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Introduction 

K . T A N D O R I [3] gave an elementary proof to the statement of A . N . K O L M O -

GOROFF [1] that there exists a square integrable function whose Fourier series can 
be rearranged so as to diverge almost everywhere. He [4] also proved the following 
theorem: 

T h e o r e m A. If (o(/;)} is a sequence of positive numbers with 

(1) e(n) = o ( / i o g l o g « ) , 

then there exists a sequence {c„} with Zc2g2 (n) < oo such that the Walsh series Icn wn(x) 
diverges almost everywhere in (0, 1) in a certain rearrangement of its terms. 

Afterwards F . M Ó R I C Z [2] showed a generalization of [3] which can be considered 
as a trigonometric series analogue of Theorem A. That is: 

T h e o r e m B. Suppose (I). Then there exists a square integrable function whose 
Fourier series I(an cos nx + bn sin nx) is such that 

(2) ¿(*2
n+b2

n)e2(»)^~> 
n= 1 

and which can be rearranged into an everywhere divergent series. 

In the present paper we will sharpen Theorem B by refining the method of 
ist proof. 

T h e o r e m . If {£>(«)} is a sequence of positive numbers with 

(3) Q(n) = o(]/\^l), 

then there exists a square integrable function whose Fourier series fulfils (2) and which 
can be rearranged into an everywhere divergent series. 
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C o r o l l a r y . Suppose (3), then there exists a square integrable function whose 
Fourier series can be rearranged in such a way that the partial sums aN (x) of the re-
arranged series satisfy 

K O ) I , 
11m sup J———— > 0 everywhere. 

Q(N) 

The author should like to express his hearty thanks to Prof. G . S U N O U C H I 

for his valuable advice and encouragement in the preparation of this paper. 

Consider a set E = |J Jt satisfying Jir\Jj = Q(i and max | / , | =»0.2) 
i= 1 ' 

If each J j is an interval, then £ i s said to be simple, and we write E ^ S f . More generally, 
if each 7,- is either an interval or a point, then E is said to be generalized simple, 
and we write E ^ S f * . Suppose then for 0 < e - < m a x |/; |/2, we set 

where a ; and denote the left and right end points of respectively. It is obvious 
that E ^ i i f . 

For a function av cos vx + i>vsin vx 0) we call v its frequency. Two tri-
gonometric polynomials are called disjoint if they have no terms of the same fre-
quency. 

C , , C2, ••• denote positive absolute constants which will be common in several 
lemmas. 

L e m m a 1. Let E = \J J^Sf* be a subset of [~nl\2, t:I\2], 0 < e < m a x |J ; | /2 
i ' 

and 0 ^ 1 real numbers, and n a natural number such that n > CJeri — 1 (C, =n). 
Then there exists a non-negative trigonometric polynomial P (x) with frequences 6v 
( v = 0 , 1, ...,ri) such that 

§ 1. Lemmas 

m 

£M= [ j [ a ; + £,/?,--£] 
af>2e 

(7) PO) s 1 for x£E(c), 

(8) P(x)sn for x(E — " p r 

and 

J¡ denotes the closure of J,. 
2) |y,| denotes the Lebesgue measure of J¡. 
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We can verify Lemma 1 with the aid of the proof of the similar lemma in [2], 
so we omit its proof. 

L e m m a 2. Take the same, assumptions and notations as in Lemma 1, an let 
N ( i s 12n + 6) be a natural number divisible by 6. Furthermore set 

g , ( x ) = (cos Nx)P(x), 

(10) Q2(x) = -C3(cos 3x) (cos Nx)P(x) (C3 = 2 ^ 2 ), 

Q3(x) = — C4(cos 2Nx)P(x) (C4 = 3 + 4 / 2 ) . 

Then Qi(x), Q2(x) and Q3(x) are mutually disjoint trigonometric polynomials with 
frequences 3v having the following properties: 

(11) N~6n-3 s 3v S N+6n + 3 or 2N — 6n S 3v s 2N+6n; 

(12) \Ql(x) + Q2(x) + Q3(x)\*C5i, for x£ 
71 71 

"12 ' 12 

(C5 = l+C3 + C4); 

(13) f\Ql(x) + Q2(x) + Q3(x)\2dxsC6lE\ (C6 = C2(l + C | + C4
2)); 

— 71 

there exists a decomposition E = E2+ E2
 suc^ that 

(14) ¿e»w f°r ( / = 1'2'3)-

In addition if 

(15) ^ max - 2 e 

/i satisfied, then each £, contains an interval whose length is not smaller than n/3N 
and E^Sf* (1 = 1 ,2 ,3) . 

P r o o f . It is easy to see that the frequencies of the terms of C?i(*) a n d . g 3 ( x ) 
are divisible by 6, and those of Q2(x) divisible by 3 but not by 6. Moreover the fre-
quencies 3v of the terms of Q,(x) and Q2(x) satisfy the former inequalities of (11), 
and those of Q3(x) only the latter ones. (12) and (13) are shown by simple calcula-
tions using (8) and (9), respectively. And in virtue of (7), the following estimates 
hold: 

Q1{X) = ( c o s N X ) P ( X ) ^ J . \ = J 
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for 

x£E, = £ ( £ )n U 

for 

QI(X) + Q2(X) = (C3 cos 3x — 1) (—cos Nx)P(x) £ 

= U 

2kn + -

C3 

{ i l I 2 2 

M 2 k n + J K+y* 
Q> (x) + Q2(x) + 03 W £ 03(X) - \Q2(x)\-\Qt (,v)| > ^ - C 3 - 1 

for 

x£E3 = £ ( £ ) n U 

2 

Now let us set |/,o | = max and assume (15). Then in virtue of the definition 
of Et ( / = 1 , 2 , 3 ) , each E t C \ J ^ contains an interval whose length is not smaller 
than n/3N. This completes the proof of Lemma 2. 

L e m m a 2'. Let P(x) be a trigonometric polynomial with frequencies 3v (v SN), 
and /V ( = 6/J + 3) a natural number divisible by 3. Furthermore set 

(10') 

Ö, (X) = (cos Nx)P(x), 

Q2(X) = — C3(cos x) (cos Nx)P(x), 

Q3(x) = - C 4 (cos 2Nx)P(x). 

Then QI(x), Q2(X) and Q3(x) are mutually disjoint trigonometric polynomials with 
frequencies v having the following properties: 

( 1 1 ' ) 

(13') 

N-3n- 1 s v 2N+3n; 
71 71 

/ l ß i ( * ) + ß 2 ( * ) + ß 3 ( * ) | 2 « / * 3 i C 6 / P 2 ( x ) Ä ; 

/ o r eyer j set E( c [ — re/4,7r/4]) o« w/»c/i /'(.v) /.y positive, there exists a decomposition 
E = £•, + E2 + Ei such that 

(14') 

and 

(14" ) 

for xeE, (1= 1 ,2 ,3 ) 

Pix) for xeEt ( / = 1 , 2 , 3 ) . 

The proof of Lemma 2' is quite in an analogy to that of Lemma 2. 
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L e m m a 3. If 0 < Б л/6, then there exist mutually disjoint trigonometric 
polynomials R^ (x) and generalized simple sets 

Efp с [-к/12, л/12] (k = 1 ,2 , . . . , З г ; i = 0, 1, ...) 

with the following properties: 
(i) the frequencies occurring in Rf\x) (k = 1 ,2 , . . . ,3 ' ) are divisible by 3 and 

smaller than 6/¡(e) where 
У i(i-D 

(C7 = [ 1 2 8 C j C 5 ] + 1); 3 ) / , ( e ) = N l 8 

(¡i) J [ J 1 (x]\dx . C 8 [ c 8 = C 6 • ; 

(iii) the sets E^ (k = 1,2, ..., 3') corresponding to the same value of i are dis-
joint; 

(iv) set 
<0 3 ' 

£<" = (J Jj and v,(e) = Z si'\ 
j=i fc=1 

then v ¡(E) ^f¡(E); 
(v) set 

p . = L j l J L 
1 [ 1 2 ' 12 

then |F,| =S £ ( 1 - 1 / 2 ' ) ; 
(vi) the trigonometric polynomials R^(x) (k = \, ..., 3J; j = 0, . . . , / ) can be ar-

ranged into a sequence 

- U ¿ n k= 1 

(16) 

such that 

(17) 

U?(x), U?(x), ..., U<%(x) {h(j) = ( 3 i + l - l ) / 2 ) , 

* / 4 - 1 for xeE(0 
j= 1 4 

vv/7/i ml" not depending on the particular point x6 E^ (k= 1,2, ..., 3')-

P r o o f . Define JR(
1

0)(x) = 1 and £[ 0 ) = [-n/\2,71/12], then these satisfy (i)—(vi) 
trivially. Setting = ]/2i+2f(s) ( /SO) , >f0 = l and rjt = I/C54(3'" — 1) ( / S i ) , we: 
take natural numbers 

' C t 0 = o , 1 , . . . ) 

and 
Njp = ( 2 * - 1 ) ( 1 2 я , + 6) • (A; = 1, 2, ..., 3'; / = 0 , 1 , . . . ) . 

3) The integer part of a real number a is denoted by [a]. 
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We have the following estimates: 

(18) N(j> - 6/7,- - 3 = 6«, + 3 > 6 C, 
71 i 

— 1 + 3 = 3 6 - 2 ' + 2 / ( e ) - 3 > 72/ (8) 

0 'SO); 

<19) 2/V<'? + 6n, = {24(2• 3 ; - 1) + 6}/7( + 12(2 • 3 ' - 1 ) S 

S (48 • 3' — 1 8 ) - - 2l + 2 / i ( e ) C 5 4 - 3' + 24 • 31 — 12 = 

= 6 . 18' — ( a ) - 6 ' 2 8 8 ^ / , ( £ ) + 24• 3' - 12 

6 - 1 8 ' ^ / ( £ ) = 6 . / ( + 1 (6) 0 'SO) ; 

<20) 2x,E 
2s 
2Me) 

71 
~\2 

24/,(e) 8/V«'-," 

0 = 0), 

O'S l ) . 

Applying Lemma 2 to (£50), x0s, t}0, n0 and N[0)), we get the mutually disjoint 
trigonometric polynomials Q,(x) ( / = 1 , 2 , 3 ) and the decomposition £-(°H>vi> — 
= Ei+E2 + E3. Define R£1)(x) = Qk(x) and E[u = Ek (k= 1, 2, 3). Then we can 

•easily check that (i)—(vi) hold for / = 1. For example as to (iv), 

v{(s) s v0{z) + 2 

7T E 
\ 

~I2~T 
+ 1 

71 
+ 1 

L 2A/<°> J / 

S 3 + N[0) 
•— / 1 (e) + 3 — 3 • 128C5 < / , ( e ) ; 

and as to (vi), we set U[l\x) = R^(x), U{
2
[)(x) = R\l)(x), U$l>(x) = R^(x), U[l\x) = 

^R^ix) and M<U = 1 +k (k = l,2,3). Furthermore, since | £ ^ 0 > | - 2 x 0 e > TT/6-
— 7r/l2 > 2n/N<f), we see that each E ^ (AT = 1,2, 3) contains an interval whose 
length is not smaller than n/2N\0) and that 

Now we suppose that R[j)(x) and E(
k
J) (k = l, ..., 3J; j = 0, . . . , / ) are already 

defined and satisfy (i)—(vi), and that 
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for each £ f (k = 1, 2, ..., 3'). Then by (20) and (21). 

2x,e < max \Jj\ 

holds for each E ( k = 1, 2, ..., 3'). By the application of Lemma 2 to each (E(
k'\ 

n-t and N^) (k = \, 2, ..., 3'), we define the mutually disjoint trigonometric 
polynomials 

. R(
3
i
k
+JKx) = (cosNpx)Pli\x), 

(22) = - C 3 ( c o s 3 x ) ( c o s A ^ x ) P < % v ) , 

= - C 4 ( c o s 2 i V i i » x ) / ' « ( x ) 
and the decompositions 

E ^ = E ^ l + E<jkt» (* = 1, 2 , . . . , 3'). 

In virtue of (11), the frequencies of (22) belong to Ak U Bk where 

Ak = [(2k + - 6«; - 3, (2k + 1)A'(1', + 6n, + 3], 

Bk = [2(2k + \ ) N f - 6 « ; , 2(2k + + 6/7,]. 

It is obvious that AkClAk, = 0 and BkC\Bk, = 0 for k?±k'. Moreover we have 
AkC\Bk, = & (k^k') since, though \Ak\/2 + \B\k,/2 = (6ni + 3) + 6ni < Nholds, 
the distance of the middle points of Ak and Bk, is not smaller than JV'0.. Thus the 
trigonometric polynomials (k = 1, 2, ..., 3 i + 1 ) are mutually disjoint. And 
we are going to show (i)—(vi) and (21) replacing / with / + 1 . 

By (18) the frequencies occurring in .R(,i+1)(x) are larger than those of Rk
)(x) 

(fc = 1, 2, ..., 3'), and by (19) the property (i) is verified. As to (ii), we have 

/(I 
3<+l "\2 31 f 

dx = Z J ( R ^ '¡(x) + R^JKx) + R(>k
+ l\x))2 dx = 

= Zc6\EP\*C6.j = Ca; k= 1 

and as to (iii), it is obvious. As to (iv), setting 

E ^ = U //'•" (k= 1, 2, . . . , 3'), 

we have 
vi+1(e)^vi(s)+ £ Z 2 

k= i i 
+ i n 

w . 

S i>,(fi) + 2W | \EP(x'c)\+2vi(e) s 3fi(E) + ^ - ( f 

5 A 
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and as to (v), 

l ^ + i l = f « u { U ( £ i f ) - ^ i ) ( * ' £ ) ) ] | S \Ft\ + 2xie-vt(e) s 
U=i 

=
 1 

As to (vi), we define the se.quence 

£ / i ' + , »(x ) ,£ / 2
u + , »W « W 

by inserting R<£_'¡(x), R^Jl{x), R^'Kx) af ter J ? « ( x ) (k= 1, 2, . . . , 3') in (16), 
and define m{

k
i+i) (k= 1, 2 , . . . , 3 i + ' ) by 

f m r «>(*) = (* = 1= 2, . . . , 3 ' + 1 ) . 

Then if x Z E & t ^ + i , l m k ^ 3 ' and l s / = s 3 , we obtain 

«U-3 + l <" 3k-3+1 

J=1 j = l J=1 
*><" / 3 ' 

= Z v(;)(x)+ ZRtt-xl+j(x)- Z I ^ W + ^ - V W + ^ ' / ^ w i s 
j = i j=i J=I 

~ i + 1 + i - ( 3 ' - l ) C 5 „ - < i + 1 ) + 1 
- 4 2 V 4 

Finally by • n n 

In • 271 T ~ 8 " • 

we get (21) for each (k = 1, 2, . . . , / + 1 ) . Thus the statement of Lemma 3 is 
proved. 

L e m m a 4. There exist mutually disjoint trigonometric polynomials Sjl> (x) 
(/ = 1, 2, ..., 3h(i) + 3; i = C9, C9 + ], . . . ) 4 ) with the following properties: 

(vii) the frequencies v occurring in S j \ x ) satisfy v ^ 5*24 1 ; 

(viii) j ^ Z ' s j H x t f d x s - f ^ ( C 1 0 = C 6 ( C 8 + ^ ) ) ; 
— 11 

"i>Hx) I 7C 

(ix) S f W S j /0'- O s . ^ T 

WAERE 1 ¡xf(x) / I ® ( X ) S 3 / ; ( / ) + 3 . 

*) C9 will be defined later on, see (26). 
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P r o o f . Fix the natural number /, and apply Lemma 3 to e; = !/( ' + 1). Then 
we get the mutually disjoint trigonometric polynomials Uj\x) (y'= 1,2, ...,h(i)) 
and the simple sets E ( £ = 1,2, ..., 3'). It is obvious that the frequencies occurring 
in Uf\x) are smaller than 6 / ^ ) , and that (17) and 

(23) 
МО Г 

2 / (<o°(*))2 

j= 1 J 
dx s С8(г' + 1) 

hold. In view of (iv), E(
k' u consists of g(

k' 0 disjoint intervals, therefore Ejf 1)(*' ' t ' ) 

consists of at most disjoint intervals too. Hence 

71 71 
~¡2' 12 - U £<•> = 

л к 
7 2 ' Л2 k= 1 

consists of at most y ;_,(e,) + 1 disjoint intervals. 
Let # , c [ 0 , л/6] be the symmetric set defined by Я , П [ 0 , лг/12] = F ;n[0, тг/12], 

then H¡ consists of at most / ¡_ , (é , ) disjoint intervals. Setting H¡=I[a, fi], 
el = Ej2f i_! (e;) and H[ = [oc -s'¡, P + e'J, we see that / / / c [ 0 , л/6], and 

\H¡\ 3 \Ht\ + 2 e l S + = т | у • 

Applying Lemma 1 to (H{ , e'¡, 1 and [C,/e-]), we get the trigonometric polynomial 
P(i)(x) with frequencies 6v (v = 0,' 1, ..., [C,/e¡]) such that 

(24) 
and 

(25) 

P(i) (x) S i for X € H, с н; 

Я . 

I (P(i4x)y dx ^ C2\H¡ I 
2C2 

i + 1 ' 

Now we suppose / S C 9 so that the inequality 
•'»-I) 

(26) / 37/ i(e i) = 37CH/+. l ) , ' lB 2 = 

_ jg(^+A)i2-;.i2 + i{logi8(i+1) + !ogi8C7-^} + log,8 37 ^ Igii"1"'1)'2 = 5i2 

may hold. Setting A^ = 5£2 + 6/;(ei) + (3 H-(— l)')/2 and N2 = 2Ni+6fi(E^ + 
+ 6[Cj/ei] + 3, we define 

S'uo) +j00 = - C3 (cos x) (cos A\ л-) 
t / j 0 ( x ) 
i + 1 

• C4 (cos 2/V, x) 
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( j = 1, 2, ..., //(/)), and 

S%i) + l(x) = (cosN2x) 
P(r>(x) 

P ( i ) (x) 

5 3 H ( I ) + 2 O ) = - C 3 ( c o s x ) ( c o s N2 X) — , 

^3A0)+3W = — C 4 (cos 2/Vjx)-

4 

P ( 0 ( x ) 

Then using (11') we easily see that S j°(x) ( / = 1, 2, ... , 3/z(/) + 3) are mutually dis-
joint trigonometric polynomials with frequencies v satisfying 

And by. (26), 

2A^, + 6 
C, 4- 5,2 + 36/(e,) + 18 + 18 s 4• 5'2 + 37/)(e,) s 5 " + i . 

By (13'), (23) and (25), we obtain 

it 

/( 3h(i) + 3 

J = I 
dx 

Mi) f r I 3 

( x ) | 2 i / x + / 
j=i J J I i=i 

dx 

• 17.71 
O ' + I ) 2 

• c g ( / + i ) + Cß 2C2 C 1 0 

i/x 

16 i + 1 / + 1 ' 

To prove (ix), suppose O^xsn/12. Then x 6 U E'kl> or x^H^ We set j u ^ M ^ 1 
* = 1 

and j U ^ W — f ° r 

« « • " A l s r p - f J - i i 
2 ; T C + -

/4 0 (X) = /;(i) + 1 and /4°(x) = /¡(¡) + ;m^ for 
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and fip(x) = 2/;(i')+ 1 and ^ ( x ) = 2h(i) + m(
k'> for 

xíEpn U \-0r\j* + j L 

Hence in the case of x£ Ei'\ we get 

m ' 

u m 1 + 1 j= i 

2 M W = ! or ~ C 3 (cos JC) (cos jy t 3C) f U f ( x ) 

j=n\»w 1+1 ' J=1 

or 2 u f i x ) . 
¡ + 1 J = 1 

Now using (iI4") and (17) 

, 2 t/y>w . 

In the case of x we set n f ( x ) = 3h(i) + 1 and / ^ ' ( x ) = 3/?(/)+ 1 or 3A(/) + 2 
or 3h(i) + 3. Then using (14') and (24), we get the assertion of (ix). So the proof of 
Lemma 4 is complete. 

(27) 

§ 2. Proof of the theorem 

Define the sequence of natural numbers ( C 9 ^ ) m 1 < m 2 < - - - such that 

8(n) 

Then by (vii), setting 

(28) 

(/log5 " 
S - if ns? 5"'", 

k 

3Mmt)+3 i 

Tk(x)= 2 
(k)2Air) 5) / 2 4 

12 

= 2 (an cos+ bn sin nx) = 2 ( a n c o s nx + b„ sin nx) (k= 1,2, ...), 
n=5m* n=5mk 

6) W24 denotes the remainder of k modulo 24. 
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we cons ider the series (an c o s nx + b„ sin nx). A n d we define the r e a r r a n g e m e n t 
i 

{",;} by 

12 I I 12 I " « ( m i l t l l " J 2 

. . . M <T('"2) -t- + ¿3h(m2) + 3 
2 7 1 I , , c l m ^ L 

* 1 2 

w h i c h diverges everywhere in v i r tue of (ix). By (27), (28) a n d (viii), we get 

X - + 1 

i ml +1 

n = Sm* o=l k=l K 

Ti k=i k J n k=i k 

T h u s , in acco rdance with the R iesz—Fischer t h e o r e m , the asser t ion of o u r t heo rem 
is p roved . 

N e x t def ine (A„ cos nx + Bn sin nx) by 

A n = a J m ^ T ^ B n = b J ^ ± T 

a n d the p r o o f of Coro l l a ry runs similarly to tha t of T h e o r e m 2 in [2]. 
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