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Let f{x) be an arbitrary continuous function in the interval [—1, 1]. If 
— =— 1 are the roots of the Legendre polynomial P„(x) of degree n then 

the so-called Hermite—Fejér interpolating polynomials 

H ( f Y - \ - ^l~2xxk + x2
k( Pn(x) I2 

" U , ) A 1 -xl Un(xk)(x-xt)J 
of degree S 2n— 1 satisfy 

Hn(f,xk)=f(xk), H'n(fxk) = 0 (k= l,...,n). 

It is well known (see FEJÉR [1]) that 

lim H n ( f x ) = f ( x ) ( | * ! < 1 ) . 

for all continuous f(x), and the convergence is uniform in each closed subinterval 
of (—1, 1). Our first result improves this statement by giving an estimate for the 
rate of convergence. In what follows, a)f(t) will denote the modulus of continuity 
o f f ( x ) . 

Th 

e o r e m 3. Let fix) be Ü continuous function in [—1, 1] then. 

\ f ( x ) - H n ( f x)\ = 
= max ( | / ( D - i / 7 « dx\, |/(-1) - i f f ( x ) d x I ) • O + 
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P r o o f . Let n i 3 , 

(1) m 
log n 

and q,„(x) be the best approximating polynomial of degree S m to f ( x ) in [—1, 1]. 
Then by the Jackson theorem 

(2) «/(*)-9»(*)ll = 0\cor m ) ) 

(||.| | means the maximum-norm of the corresponding function in [—1, 1]). By the 
linearity and positivity of the operator H„ we have 

( 3 ) \ f { x ) - H n { f x ) \ == \f{x)-qm{x)\ + \qm(x)-Hn{qm,x)\ + 

+ \Hn(qm-f,x)\ = O | o j 7 + \qm(x)-Hn(qm, x)[. 

Assume first that By m ^ 2n—l (see (1)) we obtain (cf. e.g. S Z E G Ő [2], 
(14. 1. 9)) 

Pn(x)2 

( 4 ) qm (x) - H„ (qm, x) = 2 tin (xk) 
k=) '" P'n(Xk)2 (X — Xk) 

\Pn(x)2 2 IP 
" '2(1 +xk)q;n(xk) 

á,P'n(xk)2{\-xl) + P„(x)2( 1 - x ) 2 
q'm(xk) 

4 = 1 P'n(Xk)2( l - X k ) ( X - X k ) ' 

Here the first sum is the Gauss—Jacobi quadrature for the polynomial (1 + x)q'm(x) 
of degree ^ m S. 2/z—1, thus it is equal to 

1 1 
f (1 + x) q'„ (x) dx = 2qm (1) - Jqm (x) dx, 

- 1 - 1 
1 

which, in turn, tends to 2/(1)— J f(x)dx as n (and by (1) m) tend to infinity (see (2)). 
- 1 

Therefore, by the inequality 

( 5 ) Pn(x)2 =§ 
1 

n Y^—"' (1*1 < i) 

(cf. S Z E G Ő [2], Theorem 7. 3. 3), we get from (4) 

(6) qm (x) - Hn (qm ,x) = J / ( l ) - i ¡ f i x ) dx | O + 

, A W,n{xk)\ 
fn k^P'n{xk)2{i-xk) 

Pn(x) 
X — Xk 

( O s i < 1). 
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Using a theorem of S . B. STECKIN [3] which states that for an arbitrary polynomial 
q,„(x) of degree =m 

= 0 1 ^ = 1 . 0 ) , 1 1 

i / r 

holds, we get by (2) and co ( i )=2 | |g | | that 

(7) \q'm(x)\ = O 
m 

CO, 
m im-f 

m 

m 
m 

(1*1 < 1) 

= O 
m m ' \ m 

Í\-x2 
(\x\ «= 1). 

We also need the following estimates in connection with the Legendre polynomials: 

(8) 
2k— 1 . 2k 

n S vk = arccosx f c 2n+ 1 

( S Z E G Ő [2], Theorem 6. 21. 2), and 

2n + 1 
(¿ = 1 , . . . ,«) 

( 9 ) 
(lsksnl2), 

(n - ek)~3'2 in ~ (n - k)~3,2n2 (»/2 s k s n ) . 

( S Z E G O [2], (8. 9. 7)). If we denote cos and Xj\.= min \x— xk\ then (5) 
lSkSn 

and (8) imply 

Pn(x) (10) 
x — xk 

0 

O 

l Í j \ j 2 — k2 

if k — j, 

if 1 ~=j+k=*n,.k?£j, 

i j \ j - k \ { 2 n - j - k ) 

Collecting our estimates (7)—(10) we'obtain by (1) 

if n -c j+k S 2/j. 

( 1 _ ^2)3/4 1 ^ ( ^ ) 1 
¿-J D' 1 , 1 /2 j£= 1 P'n(xk)2(\ — xk) x — xk 

+ & 2 

j 3/2n2j3n 3 + 

1 

2 

[YJ k-3n*k3ni\j2-k2\ 

1 

+ 

(n-k)-3n\n-kfn-3\j-k\(2n - j - k ) n^j+ks^n . 
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This together with (3) and (6) means that 

\ f ( x ) - H n ( f , x ) \ = |/(1)-i f f(x)dx\ O ( - ^ j + 0 ( « / ( ^ j ) 

(0 x < 1). 

A similar estimate holds for — l < x < 0 and the proof of Theorem 1 is complete. 
As for the endpoints ± 1 , FEJER [ 1 ] proved that 

i 
0 1 ) lim Hn(f + 1) = + { f ( x ) d x . 

G . FREUD [ 4 ] raised the question (in a much more general form) whether the necessary 
condition 

(12) / ( ± 1) = ± j f i x ) d x 

for 
(13) lim | | / (x) - / / „ ( / , x)|| = 0 , 

rt — CO 

obtained from ( 1 1 ) , is sufficient as well. Recently, A . SCHONHAGE [ 5 ] has given an 
answer in the affirmative by proving that (12) implies (13). The following result 
(which is an easy corollary to our Theorem 1) is an improvement of the Schonhage 
theorem (namely, it contains an estimate for the rate of convergence). 

T h e o r e m 2. Let fix) be a continuous function in [—1, 1] for which (12) holds. 
Then 

\\fix)-H„ifx)\\ = O 
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