The non-orthogonal Menchdff ‘—R'ademztcher tlteorem‘

By A. SZEP in Budapest .

1. Introduction, A well-known result of RADEMACHER [1] and ME&CHOFF [2]
states that if @, @, ..., @y is a finite set of orthogonal functions.in some L, space _
of finite measure, then there exists a 6 € L, such that

‘ b <pk(x)' =6(x) for 1=n=N
=1 y
and : . o
: T N 1/2
(.1 sl =logaN [;’ 1,@(}2],, >
" This result implies the ccn\)erg'ence.é.e. of ‘any :oftho‘gcnalb.series-‘i' 0 (%)
: s
“satisfying , o
a2 } 2l I|210g2k<+oo -

Accordlng to results of . MENCHOFF [2] and TANDORI [3], condltlon (1 1) can-
‘not be weakened in general ie. the factor 1og 4N’ cannot be replaced by o(log N).
- 1. S. GAL [4], [5], [6] and more recently R. 1. SERFLING [7], [8] have generalized the
above statements for spaces L, with p=2 and for non-orthogonal series: In the
present paper we shall glve a new, s1mpler proof of Serﬂmg s theorem, pubhshed
inf[7.. o

The method of proof is similar to that of Rademacher and Menchoﬂ' In Ch 2 :
we shall der1ve some remarkable consequences of: Serﬂlng s theorem.

2, Let L be a Lebesgue space (2 =p-<ee) on some measure space with integral
M(.). Let g(z, J) be a non-negative functlon deﬁned for integers. 7, j (1$z< <N)
such that S

Q2.1 g(l,])+g(]+1 k)Sg(z k) for. 1§i§j<k§N.
Furthermore, for any q),eL (1<1<N), set = . Rt -;»~'_ BT AT
,,(x)_ Z (pk(x) for 0si<jsN

- and K M..' LTI - ‘: . .
T T s,(x)~s0,(x) for 1<jSN
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Theorem 1. If
2.2 sill, = g(i+1,j) for 0=i<j=N

then there exists a function 6 € L, such that

(2.3 ()| =6(x) for 1=j=N
and i
2.4) 161, = (log, 4N)*g (1, ).

Proof. Suppose first that N=2" with some integer r=>0 and define

. q,gj)=.5'2r-kj’2r—k(j+1) fOI' 0§j§2k_1, O=k=r
and '
: 2k—1 .
Or=2 |g@P for O0=k=r.
FE
Every n satisfying 1=n=N can be ﬁniquely represented in the form -
n=_ao+a1'2+"'+a,‘2r, .

where ;=0 or 1 for 0=/=r. Accordingly we shall have

r
S,,= Z Gdrs
k=0

where g, =g for suitable j=j(n, k). Applying Holder’s inequality we get
V g .

’ r r i/p r
[s5n(®)] = 2 o lge(x)| = [2 !qk(x)l”} [2 1]
k=0 k=0 k=0
where \1/p+1/q = 1. Clearly

O (X) =g (x)]? for 1=k=r,
hence .

T In0P s e+ 3 0.

. r 1/p
Obviously 6(x) = (r+1)1/2 [ 2 Qk(x)} statisfies condition 2.4 and d€L,.
k=0

Furthermore, we have
' r . r 2"—;1 -
ME) = (+1P™ 2 M©@) = (+1P 33 MgPP) =
; = . =0 j=

.§ (r+ 1)1 kz'(.i E,;‘ [g(2*i+1, 2r—k(j+ )],
pr o
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Here, in the last step, we used (2. 2). Since p/2=1, Jensen’s inequality yields:

2k—1

2k—1 p[2
Z’ [g(2~ Kjt1, 20 G+ = Z; g(2""j+1,2""(j+1))] =[g(, N)P'?,
J= .

hence T ]
. T M(8%) = (r+ 1)P[g(1, N)PP2,
e 1612 = (r+1)2-g(1, N)..
As r+1 = log, N+1 = log, 2N we have

161 = (logz 2N)?-g(1, N)

Let now N be arbitrary and denote by N’ the first 2-power exceeding N.
Define ¢;=0 for N<i=N’, and

g(i,j) if l=si=j=N, ,
g(,/)=1gG, N) if 1=isNsjsN,
0 if N<isj=N"

The extended system {¢;} obviously satisfies the conditions of the theorem for g;
hence there exists a 4 € L, such that, in particular,

()| =0(x) for l=n=N

and ||6]1*=(log, 2N’)2 (I, N’). As N'< 2N we have log, 2N’<log2 4N which com-
pletes the proof.

Corollary. If ¢y, ..., @y are arbitrary elements of an abstract L,-space then
there exists a & € L, such that

=0(x) for l=n=N

’iw@
k=1

and

N
llél_lzé(logz 4N)2': 121 (@:> @)\

(Here ( , ) denotes the scalar product in L,.)
Proof. Apply Theorem 1 with

OJ=2§MM»

k=il
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3. Non-orthogonal series. In the sequel. we shall deal with L, spaces only.

Theorem 2. Let {;};= be a sequence of elements of L,, {a;};~ a nondecreas-
ing sequence of positive real numbers with «; <= as i+, and suppose that -

Q3. i) 2 (i oDty < +oo.

)
If n(k) denotes the first integer m for. which- kS aZ, then s,y = Z @, converges a.e.
k=

Proof. Obviously condition (3. 1) implies the convergence of the series 2’ Pi
k=1
in L,.
Denote by f the sum of th1s series and define

2

= 2 (‘Pb%)-

i,J=n+1

=f—§(l’k

If N is an arbitrary 1nteger N=>I, then

N

P Z[k (k_l)]dn(k) = Z k(d,.<k>—d..<k 1>)+N dn(N)=

2 Z ((piza (Pj) +Ndn(N);

k=1 (n(k) n(k+ 1))
here (n(k), n(k+1)] denotes the set of all pairs (i,j) of integers for which n(k) <
< mm @, J ) = n(k+1) From the deﬁnmon of a; and n(k)

lk > (co.,qo,)l—an(k) ' 2 1@ o)l = 5 |(<p.,<o,)|a

, (n(k), n(k+ 1)] _ (n(k) n(k+1)) (n(k), n(k+ 1)]
hence- o - - » : T _
N . . R
k;; oy = 2 Moo oo, i +oies > (e 0] =

@(1),n(N)] : L, jEn(N)+1

=3 e gl < F e

i, j=n(1)

Hence the series 2d,, converges and thls 1mp11es by Beppo Lev1 s theorem
that s,q) —~fae. ask—>ool' ~ - -

Theorem 3. If {p;)2,cL, and

Z |((pu (PJ)I logllog] = +°° o i x

hj=1

then s,(x)= Z"'q),(x) converges a._.e._j(éf. [8]). T
i=1 it T
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Proof. Theorem 2 with a;=log i yields the convergence of the sequence s,=(x)
as m -, It is sufficient to show that -

‘max s, (x)— Sm(X)| = 6,(1) ae. as’ n—co,

2map=2m+1
Applying Corollary of Theorem 1 with Pamyqs Pamyzs -rs Pam+1, WE have

82 (%) — Som(X)] = Opm(x) for 2m <p=2m+l,
M (52.,.) = o((log 2")?) _fj @i @) =
i, j=2m

2m+1

=o(l) 2> o ¢)llogilogj,

: i j=2m+1
whence our assertion follows by Beppo Levi’s theorem.

Corollary. If {@)21<CL,, o(k) is a non-negative real valued Junction satis--

Jying
_ ol+))
Zkg(k) +e and (i, )| = fog flog,”

then the series 2, ¢; converges a.e.
i=1

References

{1] H. RADEMACHER, Einige Sitze von allgemeinen Orthogonalfunktlonen Math. Ann., 87 (1922),
112—138.

12] D. E. MENCHOFF, Sur les séries de fonctions orthogonales. I, Fund Math., 4 (1923), 87—105.

131 K. Tanpori, Uber die orthogonalen Funktionen. I, Acta Sci. Math., 18 (1957), 57—130.

[4] I S."GAL—J. F, Koksma, Sur l'ordre de grandeur des fonctions sommables, C. R. Acad. Sci.
Paris, 227 (1948) 1321—1323, and Proc. Konink. Ned ‘Akad. v. Wet., 53 (1950,

) 638—653. :

51 I. S. GAL, Sur I’ordre de grandeur des fonctlons sommables, C. R Acad. Sci. Paris, 228 (1949), -
636—638. -

{6] I. S. GAL, Sur-la majoration des suites de fonctions, Indag. Math., 13 (1951, 243—251.

171 R. I..SERFLING, Moment .inequalities. for. the maximum cumulative sum, Ann. Math Stat 41
(1970), 1227—1234.

{8] R. 1. SERFLING, Convergence properties of S, under moment restrictions, Ann Math. Stat., 41
" (1970), 1235—1248.

( Received March 2, 1971)



