On a certain class of representations of function algebras’

By DUMITRU GASPAR in Timisoara (S. R. Romania)

1. Imtroduction. In [4] B. Sz.-NaGy and C. Foias have introduced the class
%, of all bounded linear operators T on the Hilbert space H, which admlt a re-
presentation of the form: : ‘

(1) ' T"=QPH.U"|H (nV: 1,2,..),

where U is a unitary operator on a Hilbert space K, containing H as a subspace:
and Py is the orthogonal projection of K onto H. In [3] they have proved that any
T belonging to some class %, is similar to a contraction.

The definition of the class %, has a natural correspondent for operator valued.
representations on Hilbert 'spaces. For this let X be a compact Hausdorff space,
C(X) the Banach algebra of all complex-valued continuous functions on X, 4 a
function algebra on X (i.’e. a closed subalgebra of X, which contains the constants.
and separates the points of X), and M, the maximal ideal space of 4 (i.e. the set
of all complex homomorphisms of A4). For any @ ¢ M, there exists a positive measure-
m on X such that ’

o(f) = [fdm  (fed).

Such a measure is called a representing measure for @ (see [6]).‘ As usual we write:
Ag for the kernel of &,
By a representation of A on H we shall mean an algebraic homomorphism.
f—» T; of A in AB(H) (the algebra of all bounded linear operators on H) satisfying
=] (the identical operator on H) and

T l=klsl (feA).

If k=1, f—1T is called a contractive representation of A on H.

Let ¢=0. A (contractive) representation ¢ — U, of C(X) on a Hilbert space-
K, where K contains H as a subspace, will be called a spectral g-dilation of f—~T
with respect to ¥ M,, if

2 - T,=0oP,U,|H (f€Ae).
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We say that a repreéentation of 4 on His of class €,(A, H) if it has a spectral
o-dilation. If g=1, the spectral g-dilation of f— T, means simply the spectral dilation
of [T (see [2]) A contractive representation for which "there exists a spectral
.dilation is called a dilatable representation. :
The purpose of this note is to prove the analog of the result in [3], in the context
.of representations of function algebras. This is contained in the following

Theorem. -Let f—~1T,; be a representation of class €A, H) with respect to
be M, . Then there exists a Hilbert space H’, an affinity X of H’ onto H, and a con-
Zractive representation f ~T; of A on H such that

T,X:XTJ' (fe A).
Moreover, f—~T; is a dilatable representatlon and t/1e spectral o-dilation of f -7,
is a spectral dilation of f— T;.

2. Firstly we get a caracterization of the classes 4,(4, H) and the monotonity
-of these classes. For this aim let f—~T, be a representation of class €, (A H) and
U, its spectral o-dilation. If f¢ A, relation (2) implies:

ePyUsH = QPHUf—o(f)‘H‘i‘Q‘p(f)I = Tf+(Q— NeNI,
‘that is, : : . :

® -:;,Tf+[1 —%] O = PaUAH  (fea).

Now ¢ ~S,=P,U,|H (p€C(X)) is a positive map of C(X) into Q(H)‘ (see
{[1]) for which the spectral dilation is exactly ¢ —U,. Now T, has the form: -

T; = oS, +(1-Q (NI = oS, +(1—) ([ fdm) 1,

‘where m is a fixed representing measure for @,
If we put _ '
| T,=0S,+(-0)(fedm)I  (peC(X))

‘we obtain a linear map ¢ ~ T, of C(X) into Q(H) which extends the given repre-
:sentation. and satisfies

%T¢+[l—%] (fedm)I=0 (<péo, PEC(X)).

The last condition is equivalent to

{4 (g-l)(fﬂm]Hﬁ,éO (220, peC(x)).
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Conversely if we are given a representation f—~T7, of 4 on H, which admits
an extension ¢ =T, to C(X) satlsfymg (4), then

| ;sﬁ,,:ém[l_g](/gadm)z

defines a positive map ¢ —'S,, of C(X) into Z(H). Let ¢ —~U,, be the spectral dilation

of @ —~ S, (see [1]). It is immediate that ¢,—~ U, is a spectral g-dilation of f— Ty,
and consequently the given- representation is of class %”(A H) In this manner
we have proved the following

Proposition. The representation f—~T, of A on H is of the class ‘g(A H)
if and only if it admzts a linear extension ¢ —>T to C(X ) satisfying (4).

Co,roll,ary. If 0= then e(A,H)_g(ge'(A, H).
Proof. Let f—T, be a representation of the class ,(4, H). Then, by the pro- .
position, it has an extension @ -7, to C(X) which satisfies (4). But if ¢ € C(X),
¢=0, then for ¢’=¢ we have (¢'—1) (fo dn)[+T,=(¢—1) (fo dm)I+T, =0,

that is, condition (4) is satisfied, with ¢” instead of g. According to the above
proposition, f— T is of the class %,(4, H), and the corollary is proved.

3. Now we are able to prove the théotem. This proof is modelled on that
in [3]. In the sequel m will be a fixed representing measure for @,

We suppose that f— T; is of class %,(A4, H). Then, by the corollary, it is s also
of class €, (A, H) for o=r. Let ¢ —~U, be the spectral Q-dxlatlon of f~T,, and
K, the g-dilation space. We set

) - My= 'V U*(Uf TYHH

e
- fEAo)geA

and ¢ —IIPM |H}, where PM is the orthogonal pI‘OjCCthﬂ of K, on M,. It is obvious
that 7,=1. Moreover Z, is “the. smallest positive number for whlch the inequality

ON . , [, m)| = 1, m |
holds for any h€ H and m,€ M, of the form: '
a my = 3 UHUF~THh,
. . . a.f . . )
where the fainily.{hgngA, f€Ag) has a finite number of elements.

Using (3) we obtain by a simple computation:

(hymy) = (h, zf é-1o(g) T,*hg] ,
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where 6= — . Consequently, relation (6) is equivalent to
o

‘2 = 12 m,l*.

*hg

® - ©@-1)?
g
Now we compute the norm of m,:
el = 2 (Uys 2 (UF = TP, 2 (Uf =T ) =
9.9
[ Wraarhle )= 3 074, U~
LS LS

= 2 Wyarhi, Tih )+Z WUy TP 1], TERE)] =

9.9

Z fhf)ff’g’fgdm 2ReZ’(T,h hg,')jf'g'gdm+

\‘a

+ 2 (T} hf, -T;hg:)fg"g dm +% 2> .
.9 .

In this calculus we héve used:

U, h, ) = (h, 1Y) f<pdm+ [(Thh) . K) [@dm] (b} €H; @eC(X))

1 _ : o1
and we have denoted by — X the term which contains — as a factor.

‘ By introducing the scalar produc’:tbs under the integral and interchanging the
sum with the integral it follows '

Il = f{||2fghf\l —2Re(Zng nghf)+||Zng ||2}dm+ Z—

1
f||2fghf > 8T} thde+ 2>
Now writing m,EM, as inv(7) we obtain
O elm 2 =rlm,)? = @=r) [ Hnghf 2 g | dm-

By (9) and by a simple evaluation of the 1ntegral of the vector-valued continuotis
functions we deduce

olmgl* = rim |+ =) [ 3 (Jehj—gT7 k) de’ =

=l =3 (f g dm) TR
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For the last equallty we have used

ffghfdm = (ffgdm)hf = gb(f)qs(g)hf _

Because (8) remains true if g=r, with 1 instead of #, we have |

gnmenz [["1] (Q—r)]'ilgcb(?’f;‘hgllz=
=[o t ]n gp(g)rfhuz

AT , :
Now by multiplying with [——1] , a simple computation shows that
- e o

([ 1V s -2+ |
[1—3] \l§¢(g)rflzg|\2§ : nmgnz..

Comparing this inequality with (8) we conclude that.z,<1 for g=r.
The rest of the proof proceeds exactly the same way as in [3], with the only
remark that k€N,=K,& M, (Q>I’) if and only if

T, PyUk=PyU sk (8€A, f€Ao).

The desired space in the theorem is H’=PNQH, the affinity is X=Pyx|H’, and
finally /=Py U |H" (f€A).
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