A theorem on boundary spectra
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Dedicated in sorrow to the memory of David Topping

1. Let T be a bounded linear operator on a Hilbert space H. For a complek
number {, let E[T]={x€ H: Tx = {x}; thus E[T]#(0) if and only if { is an eigen-
alue of T. As well known, the relation

@ - : : - E[TI=E[T*]

~ holds for normal operators, but does not hold in general for non-normal operators;
in fact, it is obvious that no point { of the residual spectrum of T can satisfy (1).
It does hold if ||[T||=1 and |{|=1, see [6] or [5; p. 8]. SCHREIBER [7] generalized
this result as follows. Let AJ[T]={{x,}:x,€ H, |x|=1, |Tx,—{x,] =0 (n~<)}.
Then ' A
(2. o A [T =4, T*]
holds if “T”<1 and [{|=1.

Sz.-NAGy and C. Foias [4] proved the fo]]owmg theorem

Theorem A Let X be a spectral setfor T, and let { be a boundary point of X.
If there exists a sequence {D,} of open dzsks D,={u:la—a,| <r } contained in the
complement of X such that

-~ ritle, =8~ 1 as n— oo,
then (I) is true for T and L. '

If Tis a contraction, the unit disk X={A:]}] = 1}is a spectral set for T, and,
this theorem is a generallzatlon of the above result for contractions. In the hght
of thls fact it is natural to seek a generalization of (2).

2. In the following, we refer to the condition on C in Theorem A as condition
Ay. Then our result is the following:
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Theorem 1. Let X be a closed set containing the spectrum a(T) of an operator
T, and suppose that
3 WT—al)~ 1) = 1/d(a, X)

Jor a ¢ X, where d(a, X) is the distance from o to X. Then relation (2) (and hence (1)) -
holds for any point (€ X satisfying condition Ay.
If X is a spectral set for T, t.e. if
I/ = sup {|f(D}: 2€ X}

for all rational functions. f(%) without poles in X, then T obviously satisfies (3).

If T is a hyponormal operator, condition (3) is satisfied. For, in this case,
(T—al)~! (x4 X) is also hyponormal [8], and so (T—al)~! is normaloid for « ¢ X,
Thus we have

T oDy~ = 1inf{

i—a|:2€o(T)) = 1finf{|li—of: 1€ X} = 1/d(x, X).

A recent result [3] of PUTNAM is essentially the same as Theorem A, and The-
orem 1 is also a generglization of [3] to the case of approximate eigenvalues.
" The following proof of Theorem 1 is along the same lines as the argument
in [4].

Proof (Theorem l). Let {x,} be a sequence of unit vectors such that
1 T*x,—Cx,| =0 (n—e<o). Since o, ¢o(T)c X for each k, T, = r(T—o )~ " exists
as a bounded operator for each k& and | T¥x,—{x,| —~0 (n—»éo), where  {, =
= r({—o)~" (see [9: Lemma 4]). By the growth condition (3) '
1Tl = (T — o D)~} = rifd(oy, X) = 1,
and so T, is a contraction. Let U, be a unitary dilation of 7. Then .
(T =& xll? = 1PUp~ G xl1? = WU = LD X2 = (U= D) x| =
= 1=10? =2 Re (T = G D)* Xy, X) = 1= 18e® + 2{Lt 1Ty~ G D) * x, -
Since Ty—{d = r(T—a )™ '({I—T)({—ci)” ", we have
(T = LD x| = ri [{— o 1T — e (T — L D x4l
= = TN+ o)L= 18l + 2 |G (T = L) X, 112 =
= K[ 0= = 1+ 2r7 = o | (T — G I x 12

for some constant K>0. (Note that {z} is bounded.) Let £>0 be given. Then by
condition Ay there exists a positive integer k such that

- . 2
0 < (' [l —a)2—1 < [%] .
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- For such a k (fixed), there exists an integer N such that

o . |
20—l I(Ti= G 5l < [2—}] = M),

because (T, —{d)*x,ll -0 (n—~<) and {r;'|{ -]} is bounded. Thus we have
(T~ L0 ~¢ for n=N.

£¢=>0 being arbitrary, Tx,—(x,—~0 (n—»oo) Hence we have Ag[T*] < A4,T]. Since
the argument is symmetric, relation (2) holds.

We note here that Theorem 1 covers the results of [9 §3] A pornt CEX is
called a semi-bare point [9] if there’is a circle through { such that no points of X
lie inside this circle. This notion is a generalrzaﬂon of bare point of 'a compact
convex set in the plane. If { € X is a semi-bare pomt then ¢ salrsﬁeo condition Ay.
.In fact, there exists an o ¢ X such that |{—o,| = d(ay, X) by the definition of
semi-bare point. Let {o.,} be a sequence of complex numbers lying on the line
segment ool such that

1 1
e
‘ ' 1 ,
.Then D, = {a:|a—a,| =< r,} with r, = la,.“Cl—(«T]W is contained in the com-
. "t _ '

plement of X for each n, and a, ~{, r; ‘|a,—(| —1 as n—oo. By this consideration
we have the following corollary [9: Theorems 2 and 3].

Corollary 2. If Tis a hyponorrhal 'operato.r then the set of semi-bare points
of the spectrum o(T) of T does not intersect the residual spectrum of T. In addition,
2) is sattsﬁed for any .semi-bare point { of a(T).

Of course, Theorem 1 contains the result by SCHREIBER [7], and Corollary lin ~
[3] can be generalized to the case of approximate point spectrum. We have (cor-
responding to Corollary 1 in [3]) the following

Corollary 3. Let T satisfy (3) for X=o(T) and let the entire boundary of
o(T) be a convex simple closed curve C Then each { € C satisfies (2).

In fact, each point CEC is a semi-bare point of a(T).
T. Yosumno kindly communicated the following result It is publrshed here
* with his permission. ' -

Corollary 4. Let T be a hyponormal operator such that T = A+C, where
C is a compact operator and the spectrum of A lies on a straight line L. Then T is
a normal operator.
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C. PutNAM pointed out to the author (in a private communication) that this
can be generalized to a more general result, but it is not in our context.

Proof. We can decompose T into T = T, & T, where T, is normal and the
" point spectrum of T, is void [10, Lemma 1]. By [10, Lemma 2], each point of the
continuous spectrum of 7, belongs to the spectrum o(4) of A. By Corollary 2,
every semi-bare point of the spectrum ¢(T) of T, is contained in the continuous
spectrum of T, (note that the point spectrum of T, is void). Thus o(7T;) lies on
L. Hence T, is normal, because a hyponormal operator with the spectrum on the
real axis is self-adjoint (see [2, Theorem 1]).
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