On the invariant subspace lattice 1 +o*

By DOMINGO A. HERRERO in Albany (New York, U.S.A)*

Abstract: This paper has two parts.-In the first one it is shown that a Banach'
algebra with identity whose lattice of closed" left ideals is order isomorphic to 1+w*
with ““/dimension gaps” equal to one, from one ideal to the next one, is always a
(commutative) Banach algebra of power series with one-point Gelfand spectrum.
In the second one, the fact that the algebra £(¥) of all bounded linear operators on a
complex separable Banach space X contains a subalgebra with the above mentioned
characteristics, is used to show that 2(X) can be generated by two elements.

1. Throughout this paper X will denote a complex separable infinite dimensional
Banach space. Let £(X) be the set of all operators in X. Here and in what follows,
operator will mean bounded linear map (from X into X); similarly, algebra and sub-
_ space will mean weakly closed subalgebra of £(X) containing the identity I of X and
closed linear manifold, respectively. For a given algebra 2, Lat U denotes the lattice
of invariant (under every operator in ) subspaces of . A is called a strictly cyelic
algebra (s. c. a.) if there exists a vector xy¢ X such that :

X=WUxo={Ax,:AcU}.

9 is separated by x, € X if 4 €A and Ax,=0 imply 4=0. If %x, =X and x, separates _
points of A, then we shall say that U is a separated s. c. a. and that x, is a separat-
ing s. c. vector for . It is known that if 2 has a separating s. c. vector xo, then
the map 4 —~A4x, from A onto X is an isomorphism of Banach spaces. By means
of this map, X can be identified with a Banach algebia 8B with identity e; then U
is identified with B, the algebra of all left multiplications in B by elements of B
(i.e., the regular left representation of B) and W, the commutant of A in L(X), is
identified with B, the algebra of all right multiplications (or, the regular right represen-
tation of B) (see [2; 5; 6; 10]).

Let B be a Banach algebra with identity and let B, be its regular left representa-
tion; the invariant subspaces of B, are, precisely, the closed left ideals of B. This
justifies the following notation:

* Research supported by National Science Foundation Grant GU 3171.



218 D. A. Herrero

Lat B =Lat B, = {closed left ideals of B}.
The ﬁrst part of this papér is devoted to proving that a class of Banach algebras
with linearly ordered lattice are singly generated.

Theorem 1. Let W be a separated s. c. a. on X and assume. that
(1) Lat o = {(O)}U {0}, -
where
(2) &—-QRODSJ?IDSDI,:) OM, oM, D, ..., and
(3) dlm.ﬂJI,,/SJIH =1, for all n= 0 1,2,.
Then there exists a quasi-nilpotent operator T € such that

i) M,=closure T"(X), n==0,1,2, ..., -

ity W= =strong closure of the polynomials in T, and

itiy W is a Banach algebra of power series in the sense of Lorch and Shilow (see
[8; 10, p. 317; 12}). In particular, N is abelian; the Gelfznd spectrun: of 2
consists of a single point. '

Remarks. (a) Lat 2 is always complete; hence (1) and (2) imply n M, =(0).

(b) (2) says that LatQ[ is order isomorphic to 1+w* (where where  is the
first non-finite ordinal number). (3) says that the “dimensional gaps” are all equal to
one. An invariant subspace (or closed left ideal) lattice satisfying (1), (2) and (3) will
be denoted by: Lat A = 1+w*(dg = 1). A

(c) 1t was shown in [6] that, if 9 is a separated s. c. a., then the uniform and
the strong operator topologies coincide on 9. Hence, in Theorem 1, ii), “strong
closure” is actually equivalent to “uniform closure”.

Because of the previous identification of X with a Banach algebra with identity,
Theorem 1 can be rephrased as

Theorem 1’. Let B bhe a Banach algebra with identity e and assume that
LatB = 1+w*(dg = 1). Then B is a Banach algebra of power séries with a quasi-
nilpotent generator t. The Gelfand spectrum of B consists of a single point and the
only non-zero closed left ideals of B are those of the form M, =cl (+"VB), (1=0, 1,2, ...).

2. In what follows, B will always denote a Banach algebra with identity e.
The proof of Theorem 1 follows from a combination of Banach algebra methods
and invariant subspace theory.

Lemma 1. If Lat B is linearly ordered, then every closed left ideal is a bilate-
ral ideal. ‘
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‘Lemma 2. If Lat8 = | +w*(dg = 1), then B has no zero divisors.

Corollary 3. Assume that Lat B = 1 +w*(dg = 1) and let t¢%B, t0. T/1en
the map -

N N
2 Cy Zk - Z Cy tk

k=0 k=0

from the polynomials in one indeterminate into B is one-to-one.

Lemma 1 follows from a general fact about operator algebras: consider Lat 8 =
=Lat B, under the topology for invariant subspaces given in [7] (see also [1, 11]);
since Lat B, is linearly ordered, every point of Lat B, is isolated. Therefore, ([7])
Lat B, c Lat (B,)'=Lat By. Finally, observe that Lat B ={closed right ideals of B},
from which the result follows.

‘ Now assume that Lat®B = 1 +o0*(dg = 1) and let a, 5B, a#O and ab=0.
Then M={ccB:cb=0}=ker R, (R,=right multiplication by b€Byg) is a non-zero

" closed left ideal and therefore M =M, for some k=0, hence dim B/M, = k<uo It
follows "that rank R, =k<co.

On the other hand, closure range R,=cl (R,JQS) Lat B, . Thus, either ¢l (R, B)=
=(0) (and therefore b=0) or cl (R,B)=M,, for some ~1=0. Since dimcl (R,B)=
=rank R, =k~ and dim M, is not finite, the second case must be ruled out. We
conclude that 5=0, and the proof of Lemma 2 is complete.

Finally, Corollary 3 is an easy consequence of Lemma 2.

Lemma 4. Assume that Lat B == 1+w*(dg = 1) and let a cB. Then

i} a(a) (=the spectrum of a in B) consists of a single point; moreover, o(a)=
=a(L,)=0(R,), where a(L,) (o(R,), respectively) denotes the spectrum of the left
(right, respectively) multiplication by a as an operator on B. _ '

ii) a is invertible in B if and only if for some n=0 and some becM \M, .,
abeMNIM, . .

Proof. i) Observe that B has a unique maximal bilateral ideal, M,, and that
dim B/, =1; hence, given a¢B, there exists a unique complex number A=A1(a)
such that a—Ae <M, . Therefore, A€o (a). _ A

If p4, then cl(a—ue}B is a closed left - ideal of B, not contained in M, . It
follows that cl (a—pe)®B = B; then (a—pe)B is a dense left ideal of B and therefore
(see [10, Chapter 1]) (@— ue) has a right inverse b in 8. Since, by Lemma 2, B has no
zero divisors, a—pe £ 0 and (@—pe)le—b(a—ue)] = 0, we conclude that b =
= (a—pe)~ !, ie. pdao(a). Therefore o(a)={A(a)}. '

The remaining statements follow from [6; 10] (in particular, @ is invertible
in B if and only if L, is invertible in £(B) if and only if R, is invertible in 2(B)).

ii) If a is invertible, then M, M, and ¢~ 1M, =M, for all n=0. It follows
that @M, =a~'M,=M, for all n. Therefore, a(M M, )=M,\M, ..., for all n.
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Conversely, if ab€ MM, , for some bcMN\IM,,, (and some n=0), then
we can write M, = M, ., @& {4b:1<C} and ab = Ab-+b’, for some 10 and some
b eM,,.,. Hence, (a—Ae)b =bc¢M,,,. U (a—Ae) .were invertible, then
b = (a—Je)~ b’ would belong to M,.., (because M, .,.; is invariant under B!), con-
tradicting our assumption. This proves that a—4e is not invertible in 8. Now, i)
implies that ¢ (a)={1}; since 150, we conclude that « is invertible.

Proof of Theorem 1’. Let ¢ be any element of Mt \IN,.

Claim. 98 coincides with the uniform closﬁre of the polynomials in 7.

Assume that, for each n=0, "€ MNIN, . Then, since dim M, /MM, =1, for
all n, it is not difficult to see that the finite linear combinations of the t"’s, n=20, 1, 2, ...
(i.e. the polynomials in 7) are uniformly dense in B.

Thus, in order to prove our claim, we only have to-show that t"E?JI,,\iDl,,H,
for n=0,1, 2, ... . We proceed by induction. Our choice of 7 implies that the above
result is true for n=0, 1; let m=> 1 be the first index such that ™ ¢IM,NM,,.. .. Since
t"teM. _,, t™ ' is not invertible and Lemma 4 implies that ™=¢""11¢M,,;
thus, our hypothesis on ¢™ is equivalent to: " € 9M,,, , . It follows that M = {Ar"~ 1) &
GM,,, cLat L\ Lat B; therefore, there exists a¢®B such that e M.

Let b &M NI, . ,; it -is not hard to see that @ can be written (in a unique
form) as :

a= Age+i, t-q'—~--_+i,,,_lt'"‘1 +/lmb+a’

where A, ... A4, €Cand @’ €M, ;.

Now the invariance .of M under L, implies that "M <M, for all #n=0. On
the other hand, since a’ €M, , and M,,,, is a bilateral ideal (use Lemma 1), it is
not hard to see that

aMcaBM,, ., M.

Thus, @ ¢ M if and only if 4,0 and bM =M. Moreover, b, ., M. 1;
therefore, a9t I is equivalent to: bt™=1 ¢IM. But this last statement cannot be
true. In fact, since b is not invertible and 1™~ ! ¢IM,,_ ,\IM,,, it follows from Lemma 4
that br™=LeM,,, ie., be™ ' = Ab+b’, for some A€ Cand some b’ <M, .. Now if
A=0, then bt™ 1eM,, ., <M, contradicting our assumption. If A0, then
h(t"*—2e) = b'¢M,,., and (by Lemma 2) ("'~ le) is invertible in B; hence
b = b (1™ —Ae)" 1 €M, ., (here we are using the fact that M,,, , is a bilateral ideal,
i.e.,, Lemma 1), again we obtain a contradiction.

We conclude that "¢ MM, ..., for all #=0 and B is the uniform closure of
the polynomials in .
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By Lemima 4, ¢ 1s quasi-nilpotent. To complete the proof we only have to show
that B is a Banach algebra of power series in r. This is also clear: observe that, for
each fixed n=0, B can be written (in a unique fashion) as the direct sum

B = (L)@ {11} B B (21" OM,,

with complex A, ..., 4,.". ,

Define y, by y.(tM=1, 3,(t")=0 for n = 0, 1, ..., k—1 and y, (M, )=0. It is
clear that y, is a continuous linear functional on % andv that every element a of B
can be written as a (unique!) formal poWer'series in t: a= Z 7. (@)t*. Since ¢

k=0
generates B and ¢ is qua51 nilpotent, it is not hard to infer that the only non-zero

continuous multiplicative functional on B is y,; i.e. Gelfand’s spectrum of B is a
single point. :

It is completely appar nt that M, =cl (+"B); n=0, 1,2, ... . The proof is com-
plete now. '

3. Generators of £(X). Recently, S. GRABINER ([3; 4]) showed that, for any X
satisfying our requirements it is possible to construct a chain 3.2 1 +w*(dg = 1) of
subspaces and a nuclear operator T such that :

G) T is a quasi-nilpotent; A; is a separated s.c.a., and Lat T=3.

i'We are indebted to Professor GRABINER for sending us his unpublished paper
[4] and to M. Imina for several helpful discussions. We shall use Grabiner’s result
to prove that £(X) is always generated by two elements. In fact, we have the fol-
lowing:

Theorem 2. Let LeQ(%), L<il (for all 2€C). Then there exists T¢2(X)
such that 2(X)=(T, L), the strong closure of the polynoniials in T and L.
- The construction of a chain J =2 1 + w*(dg=1) of subspaces of ¥ is standard. This

is equivalent to finding a sequence {8,};—, < X* (the topological dual of X) such that
n—1

the 8, s are linearly 1ndependent m, = ﬂ ker 5, (n=1,2,3,...) and ﬂ ker f,=(0)

k=

(i.e., {8,} is rotal on X). Then, if i)JIo_l the lattice 3 = {(0)} L {Mi,} sallsﬁes our
requirements; furthermore, B,(0) can be arbitrarily chosen in X*. We shall need
two auxiliary lemmas; the first one says that a “small perturbation” of {8,} provides
a new lattice, 3” with similar characteristics. ' ' '

Lemma 5. Let {B,}_o be a total set of linearly independent functionals such

that ﬂ ker ,=(0) and [|,B,,l>l Jor all n=0. ]f O0=¢,=Q|B,I1"", then {B, = B,+
n=0 o .
- e, BuiiIneo is also a linearly independent total set of linear functionals on X.
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Proof.Let x€ X and assume that f; (x)=0, for all n. Then B,(x) = —&,4 1 Bos 1 (%)
and, by induction on ¥, we have . '

Bax)=(—1Y'e,. 18n+2 etk 1 Ent i B (%), k=23, ...
Hence - _
Ba (=274 Dllg, i B ll X =27V |x]) > 0, as & -en.

Therefore B,(x)=0 for all n=0. Since {8}, is total, it follows that x=0;
.» {B;} is also a total set. The linear independence of {f/} is also clear.

‘ Lemma 6. Let L€ &(X), L=AL. Then there exists a lattice J =1 +w*(dg = 1)
such that Lat LNZ = {(0), X}.

Proof. If every B¢ X* is an eigenvccior of L*, then L*=AI* (/*=the identity
~operator on ¥*), for some ¢ C, and thereforc L=2/, contradicting our hypothesis.
Therefore, we can find a vector 8, € X*, ||fol = 1. which is not an cigenvector of L*;
equivalently, ker o= ¢ Lat L. ‘ .
" Coniplete {f,} to a total set {B,}°, of linearly independent functionals of
norm =1 and set B, = f,+&,4Bn+1. Where &,=Q|B, 1)1, n=0,1,2,....
Write 2=(0%), £,={4f,:4€C}. Now we proceed by induction; assume that
2, has been defined in such a way that £, Clin span [{f,, ..., 8,}, £, ¢Lat L* and
Bu-1 48,y for n=0,1,...,m—1. If both &,_,@®{1f,-,} and L, ,&{iB, _,}
belong to Lat L*, then £,_; = (£, ® {Af,.- PN(L, -, ® {46, }) €Lat L* con-
tradicting our inductive hypothesis. Hence, either'2,,_; ® {AB,~ }§Lat L*or £, _, &
& {18, }€LatL*and &, _; ®{Af,_,} ¢ Lat L*. Inthefirst case, we write 8,=2__ &
& {AB,~1}and B, _ =B, in the second one, we take £, = £, _, {iﬁm .} and
ﬁm 1‘-/3". - A
Thus we have constructed a sequence {2}, of subspacessuch that 1) £, £, ¢;
2) dim €,=n, n=0, 1, ..., and 3) £,¢Lat L*. It is not hard to see using Lemma 5

that the lattice I = {(0)}U {Mm, }°°.0 where M, = L = ﬂ ker 8, satisfies our re-

qunrements ie. 3= 14+0*(dg=1) and Lat LN = {(0), X}

Now we are in a position to prove Theorem 2. Let L& 2(X), L=/ and let J
be chosen as in Lemma 6. Using Grabiner’s result, we construct an operator. 7€ £(X)
satisfying (4). It is clear that (7, L) is a transitive subalgebra of £(X) (i.e., it has no
non-trivial invariant subspaces); in fact,

Lat A(T, L) = Lat LNLat T = Lat LNJ = {(0), ¥}.
On the other hand, 2, .is a strictly cyclic subalgebra of A(T, L). These two
properties of A(T, L) and the results of [2; 5] imply that A(T, L)=2(X).

Remarks. a) In [9], H. RADJAVI and P. ROSENTHAL proved that if L is any
operator in the complex (or real) separable Hilbert space X such that L=l (1€C),
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then there exists a compact hermitian operator H¢ £(X) such that (X)=U(L, H).
Thus, Theorem 2 can be considered as a result for Banach spaces which is analogous
to the above one. _ :
b) Let X be as usual and let f be a non-zero continuous linear functional
on X. For each z€kerB and each A1¢€C, define 4,,y = iy+B(y)z and
A= {A. ,:zcker B, 1€ C}; it is not hard to check (see [2]) that 2 is an abelian sep-
arated s. c. a. (x, is a separating s. c. vector for U if and only if f(x,) #0). A straight-
forward computation shows that the subalgebra generated by {A;v,iv:v62} is
equal to {4, ,:1¢C, z€closed lin span [z,: v€ 2]}; in particular, A cannot be finitely
generated. : : : '
With minor modifications of the same example it is not hard to show that
(X) contains, for each n (n=2, 3, 4, ..., 8,), an abelian separated s. c. a. 2, which
can be generated by n operators, but no set of n—1 operators generates ?,. Thus,
the statement of Theorem 2 cannot be extended to arbitrary subalgebras -of 2(X).
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