‘On generahzed absolute Cesaro summability
of orthogonal series

By ISTVAN SZALAY in Szeged

As usual we denote by ¢ the nth Cesaro means of order « of a series Za,.
The following definition is due to FLETT [1]: A series Za, is said to be |C, a, y|,.
summable, where x = | and o > — 1, if the series Zn****~!|¢!® — ¢ " is convergent.

We prove the following theorems: -

“Theorem 1. Let o« > %, 0=y<1, 1 =x=2. The condition

) oo 2m+1 ®/2 -
M Zﬂ 2 Wﬁ}<m

m=0 n=2"+4+1

is necessary and suffcient that for any orthonormal system {@,(x)} on (0, 1) the series

® | 2, @,04()
be summable |C, o, y|, almost everywhere in (0, I).

This theorem reduces for o > 1, y=0and ¥ =1 to a theorem of LEINDLER [2]
which in turn contains a theorem of TANDORI [3], case a =1, y=0, x=1.
The sequence of ideas of our proof is similar to that of LEINDLER.

Theorem 2. Let 0§y%l and 1=x=2. Then the conditions

oo 2m+l x/z ]
Z { 2 n2g? logn} < oo [for o= —]
m=0 ln=2"+41 2
and

s 2m31 -x/2 l
Z{ 2, n‘”y‘z“af} <o [foi‘ —1<ac<—]
m=0 \n=2m+1 2

are sufficient that the series (2) be summable |C, &, 7l for any orthonormal systems
{0, ()} in (0, 1), almost everywhere in (0, 1).

In the special case =0 »x =1 this theorem was proved by LEINDLER ([2], p.
253). The proof is-similar to the proof of Theorem 1, so we omit it.

4%
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It is of some interest to remark the following corollary to Theorems 1 and 2
and to a theorem of FLETT (see [1], p. 359).

Corollary. Let 0=y<1 and x=2. The series Q) is |C, o, y|, summable for
any orthonormal system {¢,(x)} almost everywhere in (0, 1) in each of the following
three cases: '

. : 1 -
) cx>l———; and D n?a? < oo,

n=0

1 z
(i) « :'1_—;, and D n*allogn <o,

n=1

("?ii) a%ﬁ%—%——% [—l<[}<%] and

oo

D n' Mgl <o) 0=y < min(l, 1+ﬁ)

n=0

Proof of Theorem 1. Let A = [””:“] Then we have:

(a) i
3) 0<e@=" @  (m=0, a=-1),
Q) AR =0 (m=0, a>-1),
and
(5) AL > AD (m=0, a=0),
where ¢, («) and ¢, (a) are independent of m. (See ZyGMUND [4], p. 77.) We define
L'Saz' — r(la-f?l—v A:Sa—)v _ Argu—)v vo

AD AW T A nrl—v)(n+1+a)
From (3), (4) and (5) it easily follows that for anyn=1,2,...; v=0,1,...,n1a >—1,
a=0:

— )1
© 0<4m9i%¥fl§4mfd()

and

(n+ I —v) 1y
1+l
sgn L, = sgna,

‘where d, (¢) and d(a) .are independent of n. :

First'we prove the necessity of condition (1). Without loss of generality we may
assume that @y, =a, =0 and a, 0 for n =2. We define by induction a special ortho-
normal system of step functions {x,(x)} (#=0,1,...) in (0, 1). Let

Xn(x)zrn(x) (”:0, l, 2).1)

1) r(x) = sign sin 2"zx the n-th Rademacher function.
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Let s(=1) be any natural number. Suppose that the step functions y,(x)
(n=0, 1, ..., 2°) have been defined such that {y,(x)} (n =0, ..., 2°) is a H-type system
ie. 1,(X) 1. (x)=0 far any x€(0, 1), if 2*<n,m=2""' nzm and k =0,1, ...

.»§—1: Then the interval (0, I) can be dissected into subintervals J, (1 =¢=g,)
such that on any J, every z,(x) (n=0, 1, ..., 2%) is constant. We define the following

sequence
k

Qém) =0 and ngm) AAIV Zaz'"-l-n . (k: L. 2"'),
n=1

am+t #/2
where A4,, = { > af} (m=0,1,..)). Now we dissect every interval J,=(u,, v,)

n=2m41
into 2° intervals as follows:

L(s,J ) = WP, v),
where

uP = u,+pJ)ef2, and o = u,+p(J,)od k=1,...,29. %)

Then we .define
1/x Os

ook 00 = 22 S (53 (5 49)-)

254k o=

These functions y,(x) (2° =n §2‘+‘) are step functions and

1

/x§s+k(X)dX~ : Z r2(x; (s, J)) dx =
) 2-‘+kQ

0

A G, &
=32 ZW“(Ja)z Q;lv /) = 1.

A2st1ko=1

From the definition it is clear that the functions y,(x) (=0, 1, ..., 25+1) give rise
to an orthonormal system on (0, 1) and for every x€(0, 1) we have

Xn(x)lm(x)': (U (2 <n, m<2’+1 OS[Ss)
Hence, by induction, we get an infinite H-type system.

2) u denotes Lebesgue measure.
3) If I(u, v) is a finite interval and A(x) is a function defined on (0, 1), then

<h x—u if
h(x;l)={ v—uj)’ fou=x=v
0, otherwise.

1t is clear that fh(\' Ddx = p(l)fh(x)dx

"
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We consider the series
) . 20 @, 1 (X)-

Denote 6@ the n-th (C, «) means of series (7). Let us assume that the series (2) for
any orthonormal system is |C, «, y|, summable almost everywhere in (0, 1). Then
we have

2w G (x) = 60, ()] < oo

n=1

almost: everywhere in (0, 1).

Let &€ = min {1; 277 +3*+3) g¥(4) d*(a)}, where d,(x) and d,(«) are the same
constants as in (6). By the Egorov theorem there exists a measurable set £ with
#(E) = 1 —¢ and a positive constant K such that for every x¢ E

‘zl’ rrEE=1 l6r(ra)(x)__6l(l¢z—$l(x)lx <K
e

Hence

.é/‘nx}%x—lI&,Sa)(x)_&'(la_—ll)(x)lx = Kﬂ(E)

Let m and n be integers such that 2" <p=2""1 Then we put

2t+1t

R(cimm= >

v=214

L®a,x,(x) ~ (=0,1,...,m—1),
1 .

n
1 ) :
Rm(X; m, i’I) = Z LIS;.z’ava(x)’ Rm+1(X; m, n)‘: Wan+1th+1(x)'
v=2"+1 n+1
These functions R;(x;m,n) ({l = 0,1, ..., m+1) satisfy the conditions of the fol-
lowing

Lemma. (LEINDLER [2]) Let {R,(x)} (n=1,2,...) be a system of step Sfunctions
defined on (0, 1). Denote J,(n) (n=1,2,...; s=1,2,...,s,) the intervals on which
R,(x) is constant. If for every m=>n

fsignR,,,(x)dx=0 s=1,...,5,),

Js(m)

then for any sequence of numbers d, ..., dy there exists a set E, of subintervals such
that for any x€ E;, '

N
1_21 dR(%)| = ldy xRy« ()] (k=0,1,...,N~1)
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and

p(ENJ(N—k—1)) = (N~ k_vl))

2k+1

(k=0,1, ... N—1; s=1,2, ..., sy_x_13 J,(0)=(0, 1)).

We use this lemma in case N = m+1 and k=3. The suitable set £, will be
denoted by E;(m, n). Then we have:

oo

(8)‘ | > fn”Y+"_l|5.(.’)(x)~6,§°91(x)l"dx =

n=23+1

2m+l\

= Zm' Z nxy+x—1

4
dx =
m=3 n=2"+1

1
2 L®a,x,(x) +A(—a)1an+11n+ 1 (x)
n+ R

2am+1

.
=3 3 e |
m=3 n=2"+1
. E

oo 2-+1
L= D vt / IR, _ o (x;m,n)|*dx =

ENE3(m, n)

' oo 2m+l .
= 2 [ /— f JIR,,,,Z(x'; m,m)f*dx = §
m=3 p=2m41 .

E3(m,n) Es(m,n)—Es(m, n)NE
By the lemma we have:

m+1

Z Ry(x; m, n)

dx =

2m-— 1 x
'/!Rm—Z(x;m’ n|*dx = f , Z L,E"’va ()| dx =
v 2mi
E3(in, m) Es(m, )
am-1
= | 2 WErahmrds=
Es(m, 'l)
2m-? em-2 y
o= 2 L( ,2m- 2+k) a2m 2+k2 ___x"’;zdxé
k=1 azm—2+k
E3(m, N1, (m~2,Je)
-2 em-2
ully(m—-2,J7,)
= Z (L) A 22 Lc_____)z
2m=2 Om -2 a
m-2
Z (Ln 2m= 2+k) Am 2 2 2 2/x+k ) =
-1 Am 2 ’
1 2m-1

=57 2 (L@yAl3xad.

y=2m-241
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In order to estimate the sepond integral in (8) we apply the Hélder inequality:

2 x/Z
dx] =

2'" -1
L‘“va % (%)

y=2m-2 +1

2—3 2m-1 %2
= 2 [ 2 (L,s:‘z)%z&] ;

2—x
: IRm—Z(x;m’ n)]”dx =¢ 2 [
[}

Es(m, n)—E3s(m,m)NE

v=2'"‘2+1

Thus, by a standard computation, we obtain that

2m+ 1

Zm' Z nxy+x—1;

m=3 n=2M41

am-=1 . 2—x am—1 : x/2
{2 2 LEy it —e [ 2 Lmvas] }z
y=2m-241 ) v=2m=241

||V

2m-1

' R 1__ yll—l x
= D 27*dr@Anzir 2 rz’f”"“[—-~~-—-(n+ a+‘1) v] -

m=3 y=2m=-241 n

8

o 2m+1 22 2m-1 e—1,)2 Y2
Z > m***dl(a)w[ 2 [(’i—)—]a] =

=27 =amo24q

oo 2»[+1 x/Z
= dlx(a)z—(6+x+2xa—xy) Z{ 2 VZyae} ,
' =1 lv=2m+1
ie. the necessity of condition (1) is proved.
Next we prove that condition (1) is also sufficient. We suppose, as we may do
without loss of generality, that a, =a, =0. Applying (3), (6), and the Hélder inequality

we have:
1

any+x—1/la(a)(x) O.(a) (x)lxdx§
n=3 X

0
1

P 2m+1 . #/2
=0 > 2 n"”""‘[flaﬁﬂl(x)—a,ﬁ”(X)ldeJ =

m=0n=2"+41
o

o 2me1 ) n ”/2
1.
l) —EO 2xm(}’+i~) [ E [ E (l'(lal’)za?. ( (a) )2 an+ l]] _

=2m4 )

2m+1 n 20—2 ®[2 .
(nt1—v)7? vai| +
n2a+2 v

= 0(l) Z’ 2xm(y+-i-)[
m=0

n=2"+1v=0

2m+l+1
az

' =3 n/2 '
+O(1) 2 2o [_2 W] =0()(Z 1+ ).
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A standard computation shows that

[iA

22+ 2
m=0 n=2m41 =0 v=2f+1 . n

Sem 2ret o min 1) _N2a-2,2 ,2)%/2
21§0(1)22xm(y+%)[ > > > (n+1—v) v av]

2m+1 m min (21+1 n)

e ’ xf2
= 0(]) Z [zm(ZV—l—Za) Z 2 Z (”+1_V)2a~2v2a3] -
m=0 ’

n=2"M411=0 v=2i41

m 2041 2m+1

oo . x/2
]) 2 [2m(2y— 1-2a) Z 2 v2a§ Z (n+ 1 — v)Za-—Z] -
m=0

1=0v=2141 n=max (24 1,v)

) m 2'+l /2
éO(l)Z[ZZ"‘"‘” vza%] =
‘ m =0 v=2441
o 20+t %[2 oo oo 20+1 /2.
§0(1>22*'[ 2> ae] 22'""“*”=0<1)2[ 2 ]
=0 v=214+1 m=l 1=0 =20+1
and ' ' : '
. oo am+l az k/Z oo
22§0(1)22“'"‘“*’[ > n;;] +0(1) Z 2mem=Dag,, =
m=0 n=2"41
am+1 x/ 2m+l x/z
0(1)2[22” 2> a&] omZ[ 2 n a&] :
m n=2M41 ) m n=2m41

By the Beppo Levi theorem our proof is complete.
1
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