1, and
T(g,+g;) = T(g)T(g,) forall g,, g,€S. We write 7*={T(g)*: g€ S}." A semi-
group @ of operators on 859 is called a dilation of T if T(g):PﬁD(g){.Sj for
all g€ S, while 2 is called an extension of 7 if T(g)=D(g)|9 for all gE_S; here
$ must be invariant for D(g).

We first prove a theorem relating unitary dilations and coxsometnc extensions. The
proof is an extension of a proof by Sz.-NAGy—FoiAs [3, p. 12] for the semigroup
S=2Z+ (the additive semigroup of non-negative integers), and uses the following
theorem of [To [2): Every isometric semigroup has a unitary extension.

Theorem 1. A semigroup T ={T(g): g€ S} of operarors on 55 has a unitary
dilation if and only if it has a coisometric extension.

Proof. Let ¥™* on &, 9 be a coisometric extension of & . By [T0’s theorem ‘
¥ has a unitary extension %* on &, >%,. But V(g) U(g)*|t, implies V(g)*=
=Py U(g)*|K,. Hence

T(g) =V(®)'9 = Ps(Pa,U(g)]ﬁl)liv = P5U(g)[9.
So % is a unitary dilation of
Conversely, let Z on 8,59 be a unitary dilation of 7. Define ¥~ on

], = V U@'s

by o V= U(g)*ml,
K] is mvanant for %* and includes . Hence

T(g) = PsU(R)s = Ps(Ps, UIK1)[$ = PsV(g) 9.

*) This paper is part of the author's doctoral thesis, written under the dlrecnon of Dr. Peter
Filimore at Indiana University.
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In order to prove that¥™ is an extension of 7 we need only show that §is invariant
for¥™*. Let Q be the projection_ohto K,09. If x€9, then

V(g)x = T(g)*x+(V(g)—T(g)*)x.

Hence T
- OV (g)x = (V(g)—T(g)*)x.
Since

V(ig)(V(g)~ T(g)*) = (V(g, +8)—T(g, +8)%) - (V(gl) T(g)MT(g)*

and because

K,69 =,Qﬁl =V oV(®)$ =V (V(g)— T(g)*)ﬁ,
: gES - ges :

K], éé} is invariant for ¥”, or equivalently, $ is invariant for ¥™*.°

For a set A, we now consider the special semigroup

S=ZtMN= {ﬁnltely non-zero functions from 4 to Z*}.

For g€ S, supp (g)={weA: g(w)=0)} is a finite set. For v a finite subset of 4,
let X.,GS be deﬁned by:

x(@)=1 if wecv, and =0 otherwise,

and let |o|= the number of elements of v. If 7 ={T(g):g€ S} is a semigroup
of operators, we write 7T, 'T(x(w)) for weA. We say that I is a *-commuting
semigroup of operators, if T, Ty=T3T, for all w, A1€4, w=A.

Our next theorem relates a particular kind of finitary dilation to an extension
to a particular kind of coisometric semigroup. The former is called a Sz.-Nagy--
Brehmer dilation [1] or a regular dilation [3] in the literature. It is natural to call
the latter a *-commuting coisometric extension. '

Theorem 2. If J is a semigroup of operators on H with S= Z“"’, then
“the following are equivalent:
(i) there exists a *-commuting coisometric exten.s'ton of T
. (ii) there exists a unitary dilation U of I~ satisfying

- T(g)* T(g,) = PyU(g2)U(g)*H -
for g1, 82 €8 with disjoint - supports ;
(iii) for all finite subsets F of 4, 2 DRI T = 0

'Proof. That (ij) and (iii) are equivalent is Theorem 9.1 in Sz.-NAGY and
Foias [3]. We will prove that (i) and (ii) are equivalent. '
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Let ¥'* be a *-commuting coisometric extension on &, o9 of 7. Then by
ITo’s theorem there exists a unitary extension #* on },D 8, of v. If 81> 8268
have disjoint supports, then -

T(g,)*T(g,) = PsV(g)|9-V(g)"1D = PsV(g)V(g2)"9
= PgV(g)*V(g)|® by *-commutativity
=Pg[Pq,U(g))|R;+ U(g)*|K,]|9 = PgU(gn) U(g)*|9,

so that % is a unitary dilation of Z satisfying (ii).
On the other hand,let Z on &, >H bea umtary dilation of 7, which satlsﬁes (11)
As in the proof of Theorem 1, if :

ORI 8= VU@'S and Vig) = UGS,
then A : . "
©) L T =TS

Thus ¥™* on &; 5 H is a coisometric extens10n of 7 Wé need only show that 7*
is a *-commuting semigroup. '
If g,, g2€ S have disjoint supports, then, by (ii) and (1),

3 » T(g1)* T(g,) = Py U(g;) U(g)'|9 = PssV(gz)* V(g1)|$j.
Also, by (2) ,

@) T(g,)*T(g;) = Pg,V(gl)lﬁ V(gz)*li) Py V(gl)V(gz)*ISB
Subtractmg (3) from (4) we obtain

® C P(V(g)V(e)* — V(e V(g))$ = 0,

for g,, g,€S with disjoint supports.
We claim that for all g€ S

© - PV (@) (VgD V(g2 — V(g F(g)l$ = 0.

We first remark that it is sufficient to prove (6) for g such that g and g; have disjoint
supports. (Note that V(g)*V(g,)=V(g")*V(g;) where g’ and g| have disjoint
supports. In fact take g" = g—min (g, g,) and g} = g, — min(g, g;).) Let g€ S
" be such that supp(g) is disjoint from supp (gl) Then supp (g+g,) is disjoint
from supp (gl) so that (5) implies

Q) Py(V(g)V(g+g)*—V(g+g)*V(g))l$ = O,
and o : . :
® ' P(V(g)V(g)* —V(g)*V(g))lp = 0. -

_ Muitiplying in (8) by V(gz)*lﬁ from the right, and subtracting from (7), we obtain (6).
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Since ¥* acts on

8 = g\g/sV(g)ﬁ
and since Py o= V(g)PS,V(g)*_, (6) implies
O (MR - V@)V E))$ = O;

for g,, g, €S with disjoint supports.
- We now claim that for all g€ S

o) VeV (g — V(@) VE)V(E$ = 0.

As above we need only prove (10) for g€ S such that g and g havc d1s101nt supports.
We use (9) to obtam

an - (Vg +2)V (g2 — V() V(g +2))I9 = 0,
and ' ] . T
(12) - V@V (@) — V(&) V(g)$ = 0.

Multlplylng in (12) by V(g,) from the left and substractmg from (11) we obtain (10)
But (10) implies
V(gl)V(gz)f - V(gz)* Vig 1) =0,

for g, g,€S ‘with disjoint supports. In particular for g; =) §2=xx with
@, A€A, @2 Thus ¥™* is a *-commuting coisometric semigroup.
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