Bi-ideals in associative rings and semigroups

By KENNETH M. KAPP in Milwaukee (Wis.; U.S.A.)

The concept of a quasi-ideal in an ‘associative ring was introduced by OtTO
STEINFELD in [18, 20]. He has developed an extensive theory concerning quasi- ideals
in rings and semigroups. Bi-ideals were introduced in semigroups by Goop and
HucHes 2], further treated by Lajos [10, 12] and the author [6] among others.
An explicit treatment has recently been given for bi-ideals in rings by LAJos and .
SzAsz [13, 14]. We continue to develop some of the theory of bi-ideals in rings here.

In [20] STEINFELD showed that each minimal quasi-ideal of a ring R is either
null or a division ring of the form eRe. We consider here bi-ideals of a ring and show
that an analogous result is also true. In a regular ring the sets of bi-ideals and quasi-
ideals coincide [10]. However as LUH points out [15] a ring may have these sets coincide
without being regular. In general, a quasi-ideal is a bi-ideal. We will investigate
minimal bi-ideals in arbitrary rings and determine several conditions under which
such bi-ideals are quasi-ideals.

‘§ 1. Preliminaries, bi-ideals and regularity

We begin by fecalling the ’f_ollo'wing definitions for rings. For semigroups (writ-
ten multiplicatively) one obtains from the following the corresponding definition
of quasi-ideal, bi-ideal etc. by considering only the multiplicative requirement. In
.the sequel, when a definition or proposition holds for semigroups with this obvious
. modification we will place (&) following the number of the statement.

We will assume that the semigroup has a zero, 0, since a zero element can always
be adjoined (cf. [1] p. 4) and we will write $=.5° to denote such a semigroup. When
the corresponding result for semigroups is known we will cite the appropriate ref-
erence by: (1. 3) (¥-[1] p. 85 ex. 18b).

(1. 1) (&) Definition. A subgroup (4, +), of a ring, R, is a quasi-ideal of

Rif RANAR S A. (As usual CD= {Z'c d;| c;€ C,d;€ D} for subgroups (C, +) and
(D, +) of a ring R.) For the sermgroup S, we require 4 # @, the empty set and
SA ﬂAS c A.
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(1.2) (#) Definition. A subring B, of a ring, R is a bi-ideal of Rif BRBCS B.
For the semigroup S, a non-empty subset, B, is a bi-ideal if B2\UBRB S B.

(1. 3) (&-[1] p. 85 ex. 18b) Proposition. Let B be a bi-ideal of a ring R. Then
J = B+BR and L = B+ RB are respectively right and left ideals of R and JLS BC
cCJNL. '

Proof. A straightforward check shows that J and L are indeed right and left
ideals of R. Clearly B € JN L. On the other hand JL = (B+BR) (B+RB) S B+
+BRB+BR?B C B since B is a bi-ideal and the result follows.

We have the following partial converse of (1. 3).

(1. 4) (&-[1] p. 85 ex. 18¢) Proposition. Let J and L be respectively right
and left ideals of a ring R. Then any subgroup (B, +) of R such that JLSBSJNL
- is a bi-ideal of R.

Proof. Bis already by hypothesis a subgroup of R.

Since B2SJL and JLC B it follows that B is a subring. Moreover BRB
S (JNLRJNL) S JRL S JL & B so that B is indeed a bi-ideal.

Unlike the semigroup case, the additional assumption that B is a subgroup is
necessary in (1. 4) as the followmg example. shows. '

(1. 5) Example. Let R= {aloc Z~Z, Z the set -of mtegers with (m)a=n(2k),
k fixed} with the functional compositions deﬁned in the usual fashion: (n){x+f] =
= (ma+mB, (M- Pl = ((W2)B. Let J=L=R* and B={B¢ R| |[(n)B|>4n for each
n#0, or (M) = 4n, or B=0}. Clearly JLEBS R*=JNL and yet with (n)f=4n,
B € Bbut —B¢ B so that B is not even a subgroup no less a bi-ideal.

In the remaining part of this section we will consider bi-ideals which are either
themselves regular rings [semigroups] or which are subrings [subsemigroups] of a
regular ring [semigroup]. '

(1. 6) (&) Definition. An element a of a ring R is regular if a€aRa. R is
regular if each element in it is regular.
We now have the following proposition.

(1.7) (#-11] Theorem 10) Proposition. Let acR, a ring. Then aRa is a
bi-ideal. Indeed, a is regular if and only if aRa is the smallest bi-ideal containing a.

Proof. By [12] Theorem 8, aRa is a bi-ideal. Suppose now that a is regular.
Then a€aRa. Let Bbe a bi-ideal containing a. We have aRa< BRBC B so that aRa
‘is indeed the smallest bi-ideal containing a. Conversely if aRa contains a then a is
regular.

(1.8) (¥) Proposition. Let B be a bi-ideal of a ring R. If B is i;se]fa regular
- ring then any bi-ideal of B is a bi-ideal of R.
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_ Proof. Let 4 be a bi-ideal of B. Then 4 is also a subring of R. Since B is regular
we have ASAB and A& BA so that ARAS (AB)R(BA) CA(BRB)A CABACS A.

- Thus A is a bi-ideal of R.

The following two propositions are generallzatlons of [1]ex. 18d, p. 85, [6] (2 15)
and [10] Theorem 1.

(1.9) Proposition. Let S be a semigroup and B a bi-ideal ofS If the elements
of B are regular then B is a quasi-ideal.

Proof. If bs = rb*c BSN SB then there is a '€ S such that bb’ b=b. Thus
bs=bb'bs=b(b'r)b* ¢ BSBS B. Whence BS1 SB S B and B is a quasi-ideal.

(1.10) Proposition. Let R be a ring'andAB a bi-ideal of R. If every element
of B is regular then B is a quasi-ideal. '

nt

Proof. Let x€¢ BRNRB. Then x = j’biri = 2 5;b;(%) where b;, b;¢B,
: i=1 =1 '

- . 1= .
r;, 8, € R. We procede inductively: b, =b, t, b, for some t, € Rso byry = byt byr, =

=—2b t,b;r;+b t;x= ——Zn' b;r;+b7 where b{ € B since x € RB. Substituting back
z 2
in(%) bi+ 2 b/r;, = x. Again for b, we have a 1,€ R with b, =b,t,b, so that
2 . :
byry =— 2 b{r;+x—bj and
3

byry=byt;b,r, =‘_ZAbzfzb:{’ri‘*‘bztz(x'—bi) == byt,bir;+b;.
3 . 3 -

Substituting again we have b1 +b5+ > b r; = x. We continue in-the above fashion
to obtain > b = x. Since (B, +) is a group the result follows. '
1

It is possible to combine this with (1. 8) to obtain:

. (1.11) Corollary. Let B be a bi-ideal of a ring R. If B is itself a regular ring
then any bi-ideal of B is a quasi-ideal of R as well as B. If Q is a quasi-ideal of R
which is itself regular then any quasi-ideal of Q is also a quasi-ideal of R.

§ 2. General results on minimal bi-ideals

We gather in this section several general results concerning minimal bi-ideals.
We have first the following definition.

(2. 1) (&) Definition. A non-zero quasi-ideal '[bi-ideal] Uofaring Ris a
minimal quasi-ideal [bi-ideal] if there is no quasi-ideal [bi-ideal], T, with {0}c T c U.
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(We use < for proper contamment) A similar definition is given for a sermgroup
S=5°.

(2.2) (#-6] (1. 8) Propoéition. Let B be a minimal bi-ideal of a ring R. Then
B is nilpotent if and only if B2={0}.

Proof. Let n=2. Then since the product of two bi-ideals is a bi-ideal B"-! is
a bi-ideal which is clearly contained in B and we have B"~!=8 if B"~ 1= {0}. Thus
B"=B%={0} precisely when B is nilpotent.

(2.3) (¥) Proposition. Let B be a minimal bi-ideal of a ring R with B?3<{0}.
If b, Bb,={0} and b, Bb,={0} [b,Rb, ={0} and b,Rb,={0}] for fixed b,,b,€B
then b, Bb,={0} and b, Bb,={0} [b, Rb,={0} and b, Rb, ={0}}.

Proof.If b, Bb, # {0} then b, Bb, = B by the minimality of B and [12] Theorem 8.
We have B2=(b, Bb,b,)Bb, S(b,Bb,)Bb,={0} a contradiction. Thus b 1 Bb,={0}
and similarly b, Bb, = ={0}.
~ The proof of the alternate reading is similar.-Here we would have B*=
=(by Rbb,)Rb, & (b Rb;)Rb, = {0}.
We.remark that the above proposition is also valid with any bi-ideal T in place
of R provided either Th, E T or by TS T.

(2.4) (#-[6] (1.8)) Theorem. Let B be a minimal bi-ideal of a ring R. If
B?3 {0} then B is a division ring and a minimal quasi-ideal. Indeed B is of the form
B=eRe=eBe where e is the identity of B.

Proof. Let C={b€ B|bB={0}}. It follows immediately that C is a subring
since B'is. Moreover for ¢, ¢, €C, r€R, ¢,rc, € B and hence ¢, rc, € C so that C
is a bi-ideal of R. By the minimality of B we must have C= {0} since B> {0} by
hypothesis. Thus for b€ B\ {0}, b B#{0). Since bB is a bi-ideal ([12] Theorem 8)
it follows that bB=B. Similarly Bb=B. Thus for b€ B\ {0} we have Bb=bB=RB
and it follows that B is a division ring. Clearly B is thus regular so that B is a quasi-
ideal by (1. 10). Since B is minimal as a bi-ideal it is surely minimal as a quasi-ideal.
It now follows immediately from [20] Theorem 3 that B=eRe=eBe where e is the
identity of B. ' :

§ 3. Nilpotent minimal bi-ideals

We have seen in the last section that minimal bi-ideals which are not nilpotent
are quasi-ideals and moreover division rings. We will now consider the alternative
case when the bi-ideal is nilpotent (recall (2. 2)1).

(3. 1) Definition. We will call a minimal bi-ideal [quasi-ideal] B a nilpotent
minimal bi-ideal [quasi-ideal] if B is a zero subring, ie., B?={0}.
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As the following example show, even in a commutative ring, a nilpotent minimal
bi-ideal need not be a (minimal) quasi-ideal. Thus the sets of minimal bi-ideals
and minimal quasi-ideals for a given ring need not coincide.

(3.2) Example. Let S=Z/(6) where Z is the ring of integers and set R=
=R[x]= S[x]/(x*) where x is transcendental over S. Let B={0, 2x2, 4x2}. Clearly
B is a subring of R: Since B2={0} and R is commutative BRB=B2R={0}S B
so that B is a bi-ideal of R. However 4%3 = %(4%2%) = (42X BRNRB but 4x3¢ B
so that B is not a quasi-ideal. It is easy to see that B is also a minimal bi-ideal.

We note that a similar statement is also true in the case of a commutative semi-
group. It suffices to consider (R, -) above as our semigroup and B’={0, 4%2}. Then
(B’)?={0} so that {0}=B’RB’C B’ while again 4%3¢ B'.

3.3) Theorem. Let B be a nilpotent minimal bi-ideal of a semigroup S=S°.
Then the following sets of equivalent statements are mutually exclusive.

1. some non-zero element of B is irregular (iff),

2. no non-zero element of B is regular (iff),

3. for some b¢ B\{0}, bSb= {0} (sz)

4. for each b€ B, bSh={0}
lin any of the above cases B={b,0}];

5. each element in B is regular (iff),

6. some non-zero element of B is regular (iff),

7. bSb={0} for each be B\{0} (iff),

- 8. bSb#{0} for some b€ B

[in any of these cases B is a quasi-ideal).

Proof. In any of the above cases one need consider only 5Sh for b€ B. We
observe that 5Sh is a bi-ideal contained in B. Thus by the minimality of B either
bSb={0} or bSh=B. In cases 1 or 2 if b is irregular then b¢5Sb so bSh B and
hence bSb={0}. Clearly {b, 0} is then a bi-ideal and hence B= {b, 0}. The equivalence
of statements 1—4 should now be obvious.

Indeed, it is now clear that a non-zero element of B can be regular precxsely
when each element in B is regular. Furthermore b0 is regular iff bRb# {0} since
in such a case bRb=B. It follows that each of the statements 5—8 are equlvalent and
for any of these cases B is a quasi-ideal by (1.9).

We give the analogous result for nilpotent minimal bi-ideals in rings.

(3.4) Theorem. Let B be a nilpotent minimal bi-ideal of a ring R. Then the
following sets of equivalent statements are mutually exclusive. '

1. some non-zero element of B is irregular (iff),

2. no non-zero element of B is regular (iff),

3. for some be B\{0}, bRb= {0} (iff),
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4. for each b€ B, bRb={0}
[in any of the above cases B=([b]; +) where b is of prime order];
5. each element in B is regular (iff),
6. some non-zero element of B is regular (iff),
7. bRb={0} for each b€ B\{0} (iff),
8. bRb={0} for some b€ B
[in any of these cases B is a quasi-ideal].

Proof: The additive operation of R does not enter into consideration unti.
" the final conclusion is approached. The proof of (3. 3) can be repeated intact.
- Now however if 5Rb={0}, b will generate an additive subgroup [5] which is a bi-
ideal. Since (nb)r(mb)=>b(nmr)b=0 any subgroup of ([b}, +) will also be a bi-ideal.
Thus B= ([b] +) and the order of » must clearly be finite (else take [2b] etc.) and
prime. If any of the conditions 5—8 hold B will be a quasi-ideal by (1. 10).

If B is a subgroup of a ring R, with B>={0} and the order of B prime, then it
is clear that if B is a bi-ideal it.must be minimal. It suffices to have either R commuta-
tive or B contained in the center of R to have this be the case. As the following
example shows it is possiblet o have a subgroup (B, +) of prime order and B?= {0}
without B being a bi-ideal. :

(3. 5) Example. Let R be the ring of 4X4 matrices over Z/(p) where Z is
the ring of integers and r is a prime number. Let

(0 o
acZ/(p)( .

‘o o a
coo o
R oo o
ococoo

It is easy to check that B*= {0} but that Bisnot a bi-ideal of R. Moreover if we take here

x, y, u,v€ Z[(p)

T O % o
cooo
T ow o
©c oo o

then § is a bi-ideal of R-and B a bi-ideal of S since BS={0}. Thus the regula-
rity condition of (1. 8) is in omne sense necessary for the middle subring. Here R is,
as is well known, a regular ring. :

It is easy to observe from the above two theorems (3. 3) and (3. 4)) 2.9
~and [20] Theorem 3 that if a minimal bi-ideal (or quasi-ideal) is either a division
ring (or group union {0} in the semigroup case) or nilpotent and possesses no non-
zero regular element (regular; in the original ring or semigroup) then the bi-ideal (or
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.quasi-ideal) considered itself as a ring (or semigroup) contains no non- tr1v1a1 bi-
ideals (or quasi-ideals).

In the first case the bi-ideal is also a quasi-ideal. ThlS situation is altered in
the remaining case when the elements of the nilpotent minimal bi-ideal are regular
(the second set of conditions in (3. 4) or (3. 5)). Here there may be many proper
bi-ideals of the given minimal bi-ideal. We conclude with the following examples.
which illustrate this situation.

(3. 6) Example. Let S be a completely 0-simple semigroup over a non-trivial
group, G, (cf. [1], [4]) where S is not a completely simple semigroup with a adjoined
0,1.e., S has at least one non-zero nilpotent s#-class. It is easy to see that the minimal
bi-ideals of S are just individual non-zero J#-classes union {0}. Since S is regular
these are also the minimal quasi-ideals of S (cf. [19], [22], [5]). Let B denote a non--
zero nilpotent #-class union {0}. Then B is a minimal bi-ideal satisfying the second
set of conditions in (3. 3). Since G is non-trivial, |B|=2. It is easy to see since B?= {0}
that any proper subset of B which contains O will be.a bi-ideal (quasi-ideal) of B..

(3. 7) EXample. Let Q denote the rational numbers and let R by the com-- -

plete ring of 2X 2 matnces over Q. R is a regular ring. Let B= {[2 8) !q € Q}- Then.

one readily checks that B is a nilpotent minimal bi-ideal (quasi-ideal) of R which..

falls under the second set of conditions in (3. 4). Again since B*>={0} any non-

trivial subgroup (under addmon) of B, and there are many, will be ‘a bi-ideal (quasi--

ideal) of B.
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