Function algebras and flows

By PAUL S. MUHLY in lowa City (lowa, US.A)*

§ 1. Throughout this article X will denote a fixed compact. Hausdorff space
upon which the real line R (with the usual topology) acts as a locally compact trans-
formation group. The pair (X, R) will be called a flow and the translate of an x
in X by a ¢ in R will be written x-1. The space of all continuous complex-valued
functions on X will be denoted by C(X). If ¢ is a function in C(X), then ¢ will be
called analytic in case for each x in X the function ¢(x+1¢) of ¢'is the boundary
function of a function which is bounded and analytic in the upper half-plane. The
space of all analytic functions in C(X) will be denoted by . It is clear that U is
a uniformly closed subalgebra of C(X) which contains the constant functions.

This notion of analyticity was first defined by FORELLI and has been studied
extensively by him in a number of articles (see [11, [2], [3], [4] and [5]). Our principal
objective in this article is to show that under suitable conditions the algebra 2
belongs to well known classes of abstract function algebras.

Recall that if B is an algebra of continuous functions on.a compact Hausdorff
space Y then a probability measure m on Y is called a representing measure for B

in case fw¢dn1=(f«pdm](ft[1dm] for all ¢ and ¥ in B. If m is a representing
Y Y Y

measure for B and if B contains the constant functions, then B is called a weak- * Di-

richlet algebra in L~ (m) in case B+ B is weak-* dense in L=(m). (The bar denotes

conjugation, here and always.) We refer the reader to [16] for an account of weak-

Dirichlet algebras. If 88 contains the constant functions and if B+%B is uniformly

dense in the space-of continuous functions on Y, then B is called a Dirichlet algebra.
Our first basic structure theorem is ‘ ’

Theorem 1. If p is an invariant, ergodic, probability measure on X, then u
is a representing. measure for A and W is a weak- % Dirichlet algebra in L™ (p).

With an additional hypothesis on the flow (X, R) er are able to prove a much
stronger theorem. The hypothesis is that (X, R) is strictly (ot uniquely) ergodic
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‘in the sense that there is exactly one probability measure on X which is invariant
under the action of R. It is well known that since X is compact there is at least one
- invariant probability measure on X. However, the requirement that there is exactly
one is very special (see [6], [{1], and [14]). Note that if (X, R) is strictly ergodic,
then the unique invariant probability measure must be ergodlc and this explains the
terminology.

~Our second basic structure theorem is

Theorem LI. If the flow (X, R)-is strictly ergodic, then W is a Dirichlet al-
gebra on X.

Theorems I and IT enable us to exhibit new and striking ways in which algebras
of analytic functions associated with flows generalize certain spaces of generalized
analytic functions in the sense of Arens and Singer. To see this recall how these
spaces are defined. Let I' be a non-zero subgroup of R, give I' the discrete topology,
and let G be its compact character group. The space U, of generalized analytic
functions determined by I' is defined to be the space of ali continuous complex-
valued functions on G whose Fourier transforms vanish on the negative half of I'.
It is easy to see that - is a Dirichlet algebra on G. If I is (isomorphic to) the integers,
then - is simply the classic disc algebra. In general U, may be regarded as the
algebra of analytic almost periodic functions on the line whose frequencies lie in I
The real line can be imbedded in G as the space of all characters on I' which are
continuous with respect to the usual topology of R restricted to I'. The imbedding
defines a natural action of R on G so that (G, R) is a flow. It is not hard to see that
the space of analytic functions associated with this flow is precisely 2. The flow
(G, R) is strictly ergodic — normalized Haar measure on G is the unique probability
measure on G which is invariant under thé_ action of R. Thus Theorem II gives a
new, albeit roundabout, proof that ¥, is a Dirichlet algebra. There are many flows,
even strictly ergodic ones, which are not of the form (G, R) and consequently, the
results which we obtain for spaces of analytic functions associated with general
flows represent bona fide extensions of results known to hold for spaces of generalized
analytic functions.

Section 2 is devoted to the proofs ofTheorems I'and II. In section 3 we investigate
the nature of general representing measures for 2. Our investigation is incomplete
in some respects; however, it is sufficiently complete to yield results which are
complementary to FORELLI’s generalization of the F. and M. Riesz Theorem [1].
Specifically, we present conditions on a representing measure m under which the
abstract Hardy spaces H?(m), | =p=-<o, have the property that no non-zero func-
tion in HP(m) can vanish on a set of positive measure. These conditions are satisfied
in the following two situations:

(1) (X, R) is an arbitrary flow and m is invariant and ergodlc
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(i) (X, R) is strictly ergodic, and m is an arbitrary representing measure for 2.
This feature of the Hardy spaces is well known when U is the disc algebra. In [9]
HeLsonN and LowDENSLAGER showed that if . is the algebra of generalized analytic
functions associated with the subgroup I' of R, and if m is Haar measure on G
then the Hardy spaces H?(m), 1=p=-co, also have this feature. In the situations
(i) dand (ii), we also show that H~(m) is a maximal weak-+ closed subalgebra of
L~ (m). This result is complementary to FORELLI’S generalization [5] of WERMER S
' maxnmallty theorem.

§ 2. The dual space of C(X) is the space of all bounded, complex, Baire measures
on X; we will denote it by M(X). If ¢ is in C(X) and if 4 is in M(X), the integral

f(pdi will often be written as (¢, 4).
b

The definition of analyticity given in section 1, whlle intuitively appealing, is not
the one which we shall use in.our proofs We digress momentarily in order to give an
equivalent definition.
The action of R on X induces a strongly contmuous one-parameter group
{T;},cx of automorphisms of C(X). These are defined by the formula

(T.0)(x) = @(x—1t), @€eC(X), teR.

Using {T,}, g one may convolve a function in C(X) or a measure in M(X) with a
function in L' (R) in the following way. For ¢ in C(X) and fin L' (R), ¢ xf is defined
by setting

oxf= [ (T.o)f(t)dr.

If Aisin M(X) and if fis in L' (R), A %/ is defined to be the measure such that

(o, A%f) = (o %[, %)

" for all @ in C(X) where fis the function whose value at zin R 1sf(——t) Under these
operations of convolution C(X) and M(X) become L'(R)-modules such that

loxf1 = el fI and [AxS1 = A1

for all ¢ in C(X), A in M(X), and fin L*(R). For each ¢ in C(X) (resp., 2 in M (X))
let J(p) (resp., J(A)) be {fe€L'R)|p %/ = 0} (resp., {f€L'(R)|Axf =0}). Then
. J() (resp., J(2)) is an ideal in L'(R) which is closed by the above inequalities.
The hull of J(¢) (resp., J(A)) is defined to be the spectrum of ¢ (resp., A) in the sense
of spectral synthesis and will be denoted by sp () (resp., sp (4)). (Recall that the
hull of an ideal in L' (R) is by definition the intersection of the zero sets of the Fourier
transforms of the functions in the ideal.) We refer the reader to [1] for an account of
spectra.

8 A
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The equivalent formulation of analyticity is given in Proposition 2. 1 below.
It was used by ForeLLI in [5] although he never formally stated or proved it..The
proof is an easy calculation based on the well known fact that a bounded measur-
able function F on R is the boundary function of a function which is analytic and
bounded in the upper half-plane if and only if the spectrum of F in the usual sense
of spectral synthesis is non-negative. Because of this, the proof will not be given.

_ Proposition 2. 1. A function ¢ in C(X) is analytic if and only if sp (¢)S
£[0, «). ' '

Following ForeLLl [1] we shall call a measure in M(X) analytic in case its
spectrum is non-negative.
The proofs of Theorems I and II rest on

Proposition 2. 2. A measure A in M(X) is invariant under the action of R if
and only if sp (A) is contained in the singleton {0}. '

Proof. Suppose 4 is invariant. If ¢ is in C(X) and if f'is in L'(R), then by
Fubini’s Theorem we obtain the equation

(o dnfy=(oxi = [ (T D@ dt=(0, 2y [ 16y di=(, DFO)

where f'is the Fourier transform of f. It follows easily that sp (4) < {0}.

Suppose, conversely, that sp (1) & {0}. Choose ¢ in C(X) and for ¢ in R let
F(t)=(T,p, 4). On page 50 of [1] ForReLLI showed that the spectrum of F as a
bounded continuous function is contained in —sp (¢)Nsp () & {0}. By [15,7.8.3
(e)], F is constant. Thus for all ¢ in C(X) and all ¢ in R, (T,¢, 1) = (@, A), and con-
sequently, A is invariant.

Proof of Theorem 1I:

(i) Let A, ={p € Alp, n)=0}. To show that u is a representing measure for
A it clearly suffices to show that A, is an ideal in A. To this end, let A, be the inter-
section of A with the weak- ¥ closure in L~(u) of the space of all functions ¢ in
A such that sp (¢) E(0, ). Then by Lemma 3 and Theorem 1 of [1] it is easy to
see that 21, is a closed ideal in 2. We show that A, =, . Since u is invariant, sp (U) &
S {0} by Proposition 2.2, and so u is analytic. Hence, by Proposition 2 of [1],
A, &A,. Suppose ¢ is a function in A, which is not in A,. Then by the Hahn—
Banach Theorem there is a function f'in L' (1) such that (¢, fdu) =1 while (i, fduy =0
for all y in 2,. Observe that since fdp annihilates Uy, fdu is an analytic measure
by Proposition 2 of [1]. For ¢in R, let F(¢)=(T,p, fdu). Then as in the proof of Pro-
position 2.2, we find that sp (F) S —sp (¢)Nsp (fdp) E (—<=, 0)N[0, =) = {0},
and so F is constant. The constant is (@, fduy)=1. For positive 7, let
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TP, = 1— f (T,p)d:t. Then by the individual ergodic theorem [8, p. 18] and the fact

that p is ClgOdlC the ¢, converge a.e. (1) to (@, u) =0. The convergence of the @, is
also bounded and so we find that

lim {o,, fdu)=0.

T-—+00

On the other hand, by Fubini’s Theorem,

(9o fdiy=5- f (T, fdiy=- f F()di=1

for all posmve 7. Thus
lim (o, fdpy=1.

T->00

This contradiction shows that A=A, as we proinised and the proof of the first half
of Theorem I is complete. ' ‘

(ii) To show that A+ is weak-* dense in L=(u) suppose f is a function in
L' (1) which annihilates % +2. By Proposition 2 of [1] and the fact that

A={e €C(Isp (9) S (— <=, 0]}

[1, p. 48], we find that sp (fdu) £{0}. By Proposition 2. 2, fdp is an invariant mea-
sure; and since p is ergodic by hypothesis, f'is constant. Since, however, the measure
fdu annihilates the constants, f=0. Whence A+ is weak- % dense in L~(p) and
the proof of Theorem I is complete.

If A is in M(X) and if ¢ is in R, we also write T,A for the measure- whose value
at a Baire set E is A(E+1). The total variation measure of a measure 1 in M(X)
will be denoted by |A|. Recall that an arbitrary measure 4 in M(X) is called quasi-
invariant in case T;|4| and |A| have the same null sets for each ¢ in R.

The proof of the following lemma is a straightforward application of the defini-
tion of the term total variation measure and so will not be given. '

Lemma 2.3. Let A be a measure in M(X) which is invariant under the action
of R on X. Then |1| also is an invariant measure and the Radon—Nikodym derivative

da; M is (after modification on a |Al-null set) an invariant function on X.
Proof of Theorem II:

The unique probability measure on X which is invariant under the action of R
will be denoted by u. Recall that p is necessarily ergodic.

8
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We must show that W +9 is uniformly dense in C(X). Suppose the contrary
and let A be a measure in M(X) of unit norm which annihilates U +92[. Then by
Proposition 2’ of [1] and the fact that A= {p € C(X)|sp (p) S(—oo, 0]} [1, p. 48],
we see. that sp (1) & {0}. By Proposition 2. 2, 1 is invariant and so, by Lemma 2. 3,
14| is invariant. Since 4 has norm one, || is a probability measure, and by the strict
ergodicity of (X,R), |A]=u. Since by Lemma 2.3, di/d|| is invariant and since
|A]=p is ergodic, dA/d|A] is constant. Thus A is a constant multiple of p. But the
multiple must be zero because 4 annihilates the constant functions, and thus we have
arrived at a contradiction. Whence 2+ is uniformly dense in C(X) and the proof
of Theorem II is complete.

§ 3. In this section we investigate the properties of representing measures for
A on X. We note in advance that we will use the following fact several times in
our arguments. If m is an arbitrary repreSenting measure for 2 on X, then each real-
valued function in H2(m) is constant (see [7, p. 98]).

For each ¢ in R we let C, denote the closure in C(X) of the space of functions
¢ in C(X) such that sp (¢) S (¢, ). By Lemma 3 of [1], C, is a linear subspace of
C(X); and if =0, C, is an ideal in 2 by Theorem 1 of [1].

If {M,},c 4 is a family of closed subspaces of a Hilbert space then V M, will
ac A

denote their span and /\ M, will denote their intersection. Similarly, if {P.}sc4

is a family of or. hogonal projections on a Hilbert space, then \ P, will denote
a€ A

their least upper bound and A P, will denote their greatest lower bound.
ac4A .

If u is a positive Baire measure on X, then we will often regard functions in
L=(y) as multiplication operators on L?(i). Note that when L=(u) is regarded as
an algebra of operators on L?(u), it is the closure of C(X) in the weak operator
topology; and observe that the subspaces of L2(u) which reduce C(X) are of the
form yzL?(u) where y; denotes the characteristic function of the Baire set E.

Theorem IIL. If m is a representing measure for A on X which is not a point
mass, then m is quasi-invariant under the action of R.

Proof. The proof rests on Theorem 2 of [1]. For each ¢ in R, let M, be the
closure of C, in L?*(m). The family {M,},.x is a decreasing family of subspaces
of L2?(m). Since the space of continuous functions on X with compact spectrum

is dense in C(X) [1, Lemma 3] and is contained in Y M,, it follows that \/ M,=
tER {ER
=L2(m). If ¢ is in C(X) with sp (¢) E(s, =), then ¢C, S C, ., for all t by [I, Theo-
rem 1] and so @M, S M,,, for all ¢. From this it follows that A M, is reduced by
teR

each continuous function with compact spectrum. Thus A M, is reduced by C(X),
t€R
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and, by the above remarks must be of the form y;L?(m) for some Baire set E. Since’
yeL*(m) = A M, & H*(m), the facts that H*(m) contains no non-constant real-
téR R ]

valued functions and that m is not a point mass allow. us to conclude that A M,
tER

is the zero space. Thus we have shown that {M, }icn satisfies the hypofheses of
part 3 in Theorem 2 of [1]. Whence, by that theorem, m is quasi-invariant, and the
proof of Theorem III is complete.

Theorem IV. If mis a répresenting measure for W on X such that H 2(m) con-
tains functions other than constants, then m is ergodic if and only if no non-zero function
in H*(m) vanishes on a set of positive measure.

Proof. The hypothesis implies that 1 is not a point mass so that by Theorem IIT
m is quasi-invariant. .

Suppose m is ergodic and let f be a function in H2 (m) which vamshes on a set
of positive measure. If E is the support of f, then m(E)<1 and we must show that
m(E)=0. Observe that the smallest subspace of L2 (m) which contains f and reduces
C(X) is xzL?(m). Let du=ypdm, identify L*(p) with ygL*(m), and for each ¢ in
R let 7, be the closed linear span in L? () of the space {¢f|p € C,}. It follows easily

from the proof of TheoremIIl that V &= Lz(u) and that /\ %—XFLZ(;t) for
teR

some Baire set F. Since A #,S HZ%(m), m(F)=0 as before so /\ A, is the zero
t€R téR

subspace of L?(u). Finally, since the family {A.};cr is decreasing and since ¢4, S
C A, for all @ in C(X) with sp (¢) E(s, =) we may apply Theorem 2 of [1] again
to conclude that p is quasi-invariant. However, m is quasi-invariant and is also
ergodic by hypothesis. Therefore, since p is absolutely continuous with respect
to m, ¢ must be the zero measure by Lemma 9 of [1]. Thus m(£)=0 as was to be
shown.

To prove the converse, assume m is not ergodlc and let E be an invariant Baire
set such that 0<m(F)<1. We will produce a non-zero function in Hz(m) which is -
supported either on E or on X —E. :

For each ¢ in R, let M, be the closure of C, in L2(m) and let P, be the projec-
tion of L? (r_n) onto M,. It was shown in the proof of Theorem III that since m is
not a point mass on X, {M,}, . is a decreasing family of subspaces of L?(m) whose
span is L*(m) and whose intersection is the zero subspace. It is also easy to see that
+ for each t in R, M, = \/ M,. Thus, except for orientation, the famlly {P).cr is

s>t
a resolution of the identity which is continuous from the right, i.e., {P},cg h
the following four properties: (i) \ P, is the identity operator on L?*(m); (ii) A P,
’ tER ' tER
is the zero operator; (iii) if #<s, then P,=P,; and (iv) foreach¢t inR, P, = \ P,..

s>t
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Let {V,},¢g be the strongly continuous unitary representation of R on L?(m) defined
by the formula

V,= f e"dp,, 1€R.

Then, as Forelli showed in the proof of Theorem 2 in [1],

KH) heVi=Te

for all ¢ in C(X) and all ¢ in R. Since L~(m) is the closure of C(X) in the weak
operator topology, equation (3.1) is valid for all functions in L=(m) provided,
of course, that the right hand side of the equation is interpreted in the obvious way.
Since E is invariant by assumption, equation (3. 1) implies that y; commutes with
{V.},cr- Whence y; commutes with {P,}, g and so leaves each M, invariant. Because
H?(m) is assumed to contain non-constant functions, it is not difficult to see that
for some ¢=>0, M, contains non-zero functions. Let f be such a function and note
that not both ypf and yy.gf can be zero. Since both these functions are in M,
and since M, S H*(m) for t=0, we see that H?(m) contains non-zero functions
supported either on £ or on X—E. Thus the proof of Theorem IV is complete.

A word of explanation concerning the hypothesis of Theorem IV is in order.
If 9 separates the points of X, then the hypothesis of Theorem IV follows from
the hypothesis of Theorem III (see [7, p. 33]). However, examples show that 9 need
not always separate points; moreover, it is easy to see that on the occasions when
this occurs there are representing measures m for 9 such that m is not a pcint mass,
m is not ergodic, and such that H?(m) contains only constant functions. We note
that in numerous cases of particular interest 2 separates points. For example, this
happens when the flow is strictly ergodic and when it is minimal.

Observe that if m is a representing measure for % on X such that 2 is a weak-
Dirichlet algebra in L“’(m), then H?(m) consists solely of constants if and only if m
is a point mass. Observe also that if U is a weak-% Dirichlet algebra in L*(m)
then the space H2(m) has the property that no non-zero function in it vanishes
in a set of positive measure if and only if each H?(m) has this property, | Sp= o
(see [12]). Thus we find that the following corollary is a consequence of Theorem 1V
and [12}. -

Corollary 3. 1. Let m be a representing measure for W on X which is not a point .
- mass and such that N is a weak-* Dirichlet algebra in L~ (m). T/zen the following
assertions are equivalent:

(1) mis ergodtc

(i) for lspsoo no non-zero functton in HP(m) can vanish on a set of posmue

measure; ‘

(iii) H=™(m) is a maximal weak-+ closéd subalgebra of L= (m).
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“Our final goal is to show that when the flow is strictly ergodic each representing
measure for 2 which is not a point mass on X is ergodic. To achieve this goal we
‘prove the following result which is interesting in its own right.

Theorem V. Suppose that the Sflow (X, R) is strictly ergodic, and let u be the-
unique invariant probability measure on X. Then Co is a maximal ideal in N and p is
its ( necessartly unique) representing measure.

_ Proof The proof is very similar to part (1) in the proof of Theorem I. Let

A, = {p € A|(p, ) =0}. Since u is invariant the arguments in the proof of Theorem I
show that C, & U,. Therefore, to complete the proof, it clearly suffices to show
A, S C,. To this end, suppose ¢ is in 2, but not in C, and choose a measure 1
in-M(X) which annihilates C, while satisfying the equation {¢p, 1) =1. By Proposi-
tion 2 of [1], ‘A is analytic. Consequently, if F(t) (T,p, Ay then as before F is the

1
constant one. For posmve T we .set ‘Pr_j f (T.p)dt. Then for each such =,

<<p,, By = _[ F(t)dt = 1 and so
lim (p., A)=1.

T-+00

In the proof of Theorem I we invoked the individual ergodic theorem to obtain a
contradiction. However, that result has no bearing here. Instead we appeal to Théo-
réme XV on page 107 of [11] and the strict ergodicity of the flow (X, R) to conclude
that the ¢, converge pointwise (everywhere) to (@, u) =0. Since the ¢, are uniformly
bounded we see that

lim ((p,, Ay=0.

. T—>oo

This contradiction completes the proof.

Theorem VI. If the flow (X, R) is strictly ergodzc and if m is an arbitrary
representing measure for  on X which is not a point mass, then m is ergodic.

Proof. Let u be the unique invariant probébility measure on X, recall that
by Theorem V p represents the maximal ideal Cy in U, and consider the following-
two mutually exclusive and exhaustive cases.

Case I. |p—m| < 2. In this case, u and m represent points in the same Glea-
son part of the maximal ideal space of ¥ and hence are mutually absolutely con-
tinuous [7, p. 143]. Thus since u is ergodic, so is m.

Case 2. |u—m| =2. In this case, 4 and m represent points in distinct Gleason
parts of the maximal ideal space of 9 and 50 yu and m are mutually singular [7, p.
144]. Since C, is the maximal ideal in U represented by p (Theofem V), the ab-
stract Kolmogoroff—Krein Theorem [7, p. 135] implies that C, is dense in H?(m).
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For each ¢ in R, let M, be the closure of C, in L?(m) and let P, be the projec-
tion of L*(m) onto M,. In the proof of Theorem 1V it was shown that {P} . is a
resolution of the identity whose Fourier—Stieltjes transform {V,},.g is a strongly
continuous unitary representation of R on L2(m) which satisfies equation (3. 1).
By equation (3. 1) we know that if E is any invariant Baire set, then y; leaves each
M, invariant. This is true in particular for M,. However, the conclusion of the
preceding paragraph is that My= H?(m). It follows from this and the fact that H?(m)
contains no non-constant real-valued functions that if E is an invariant Baire set,
then m(E) is zero or one. Whence, in case 2 also, m is ergodic and the proof is
complete.

§ 4. One problem which arises at this point is to determine the structure of the
maximal ideal space of 2. We have been able to show that in the strictly ergodic
case a point in the maximal ideal space of A, which is not in XU {C,}, lies in a
non-trivial Gleason part. Moreover, C, lies in a non-trivial Gleason part if and
only if the unique invariant probability measure is supported on a non-trivial orbit.
On the basis of ‘these facts and what is known for spaces of generalized analytic
functions {7, p. 171], we conjecture that in the strictly ergodic case, at least, the
maximal ideal space of 2 is homeomorphic to X X [0, 1] with the slice X X {0} identified
to a point.D '

It appears that virtually all of the Helson—Lowdenslager invariant subspace
theory [10] is valid in our setting and that an analysis similar to that in [13] may be
developed to determine the Hilbert space representations of the algebra of analytic
functions associated with a flow. We hope to pursue these matters in a future article.
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