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Independence of the conditions of associativity
in ternary operations

By N. KISHORE and D. N. ADHIKARY in Berhampur (Orissa, India)

1. Let S be a set of elements {4, b,c, ...}. A ternary operation f is a mapping
of §X.$X S to S. The operation fis said to be associative, if for every a, b, ¢, d, ec S
we have

(*) [a, b: (C, d> e)f]fz[aa (b’ ¢, d)fa e]f=[(a9 b’ c)f’ d; e]f,

where (x, y, z); denotes the image by f of the ordered triplet (x, y, z) in S. The
equalities in (1. 1) are called associativity conditions for the elements a, b, ¢, d, e.

Associativity conditions in a set are said to be independent if any of them is
not implied by the rest [1]. Thus, for ternary operations in S, the associativity
conditions are independent if for every sequence {a,b,c,d, e} of five elements
in S it is possible to'define a ternary operation fin § in such a way-that the equalities
(%) hold for every sequence of elements {p,q,r,s,t} of S different from
{a, b, c, d, e} whereas for this latter sequence (%) does not hold.

2. 4,G. SzAsz [2] has investigatédA the independence of associativity conditions
for binary operations and has established the following theorem:

Theorem. If the number of elements in a set S is greater than three, then the
- associativity conditions in S are independent.

In what follows we study the same problem for ternary operations and provéf

Theorem. If the number of elements in a set S is greater than five, then the
associativity conditions for ternary operations in S are independent.

3. Proof. For simplicity we drop the mapping letter f for the ternary operation.

Let {a, b, ¢, d, e} be an arbitrary sequence of five elements of .S, We shall prove
the theorem by defining ternary operations over S such that the associativity con-
ditions hold in all other cases except for this sequence. In what follows we consider
separately the various-alternatives for the elements of the sequence {a,b,c, d, e}
to prove the theorem. '

8+



276 N. Kishore—D. N. Adhikary

3. 1. Let a=b=c=d=e. Since S contains more than five elements, we can
choose three more distinct elements u, v, w different from g, and define the following
operation in S:

(a,a,d)=u, (a,a,u)=v, and (x,y,z)=w in all other cases.

Clearly, the associativity conditions do not hold for the given sequence "of
elements, as

[(a, a, a), a, al=(u, a, )=w, Ia,(a, a, a), a]=(a, u, a)=w,
but [a,aq, (a, a, a)l=(a, a, u)=v.

We show that for every sequence {p,q,r,s, t} different from {a, a, a, a, a},
the associativity conditions do hold.

Since (p,g,r) and (g,r,s) are never a, we have [(p,q,1),s,t]=w and
[p, (.1, 9), t]=w.

Now, if (r, s, t)#u, then as (r, s, t);ﬁa [p,q, (r,s, )]=w. And if (r,s, t)=u
but p=a, even then (p, g, u)=w. And even if (r, s, t)=u, p=a, then (a, g, u)=w,
except when g=a, in which case {p,q,r, s, t} is the same as {a, a, @, a, a}, the
given sequence. This proves the contention. ’

3.2. Let azb and b=c=d=e (all but one element being the same).
‘ Since S contains more than five elements, we can choos_e an element w dif-
ferent from a and b, and define the following operation in S:

(@,b,b)=a and (x,y,z)=w in all other cases.
We have for lthe given sequence {a, b, b, b, b}: .
la, b, (b, b, b)l=w and [a, (b, b, b), b]=w, “but [(a, b, b), b, b]=(a, b, b)=a,

SO that the associativity conditions do not hold in this case.

For any sequence {p, g, r, s, t} different from {a, b, b, b, b} we show that the
- associativity conditions do hold. .
' Since (g, r, )b and (r, 5, 1) #b,

[p(g, 7, 5), t]=w “and [, 4, (r, s, f)] w..

Now, if (», q, r);éa then [(p, q, r) s, t]=w. And if (p,q,r)=a, but s#b then
Up, q, 1), s, t1=(a, s, f)=w. And even if (p,q,r)=a, s=b, thén [(p, q,r),s, t]=
4—(a b, t)=w except when t=b, in Wh]Ch case {p,q,r, s,t} is the .same as
Aa, b b, b, b}, the glven sequence.

3.2.1. For another permutation of the same sequence of 3.2 we prove the
‘theorem as follows:
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When-the sequence is {b, a, b, b, b}, we can choose three more distinct elements
u, v and w different from a and b (as S contains more than five elements) and then
define the following operation in S: :

(b, b, b)=, (b, a,u)=v, and (x,p,z)=w in-all other cases.

As [(b,a, b), b, bl=w, [b,(a,b,b)bl=w, and [b,a, (b, b, b)]=(b,a, u)=1,
we see that the associativity conditions do not hold for the given sequence {b,

a,b,b,b}.
For any sequence {p, q,r, s, t } different from {b, a, b, b, b} we show that the

conditions do hold.
Since (p, ¢, r) and (g, r, s) can never be equal to aor b,

[(p,g,r),s,t1]=w and [p,(q,r,5),t]=w.

Now, if (r, s, t)#u, then [p, q, (r, 5, 1)l=w, as (r, 5, t)2b. And, if (r, s, ty=u, but
p#b, then [p, 9 (r,s,)]=w. And even if (r,s,t)=u, p=b, [p,q,(r, s t)] =
= (b, q,u) = w, except when g=a, in which case {p;q,r,s,t} is the same as
{b, a, b, b, b}, the - given sequence. .
By deﬁmng a similar operation in S, we can demonstrate the truth of the
theorem in the same way for-every other sequence of five elements in wh1ch four
elements are equal but the fifth is different*).

3.3. Let a=b, c=d=e and a#c.
Since S contains more than five elements we can choose three more distinct
elements u, v, and w different from a and ¢ and deﬁne the operatlon as follows:

{c, ¢, y=u, (a, a, u)=v, and (x, y, z) w in all other - cases.
We have for the given sequence
(@, a,c),c, cl=w and [q,(a,cc),cl=w, but [a,aq,(cc, c)=(a,a u)=v,

so that the associativity conditions do not hold, whereas we show that for any
sequence {p, g, r, s, t } different from {a, g, ¢, ¢, ¢} the conditions do hold.
Since (p, ¢, r) and (g, #, s) can never be equal to & or ¢, we get

[(p, g, 1), s, t]=w and [p,(q,r,s), t]=w.
Now if (r, s, t)#u, then [p, g, (r, s, t)}=w as (r, s, t)#c. Also, if (r, s, t)=u, but
p#a, [p, q, (r, s, 1)]=(p, g, u)=w, and even if (r, 5, )=u and p=a, [p, ¢, (1, 5, t)]=

"*) The authors have investigated each of these permutations also, but for brevity all these
have not been incorporated here.
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=(a, g, ¥)=w except when g=a, in which case {p, g, r, 5,1} is the same as the
given sequence {a, q, ¢, ¢, c}.

We can similarly prove the statement of the theorem for other arrangements
of the elements in the sequence {a, a,c, ¢, c} such as {a,¢,a,¢, ¢}, {a,¢, ¢, a,c}
etc. by defining similar operations.

3.4. Let a=b, c=d and let e be different from « and c.

Since, under the hypothesis, S has more than five elements, we can choose
three more distinct elements u, v, and w different from a, ¢, and e and define the
following operation: ‘

(c,c,©)=u, (a,a,u)=v, and (x,y,z)=w in all other cases.
We have for the given sequence
[@ a,c),c,el=w, [a,(acc,) el=w, but [aa(cce)l=(a a u)=v,

so that the associativity conditions do not hold, whereas we show that for any
sequence {p, q,7,5, ¢} different from {a, a, c, c, e} the conditions do hold.

Since (p, ¢, r) and (g, r, s) can never be equal to a or ¢, we have [(p, g, 1), s, t]=w
and [p,(q,r,s), t]=w. Now if (r,s,1)=u, then [p,q, (r,s, t)]=w as (r, s, t)#e.
Also, if (r, 5, t)=u, but p#a, then [p, q, (r, 5, t)]=w. And even if (r, s, t)=u, p=a,
then [p, g, (r, 5, t)]=w except when g=a, in which case {p,q,r,s, ¢} is the same
as the given sequence {g, 4, ¢, ¢, e}.

We can have a s1m11ar proof for .other-arrangements of the elements in the
sequence {a,a,c,c,e).

3. 5.- Let a=b=c, d#e, and let d, e be different from a.
Since S contains more than five elements, we can choose three distinct elements
u, v, w different from a, d, e and then define the following operation:

(a,d,e)=u, (a,a,u)=v, and (x, y,vzl):w in all other cases.

Here we see that the associativity conditions do not hold for the given sequence.
For,
[(a, a, a), d, e]=w, [a, (a, a, d), e]=w, but [a,a, (a,d, e)]=(a, a, u)=v.

For any sequence {p,q,r,s,t} different from {a,a, a,d, e}, we show that the
conditions do hold:

Since (p, ¢, r) can never be equal to @ and (g, r, 5) can never be equal to a or
d, we have

[(p, g, r)s, t]=w and [p, (g, r,5), t]=w.

Now if (r, s, t)#u, -then [p, q, (r, 5, t)]=w as (r, 5, t)#e. Also if (r,s,t)=u, but
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p#a, then [p, q, (r, s, t)]=w. And even if (r, s, t)=u, p=a, then [p, q, (r, s, t)]=
=(a, q, u)y=w, except when g=a, in which case {p,q,r,s,t} is the same as the
given sequence {a, a, a, d, e}.

We can have a similar proof for other arrangements of the elements in the
sequence {a, 4, a, d, e}.

- 3.6. Let a=c, and let b, d, e be all distinct and different from a.
Since S contains more than five elements we can choose two distinct elements
u and w in S, different from @, b, d, and e, and define the operation as follows:

(a! b’ a) =a’ (b, a, b)=b7 (a7 d, e):u’
and
(x,»,z)=w in all other cases.

"We see that the associativity conditions do not hold for the given sequence,
for ’ B
[a,b, (a, d,e)l=(a, b, )=w, [a, (), a, d),el=(a, w,e)=w,
but ) : )
[(a, b, a),d, e]l=(a,d, e)=u.

For any sequence {p,q,r,s,t} different from {a, b, a, d, e} and containing
an element different from a, b, d, e, the conditions do hold, as in all such cases

(2. g, 1): 5, t]=w, [p, (g, 1,5), t]=w, [p,q, (s, O)]=w..

Hence taking p, g, r,s,t all from Ka, b,d, e only,vwesh—ow that the a'ss'nciativi,‘:;
~ conditions do hold in each case. We distinguish five cases, denoted by the letters

(A—(E).
(A) When p;éa we have [(p, g, 1), 5, t]=(x, 5, 1), say, where x= b or x=w.

(i) Let x= b ie. (p q,ry=(b,a, b). Then (5, a, b), s, t]=(b, 5, t)=b when
s=a, t=>b in which case :

(b, (a, b, @), b]=(b, a, b)=b and [b, a, (b, a, b)]=(b, a, b)=b.
And when s;fa or t#b,
[(b, a, b)s, t]=Ib, (a b, s) t] [b, a, (b, s, )]=w.

(ii) Let x=w. Then

[(p,q,r), s, t]l=(w, s, t)=w;
and

[P; (q’ r, S), t]z(P, a, t) or (P: ba t)7 6[' (p: u, t)a or (P’ w, t) |
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If (g, r,s)=aie. (g, r, s)=(a, b, a), p cannot be equal to b, for otherwise (p, g, r)=5b.
Then

(p.a, )=(p, b, )=(p,u, )=(p, w, t)=w
and [p, g, (s, D=2, ¢, 0) or (p,q,b) or (p,qu) or (p,q,w)

Now, if (r, 5, t)=b, p and ¢ can never have values b and a, respectively, for (p, ¢, r)=
=w. Therefore

(P, 4, )=(p, g, B)=(p, g, ¥)=(p, g, W)=w,
Hence

(P, g; r),5, 1]=1p; (g: 1, 5), 1]=Ip, g, (1 5, )] =w.
(B) When p=a but g#b, we have’

[(@ g,r), s, 11=Ia, (¢, 1, 5), t]= [a g, (r, s, )]=w,
for‘(a, q,r)s#a or b, (q,r,s)=b or d, (r,s,t)=e.
(C) When p=a, g=b but r>a, we have

[(a, b, r), s, t]=la, (b, r, 5), t]1=[a, b, (r, 5, t)]=Ww.
(D) When_pza, g=>b, r=a but s#d, we have

[(p, q, 1), s, t1=[(a, b, a), 5, t]=(a, s,'t)=a (when s=b, t=a)

. in which case '

‘ [a, (b, a, b), a}]=(a, b, a)=a and [a, b, (@, b, a)]=(a, b, a)=a, and (when s#b)
in all other cases ‘ | -
l(a, b, a), 5, t]=la, (b, 4, 5), 1]=[a, b, (a, 5, )] =W.

(E) When p=a, q=b, r=a, s=d but-t>e, we have )
[(a, b, a), 4, t]1=]a, (b, a, d),'t]#[a, b, (a, d, th=w.
This prov-es the contention.

3.7. Let a,b,c,d, e be all different from one another.
As S contains more than five elements, we can choose an element w different
from the given five elements and then define the operation in S as follows:

(c,d, c)=c, (a,b,€)=a, (d, e b)=d,
- (d’ c’ d) = d’ (b’ e’ b) =b’ (e’ b’ c) = c,
(c’ d} e) = e’ (eﬂ b’ e) = e’ (b’ c’ d) = b’ and

(x,y,2)=w in all other cases.
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For the given sequence

[a’ b’ (c9 d) e)]:(a’ b’ e):a’ [a, (b’ c’ d)’ e]z(a’ b, e)=a,

[(a, b, c)de] (w,de) wo

so that the associativity conditions do not hold. For any sequence {p,q,r,s, ¢}
different from {a, b, ¢, d, e} and containing an element different from a, b, ¢, d and
e, we have '

[p, g, 1), s, 11=[p, (q, 1, 5), t1=[p, g, (r, 5, )] =w.

Hence taking- p,q. 1,5, t all from a, b, ¢, d, e only, we demonstrate that the asso-
. ciativity conditions do hold in each case as follows:-
(A) When p=a, [(p, 4, 1), 5, (]=(x, 5, 1), say, then x-<a.
() Let x=b ie. (p,q,r)=(b, e, b) or (p,q,r)=(b, c,d). Then in the first
case
(P, 4, 1), 5, (1=[(®, ,B), 5, 11=(b, 5, )=b (when s=¢, 1=b or s=c, t=d),
and hence .
[b(ebe)b] (beb) b and [be(beb)] (beb) b,
b, (e, b, ¢), d1=(b, c,d)=b and [b,e, (b e, d)]=(b, e, b)=b,
while in the second case »
[(p, g, }), S, t]¥[(b, ¢, d), ;v, t]=(b, s, t)=>b (when s=e, t=b, or s=c, t:d):
and hence
[, (c, d, e), b]=(b, e, b)=b and [b, c, (d, e, b)]=(b, c, d)=b,
(b, (¢, d, ©), d]=(b, c,d)=b and [b,c,(d,c, d)]=(, ¢, d)=b,
and [(p,q,1r), 5, t]1=[p, (g, 1, 5), 1] =[p, g, (r, s, 1)] =w in other caées..

(ii)) Let x=c, i.e. (p,q, f)=(é, d,c) or (p,q,r)=(e, b, ).

Then
: ¢, if s=d, t=c,

[(P, q, r)a S, t]=[(c’ d’ C), 5, t]=(C‘, 55 t) = {e, if. S:d, t=e;
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in these cases
[c, (d, c,d), c]=(c, d, c)=c and [c, d, (c, d, ¢)]=(c, d, c)=c¢, and
[c, (d, ¢, d), e]=(c, d, e)=e and [c, d, (c, d, &)]=(c, d, &)=e,
.and [(p, q,7), s, t]=l(e, b, ¢), s, t]=(c, s, t)=c (when s=d and t=¢)
or=¢ (when s=d and t=e), in which case
fe, (b, c, d), c]=(e, b, c)=c and [e, b, (c, d, c)]=(e, b, ¢)=c, .
[e, (b, c, d), e]=(e, b, e)=e and ' {e, b, (c, d, e)]=(e, b, e)=e,
and  [(p, ¢, 1), s, t]1=[p, (g, 1, 5), t]=[p, g, (r, 5, 1)]=w in other cases.

(iii) Let x=d, i.e.(p,q,r)=(d, ¢c,d)or(p, q,r)=(d, e, b). Then [(p, q, 1),s, t]=
=(d, s, )=d (when s=¢, t=d, or, when s=e, t=0),

in which case
[d, (¢, d, ¢), d]=(d, c,d)=d and [d, ¢, (d,c,d)]=(d, c,d)=d,
Id, (c, d, ), b]=(d, e, b)=d and [d, ¢, (d, e, b)|=(d, ¢, d)=d,
[d, (e, b, ¢), d1=(d, ¢, d)=d and | [d, e, (b, c, d)]=(d, e, b)=d,
[4, (e, b, ), b]=(d, e, b)=d and [d, e, (b, e, Bl =(d, e, b)=4d,
4:and (p, g, 1), 5, t1=lp, (g, 7, 9), t1=[p, ¢, (r, s, t)]=w in all the other cases. |
(iv) Let x=e, ie. (p, q, r)v=(c, d,e) or (p,q,ry=(e, b, e).
“Then

=

[(pa q, r), S, t]:(e, S, t) — {C,

e, i
.and in each case

[, (@ &, B), d=(c, d, )=c and [c, d, (e, b, I=(c, d, )=c,

[c, (d, e, b), d|=(c, d, )=¢ and e, d, (¢, b, &)]=(c, d, &) =e,

le, (b, ¢, b), c]=(e, b, )=c and [e, b, (e, b, )]=(e, b, )=c,
e, (b, e, b), el=(e, b, )=e and [e, b, (e, b, &)]=(e, b, &)=e,

and p, g, 1,)s, t1=[p, (g, 1, 5), t]=Ip, g, (r, 5, t)]=w in all other cases.



Independence of the condition of associativity . 283

(v) Let x=w, ie. (p,g,r)=w. Then i(p, q, 1), s, t]1=(w, s, t)=w. Further-
more, [p, (g, r, 5), t]=w, for :
(p, a, t)=w for all values of p and ¢,
(p, b, t)=w as 1 >*a and pFe, |
(p, ¢, t)=w as p#b and p=d,
(p,d, t)=w as p#c,
(p, e, t)=w as p#b and p#d,
(p,w,)=w for-all values of p and 1.
Again, in each case [p, g, (r, 5, t)]=w, because
(p, g, &)=w for all vélues of p and g, -
(P9, b)=w as (p>b, g¢) and (p7d, g7e),
(p, ¢, )=w as (p#c, g=d) and (p=e, g=b),
(p, q, w)=vw for all values of p and g,
(g d)=w as (prd, g%c) and (pb, g£0),
(p, 4, )=w as (p#e, q7b) and (p7a, g7b), (p#c, g #d).
(B) When p=a, but ¢>b, then

la, q,r), s, t]=(w,s,t)=w and [a,(qg,r,s), t]=u;, la, g, (r, s, )]=w.
©) Whenv p=a, gq=b, but r>#c, then
(p, q, 1), s t1=[(a b, r), s, t]=(a s, t)=a if r=e, s=b, t=e,
in which case | | |
[a, (b, e, b), e]=(a, b, e)=a and [a,b, (e, b, e)]% (a, b, e)=a,
and [(a, b, r), s, t1=la, (b, r, 5), t1=[a, b, (r, s, t)]=w in all other cases.
(D) When p=a, g=b, r=c, but s#d, then

(a, b, o), s, t1=]a, (b, ¢, 8), t]=[a, b, (¢, s, t)]=w.
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(E) When p=a, q=b, r=c, s=d, but t#e, then
[(a, b, ©), d, t]=]a, (b, ¢, d), t]=[a, b, (¢, d, )] =w.

Combining 3.1 and 3.7 togethér completes the proof of the theorem.
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