
Generalizations of the Hardy—Littlewood inequality. II 

By JÓZSEF NÉMETH in Szeged 

1 . G . H . H A R D Y and J. E . L I T T L E W O O D [2] proved the following 

T h e o r e m A. Suppose that a „ S 0 (« = 1, 2, ...) and that c is a real number. Set 

n 

Am,n~ 2 av-
v = m 

Ifp>lwehave • - * 

(1) Zn-cAln^KZn'c(ri-any with c > 1, 
N = L n=1 

* ) 

(2) 2n-cAl^K2n-c{ri-any with c^l; 
tt = 1 11= 1 

and if 0 < p -c 1 we have 

(-3) Z n~cAl„sK 2 n~c(n-a„y with c > 1, 
» = 1 . . . n = l 

(4) 2 "~CAS.^K 2 n~c(n-any with c < 1. 
n = l ' 11= 1 

The inequalities (1) and (2) were generalized by H. P. M U L H O L L A N D [4] , more-
over ( 3 ) and ( 4 ) by C H E N Y U N G M I N G [1], replacing the function xp in ( 1 ) — ( 4 ) by 
more general functions, notably they proved inequalities of the following type 

( 5 ) 2 N - C N A I . N ) ^ K 2 N - * < P ( T I A N ) , 
N = 1 N = 1 

( 6 ) ¿ » - ' Y ^ ^ S ^ I / I - ^ W 
/ 1 = 1 N = 1 

under certain conditions on the functions ¥(x) and C. 

*' K denotes a positive absolute constant, not necessarily the same at each occurrence. 
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Theorem A was generalized in another direction by L . LEINDLER [3], who 
replaced in (1)—(4) the sequence {n - c } by an arbitrary sequence {A„}; for instance 
he proved the following inequality: 

(7) 2 KAI^p" 2 2UaS 
/ 1 = 1 / 1 = 1 ( M = N J 

w i t h p S i and A„>0. 
In the present paper we prove a theorem which contains all of these results. 

2. We use the following notations: 
a) <f>(x) denotes a non-negative function such that (p(x) = <P(x)/x is increas-

ing and, for some l o 1 , f ( x ) = <P(x)/xk is decreasing. 
b) V(x) (xSO) denotes a non-negative function increasing to infinity such that 

Q(X) = ¥(X)/X is decreasing to zero, when x is increasing f rom zero to infinity. 
n 

C ) Am,»=2*i ( I S W ^ N G C O ) . 
i~m 

3. We prove the following 

T h e o r e m . If a„^0 and A„>0 (/7 = 1 ,2 , . . . ) , then 

( 8 ) 
/ 1 = 1 / 1 = 1 \ A N ) 

and 

(9) 2 2 xA—a.X 
/ 1 = 1 / 1 = 1 V^L. ) 

where K, and K2 are constants depending on <P; furthermore 

(10) 2 ^ „ J s c , 2 
/ 1 = 1 (,^-N ) / 1 = 1 

and 

(11) i ^ i y ^ i , " ) ^ 2 
/ 1 = 1 \ /I ) " = 1 

where Ct and C2 are positive absolute constants. 

4. We remark that this theorem implies LEINDLER'S theorem [3] and several 
results of C H E N Y U N G M I N G [1] and H. P. M U L H O L L A N D [4]; the method of proof 
of (10) and (11) is similar to that of LEINDLER'S theorem. 

5. We require the following lemmas: 

L e m m a 1. If 4>(x) and <p{x) are the functions defined above and a v = 0 , then 

V = 1 
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L e m m a 2. If <P(x) and <p(x) are the functions defined above, and orvsO, then 
for every natural number N 

• <P(A„iN)sK2 avcp(AVtN). 
v = n 

Lerr ima 3. If 6 „ > 0, c „S 0, fl„sO ( « = 1 , 2 , ...) and if for every natural num-
ber N 

2 K H A n , N ) ^ K 2 c n , 
n=l N = 1 

then 

2 2 cn. n= 1 N — 1 

6. P r o o f of L e m m a 1. Let f ( x ) be the function defined above, in point 2, 
and write A„ instead of Aln. Then 

4>(A„) = + + 
as 

<P(Am)-<P(Am„1)=f(AJAk
m-f(Am_l)A^1^ 

= ¥(Am)Ak-1(Am-Am^1) = k(p(Am)am for m £ 2 , 

and 0 ( A 1 ) ^ k ( p ( A l ) a l , we obtain the assertion. 

P r o o f of L e m m a 2. Let us write B„ for An N (N^n). Then 

4>(K) = <I>(B„) -4>(Bnfi) + - + <P(BN_l)-<l>(BN) + 4> (BN); 

using the estimations 

&(BJ-$(Bm+1) = f(Bm)Bk
m-f(Bm+1)Bk

m+1 = k<p(Bm)(Bm — Bm+ ¡) = k(p(Bm)a,„, 

and 
<P{BN)^k(p{BN)aN, 

we obtain the assertion. 

P r o o f of L e m m a 3. This can be done by an easy computation. 

7. P r o o f of t h e T h e o r e m . Inequality (8). Applying Lemma 1 we obtain that 

2 KHA^J^k 2 K 2 = 
n = l n= 1 V = 1 

holds for every natural number N.' 

9 A 
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Interchanging the order of the summations we have 

N N F Q ] 
2 i = k 2 av<p(AujA„iN = lc 2 t 1 

v = l v = l I • J 

Since 

(12) xq>(y) ^ x<p(x)+ycp(y) = <P(x) + <P(y) for x S O , y^O 

and 

(13) (P(tx) = f(tx)tkxk s tkj\x)xk = tk<P{x) for tml, x^O, 

we obtain 

(14) £ * - ' { < ! > [ ( + 

Hence, choosing t such that \-kt~1 be positive, we obtain 

N k-tk~i N (n \ 

which proves (8). 
Inequality (9). Applying Lemma 2 we have, for an arbitrary natural number N, 

N N N 
„ 2 k„^>(A„tN)^k 2 K 2 av(p{A^N) = 2 i -

n= 1 H = 1 V=rt 

Interchanging the order of the summations we obtain 

JV N f A 1 
2i = k 2 av(p(Av,N)Atn = k 2 1 ' \t-rAl<n<p(AvN)XJ. 

» = 1 V — 1 1 V J 

Using (12) and (13), similarly to (14), we have 

Z2 ^k J 1 <*> ( ^ Altvj Av + / - 1 4>(AvN)AvJ . 

Hence, if 1— kt~l > 0 we get 

N. ktk_i N (a 
2 2 W ^ A i . n , 

11=1 1 — n = l l^B 

and using Lemma 3, we obtain (9). 

Inequality (10). We may suppose that the series on the right-hand side is 
convergent, and thus we can define a sequence { m j in the following way: 
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Let m0=0 and for n S 1 let wn be the smallest natural number&( ^m^^) such tha t 
+ T h e n ^m„ + i , m „ + 1 S / l m „ + , + 1>«„ and 

( ] 5 ) Am„4-i,m„+1s2A„n+limn+2, 

and 

(16) ' . /lmn + 1 > « ,s2 / l m i i + l i m > i + ) . 

We first show that 

m"+1 ( a 1 
(17) 2 ^ \ A m n + i ~ - - y \ s 2 < P ( A m i t + U m n + i ) A m n + 1 „ . 

v = m„+l t 

We use the following notat ions: 

(n) Amn + 1, I 

Using the properties of the funct ions ¥(x), Q(X) we get: 

<"„+! I .. } ">-.+ < 

( 1 8 ) 2 A V ! P / L M B + L I 0 . . - I S / L M , I + 1 , » 2 A V Q ( T P A V ) . 
v = m „ + l V » = m „ + l 

Let v ;, vy denote the subscripts such that mn + I s Vj, ^ mn+1, and 

Then 

T(n)/7 4 T(n)/7 /( ' v , " v , = 1, m „ + , ; " » j ^ « „ t 1 , m„ + i • 

" v * « „ M " ) ^ - " v ' a y T v " ' g a „ ) ^ ^ A m r i + U m n + , e ( A m r i + U m n + 1) , 
Z , " » " V ' V " V J — Z , . („) — Z Z („) 

v = m „ + l v = m „ + 1 ' v ' T v , 

(2 ) ( 1 ) 1 

j « T V ( 

(2) ' 

+ E (AM„+!, M „ + , ) 2 ^ 2 V (AMN+LT MN+,). 
J 

thus, by (18), we get (17). Using (15), (16) and (17) we have: 

m „ , i , „ + 1 , A 

\ ~ M N + 1 
2 K V \ A ^ F \ ^ 2 A M N + 1 „ ¥ ( A M N + I .M N + I) , 

^2A m n + l t ^ ( A l i m n + 1 ) s 4 A m n + U m n + ̂ ( A K m n + l ) s S 2 A ^ f ¿ J . 
K = MN + j U = 1 /1 

9* 
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Hence 

2 2 m"2 k A 2 2 K A 2 a \ , 
v = l I, ¿ v j n = 0 v = ra,1+| U = 1 J V = 1 U = 1 J 

which gives (10). 
Inequality (11). We distinguish two cases. First we suppose 

We define a sequence of integers f i 0 , H i , ... . We set / ( 0 = 0 , = 1 and if has 
already been defined we choose n'n+l=k, where A'(>/<„) denotes the smallest integer 
satisfying • • • . • • 

(19) (i„., +1 ,*i„ 

provided such a k exists. If n'n+t > ju„+ 1 then let p „ + 1 = ¡i'n+1 and if n'n+i' = 
— jti„ -f-1 then let fin+ l = fi„ + 1 . If there exists no natural number k with (19) then 
let /<n+1=:=o. It is clear that this inductive definition always stops at some n = N0, 
that is holds. For in opposite case, by the definition of /(„, the inequality 

(20 ) 3 / „ _ 2 SS / „ _ , + / „ 

holds for all 2 ^ n < N 0 , where / „ = / t „ + 1,„„ + 1 and inequality (20) for infinitely 
many n would imply IXk = °°contrary to the assumption. By (20) we have for 1 S n < 
< Y V 0 - I 

( 2 1 ) A I . ^ F N - I + I« 

and 

(22) ' + 

Next we remark that 

(23) "'2 
y=fn+l V . A v ) 

By the properties of the functions V(x), g(x) we have 

1 " a A V , ,J „ A . 
2 2 = 

v=fl„+l I. K ) " = u„+l V 

1 i A 1 "N+L ( A ' 

= A i . i > „ + , 2 2 M \ + I , ( 1 „ t l f 
V=|X„+1 I "-VJ >• = " „ + 1 V '"»'J 

Hence, applying the idea of proof of (17), we obtain (23) immediately. 
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Using (23) we get 

' V 0 - 1 ,,N + I ( \ . J V 0 - 1 . 

( 2 4 ) 2 2 KV / I v y S 2 2 
/1 = 0 v = ( i „ + . l Ay) n = 0 

By the definition of the sequence {/<„} and by (21) we have 

1 N O - 2 
(25) 2 s S 2 2 + + + 2 2 ^ , „ „ ^ ( ^ „ + 1 , ^ ) + 

/ 1 = 0 n = 2 

• +2AltflNJ(AflNg_i + u„) = 24 +2s + Re-

using (19) and (21) we get 

W O - 2 

( 2 6 ) 2 5 ^ 2 2 + + 

» = 2 

n = 2 • 

No — 2 

» = 2 ' 

An easy computation gives by (19) and (21) that 

(27) Z ^ 2[5A,f(Ai^) + A2W(A2„)]. 

By (22) we obtain 

(28) A - 2 + l . f l V o - 1 

Using (26), (27), (28) we get 

2 4 + 2 s + 2 e S 18 ZJ-nV\ Z a X 
N = I U = N J 

which by (24) and (25) gives (11) in case 
If IA„ = °° then we define another index-sequence {m„}. Let /M0= 0 and m i = 1. 

If W2Q<WJJ<•• • < m n (/z§?l) have been defined, then let W „ + 1 be the smallest natural 
number k with 

( 2 9 ) A M N + U K ^ 2 A M N I + U m n . 

By the definition of m„ we have 

(30) A. „ , S Am _ , +2Am m , 

( 3 1 ) • ' A ^ , ^ , 
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Firs t we r e m a r k tha t similarly t o the p r o o f of (17) a n d (23) we o b t a i n the fo l -
lowing inequali t ies 

mn + I — 1 

k=m„ 
(33) 2 ^k* ^ | / lm„_ , , in„ + 1 - l " ^ " j — 2 / l m , , . - 1 ^ (^m„,m„ + 1 - l )> 

(34) . £ A J t V ^ l i m 2 _ 1 ^ j ^ 2 / l 1 , m j _ 1 ¥ ' ( / l 1 , m 2 _ 1 ) . 

By the defini t ion of sequence {mn} a n d by (30) we have 

V Ak) n=l k=mn I. ** 

m j— 1 

k= 1 V N= 2 FC=M„ 

- 1 

^ ( ^ M „ + 1, M,L+ 1 + 2 / 1 M J | _ , , M „ ) = 2 7 -

Since 'F(2x)^2W(x), 

> « 2 - 1 ( „ ) CO " • „ + . - 1 ( 

2 7 S 2 A . Í P U , ^ ^ + 2 2 2 
*=1 V n = 2 k=mn t. 

By (33) a n d (34), 

N= 2 

Using (31), (32) we get 

2 9 ^ 6 A 1 i ' ( ^ l f < „ ) + 12 2 ^ « „ . „ „ „ F ^ . , , , - ) S 24 2 2 « V | , 
N = 2 N = 1 V V = N ,/ 

which is the requi red inequal i ty (11). T h e p r o o f is comple te . 
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