On models for noncontractions

By DOUGLAS N. CLARK in Los Angeles (California, U.S.A.).*)-

1. Introduction

1.1. Characteristic functions. The . characteristic operator function @1 of a-
bounded linear operator T on a Hilbert space § is by definition the operator-valued.
analytic function

. A . '. Or(z) = TJr—20,(I-2T*)"'Q

“where Jp=sgn (I—-T*T), Q=|I-T*T|} and Q,=|I—TT*}}, in the sense of the
_ self-adjoint operator calculus (here sgn 0=1), and where 9 acts from R(Q), the .
closure of the range of Q, to R(Q,). :

If T is.a contraction, so that the operator J; (and the absolute value signs)
dlsappear from (1), @, has been studied guite a bit and is fairly well understood.
Sz.-NaGy and Foias, for example, in their book [6], study the relationship of T
and @r. Basic-to their theory is the construction of a “canonical model” — a con-
traction operator T of a canonical type — such that @ =0, for a given analytic
operator function @ with [|@()[ =1 for |z]|<]1. '

Several -recent papers have concerned more general @(z); see, for example,
KuZzsL’ [4]and Davis and Foias[3]. Brobski, GOHBERG and KREIN [2], working witha
characteristic operator. function somewhat different from (1), have given necessary
and sufficient conditions that an analytic operator-valued function © should have .
the form @ =@, for some bounded (invertible) operator 7. Their condition trans-

- lates into Theorem 1 below. Their proof uses Neumark’s Theorem and does not
appear to provide a clear analogue of the Sz.-Nagy—Foias model theory.

In this paper we give a construction (Theorem 2 below) which, although less
geometrical than that of Sz.-Nagy and Foias,v does yield a model. analogous to
theirs and also contains the theorem of Brodskii, Gohberg and Krein (Theorem 1) as
a corollary

*) Partially supported by NSF Grant GP 29011.
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1.2. Statement of results. More precisely, let , and $, be Hilbert spaces of
the same dimension, let B(z) be a function whose values are bounded operators
from 9, to ,, and let J=sgn (I—B(0)*B(0)) and J, =sgn (I — B(0)B(0)*). The con-
ditions of Brodskii, Gohberg and Krein, applied to our characteristic operator func-
tion become :

Theorem 1. ([2], Theorem 6.1.) Suppose B(z) is analytic in-some neighborhood
D of 0. Then B is the characteristic operator function of some invertible operator if
and only if B sattsﬁes - :

(1) B(0) is invertible,

(ii) the operator valued fiinction

G(z) = [U*+B(2)] ' [U*—B(2))J,

where U: .9, is a unitary operator sattsfymg Us, =JU, extends to be analytic in .
|z|<1 with positive real part there: »

Re(G(2)x,x) =0 if |zl <1 and x€9,.
The existence of the uhitary operator U in (it) comes from the polar representa-
tion of the (invertible) operator B(0).
Theorem 1 will be seen to follow from

Theorem 2. Let B(z) be analytic and invertible in an op;en set D, with 0e D
c{lz|<1}. Extend B(z) to the reflection D of D by defining

B(z) = J BEH -
Then B(z) is a characteristic operator function if and only if
bw, 2) = (1= #wz) [/, — B(2) JB(w)']
is a positive definite operatdr Junction on 9,.

The condition on b(z, w). means that for z,, ..., z,6 DUD and for x,, ...,x,€ H,,
not all 0, we have ' ‘

2 : 2 (b(zi, 2) X, x5) = 0.

 1.3. Remarks on the theorems. The proofs of (the sufficiency parts of) the theo-
rems will be given in Section 2 (Theorem 1) and Sections 3—5 (Theorem 2). The
necessity parts are less difficult and will be proved in the next section.

We shall continually use the following fact about the Q’s and J’s. Since
(I-T*T)T*=T*(I-TT*) it follows that f(/—T*T)T*=T*f(I—TT?*) for any
(bounded, Borel) function f. From this there follow relatlons of the form JB(0)*=
—B(O)*J*, 0, B(0)=B(0)Q, etc.
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As we have pomted out, a -different characteristic function is used in [2].
Let K--(@T(O)*OT(O))2 so that O (0)=U*K. Then

Or(z) = O(z2) = O(0)*~ 1J[J@(O)*9(z)] =U*¥K~ 1J[@(0)*J O(z)],
and from a relatlon of KuZer’ [4], this is ’

= WK~1J[J— ‘Q(I—’zT*)‘lQ] =W*Oy(2)
~ where Oy is the characteristic function of the »Hnode” (9, 9.; T, 0,J); [2].
As with contractions, if ©,=U0OV, where U and V are constant isometries,

then @, and @, are considered the same, as characteristic functions. Thus, given -
- B(z), one need only prove the existence of a T such that B=U@; V. In an appendix

(Section 6) we have included our own proof that if. S and T are (invertible) bounded
operators and ' @g=UO,V, then § and T are unitarily equivalent.

1.4. Proofs of necessity. The proof of necessity in Theorem 2 follows easily from
a relation of KUZEL’ [4]:. ' ‘

3 J,— @T(Z)J@T(W)* = (1—-zw)Q, (I 2T*)~ (I — wT) IQ*
so that- ‘ o
b(w, z) Q,(I—zT* Y- WT)~ 1Q
and thlS implies that b(w, z) is a positive definite operator function.

To prove necessity in Theorem 1, we refer to the corresponding proof in [2].
Actually (i) is evident from (1); only (ii) needs attention. We have that @;(z)=
- =U*Oy(z); as in Section 1.3 above. Now, in the notation of [2, Section 6], it is easily
seen that Oy (0)=K and so H,=K, U,=1I. Thus

G(@) = W*+0,:@I M-,V = [I+1I@T(Z) U0 =
- = I+ U5 Ox@1 U~ U Ox (@)1 = J2()T
and the necess1ty part of Theorem 1 follows from that of [2, Theorem 6.1].

Finally, it is a pleasure to thank Chandler DaVIS T. L. Kriete and Nhan Levan
for discussions of various parts of this paper. I am also grateful to the referee for
pointing out the paper [2] which I‘had overlooked. '

2. Proof of Theorem 1, assuming Theorem 2

2.1. Integral repre'sentatidn. The function G(z) is analytic for |z]<1 and
Re G(z)=0 in |z]<1. Thus it follows from the operator-valued Riesz—Herglotz -
Theorem [1, p. 84] that there is a positive, operator vvalu'e_d measure dF such
that - ' '

@ G(z) = fn [e” + z]/[e®® — z] dF(@)
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Using this, we obtain

G@+Gm* = [ " €0+ e ~ 2]+ [0+ ]/[e~* — W]} dF(6) =

= [ =211 = e2) (1 = e dF (@)
0

Computing G(z)+G(w)* another -way, using the definition of G(z), we get
M+ BEIGE +GO M+ BOYT =
= [W*—B()J[U+B(w)*]+[U* + B())J[U - B(w)"] =
= 2IA-BEIBOY) = 21, - BEIBOYL. .
Combining tﬁis with the first expression for G(z)+G(w)* gives

b(w, z) = %[u* + B(2)] (fn [ %e-““z)(l — v_ve"")]‘ldF(B)) ¥+ B(w)*].

2.2. Operator integrals. We have thus far integrated only scalars against operator
measures; we need now some notation for the integration of operator valued func-
tions against them. Let E(z) and H(z) be operator-valued functions and dF (1)
a positive operator-valued measure on [0, 27]. Suppose that E(t) and H(z) are the
boundary values of operator-valued functions, holomorphic in [Z]=1 or, more
generally, that H(¢) is holomorphic and E(¢) is equal to a continuous (scalar-valued)

. function times an analytic function. Then, according to LANGER [5, Lemma 1], the
integral

- C [E0ER0)H,

defined in terms. of the convergence of Riemann sums of the form
2 EC)IF(x)— F(x;_D1H (&,

exists. We shall use the integral (5) in case E (t) is a linear combination of continuous
functions times constant operator functions. Clearly one has:
i) For T a constant operator,-

TfhE(t)dF(t)H(t) = jnTE(t)dF(t)H(t),

' [ j'nE(t)dF(t)H(t)]T = an(t)dF(t)[H(t)T]-

ii) f2 nE(t)dF(t)E(t)* = 0.
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1t follows that we may rewrite the last integral in Section 2.1 as

b0n2) = 5 [ O+ B —e 9 dF@RI+ B[ - '],
for 2], lwl < L ’

2.3. Positive deﬁmteness of b(w z)in |z|, |w|<1. Let zy, ..., z, be coinplex num-
bers in D, j=1,...,n and let x,, ..., x,€9,. Let x¥x denote the linear functional
x—>(x, x;) on H,. We have

Z (b(zi, Zj)xi, xj) =

- % > xk fn(u*+B(z,.))(1 -e"'ozj)'1-dF(9) (U+B(z)*) (1—e2) " x; =

- % > fn [(U+B(z)") (1 — €2~ x,T* dF (6) (M + B(z)*) (1 — 951 x; =
_1 fan(e)* dF(O)K(6) = 0,

where K(0)=>; (ll—l—B(z,)*)(l —e“’z) lx,. Thls proves b(w, z) is a posmve definite
operator function in D.

Actually there is one difficulty here: the fact that the above sum has only been
proved to be nonnegative. The reader will see, however, that he may easily divide
out any elements of 0 norm in the proof of Theorem 2.

2.4. Peositive definiteness of b(w, z) in general. To complete the proof of the
positive definiteness of b(w, z), we shall prove that the integral representation (4)
persistsin |z|>1. Once this is done, the proof in Sections 2.2 and 2.3 will apply
verbatim to the case where one or both of the variables z, w has modulus >1.

To extend (4) to |z| =1, we shall prove that G(z) satisfies
) GE™Y =-0G(2).

Since the right side of (4) obviously satisfies the analogous functional equation, the
proof will be complete when (6) is verified. '

To prove (6), we substitute in the definition of G and use the extension .of B(z)
to |z|=1.

GE™) = {{W+BE I '"WJI-BE Y] = [Ju'—JB(f‘l)*] U+B@E Y] =
=[JU—B(z)" ] U+ JB(z)~*J,]* = [UB(2) ~[1B(z) ", J, BZ) [JUB(z) + J] =
— UB(2)—I[UB() + 1"\ = UB(Z)+1'[UB() 1) =
= [B@)+ U [B() W) = —G(2)

and this completes the proof.
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‘3. The Hilbert space H and the operator S

3;1'. Definition of H. We now suppose only that B(z) is analytic in a neigh-
borhood D of 0, and that b(w, z) is a positive definite operator function. Let D
denote the reflection of D, i.e. D= {Z~1:z€ D}, and let H° be a set indexed by (D UD) X
X 9,; elements of H° are written k, f where z€ DUD and f€$,. H' is defined to be
the set of all finite linear combinations of elements of HY°. ’

We give H! the structure of a pre-Hilbert space by defining

(k.f, k,8) = (b(z, WS, 8) = (1—w2) ([T, —~ BWIB()*1, 8).
The positive-definiteness of b(z, w) implies that this is a bona fide inner product on
H!. The Hilbert space H is the.completion of H in this norm.

. 32 The subspace /i, H. Let R, be a real number, so large that {x: x=R,} lies in
D. Let f€9,. We claim that
) . hof = - lim  RkgJ,B(O)f
" exists in H. o fom e _
To prove the claim, pick M, R=R, and compute
| |RkrJ, BO)f— Mk, J BOSI? =
= R2(b(R R)J,B(0)f, J,B(0)f)—2RM Re (b(R, M)J B(0)f, J,B(0)f)+
+M3(b(M; M)J, B(0)f, J,B(0)f) =
= [R*(1-R¥)~'~2RM(1—-RM)"~ L+ M2(1—M?7Y(J, BO)f, B(O)f)—\
— R (1—R¥)~'(JB(R)*J, B(0)f, B(R)*J, B(0)f) +
+2RM(1— RM)~*(JB(RY*J,B(0)f, B(M)*J B(0)f)—
— M*(1— M) (JB(M)*J, BO)f, B(M)* T, BO)).

Elementary calculus shows that the first term tends to 0 as M, R—oco. Since B(R)
tends uniformly to B(e)=J, B(0)*~1J as R—<o, it is not hard to see that the sum
of the last three terms tends to 0 and we have proved the existence. of the limit (7).
Now we want to find (4, f, k.g) for ze DUD. All this takes is an application of
(7). In fact
(o f, k.8) = Illfl R(krJ, B(O)f, k.8) =

= lim R(1 —Rz)‘l([J*—B(z)JB(R)*]J*B(O)f, g) =

R—= oo

= lim (R™'—x)" 1([13(0) B(z)JB(R)*J B(0))f. g) =

R—+oo

= (=2)7}([B(0)— B(2) JB(=>)"J, B(0)], 8)
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and we have ‘ '
® (hof, k.8) = z7*([B(2) - B(O)]/, 8)-
3. 3 The operator S. We deﬁne an operator S on the dense subset H' of H by
Ssz = zk, f—hyJB(2)*,

for ze DUD and f€ $,. In part4 of this paper, we shall show that S extends (uniquely).
to a bounded operator (also denoted S) on H and that the operator S* has B(z)
as its characteristic operator function.

4, “Boundedness of S

4.1. Proposition. For z, wEDUﬁ, S satisfies

(Sk.f, ku8) = (k. f, W~ [k —kolg).

© Thus, the domain of the adjoint S* of S contains H* ( and hence is dense in H ) and
sattqﬁes

©) | S*kf =2k —klf.

In particular, S has a closure.

Proof. '
| (SK.f, kug) = (ko —haJB()" £, ko) =
— 21— 2w) ([, — B IBGY'IS, )~ w (B — BOWB(E) £, 8) =
= w1 —2w) " = 1] (U, — B JB(2)*1; ) —w ((B(w) — BOIJB(2)* £, &) =
= w7k, kug) — w1~ BOW)IB()'1f, 8) —
| —wH([BMW)JB()* ~ B0)JB(2)"1/; 8) =
= Wik S, ku8) = w N, — BOJBG)'NS, 8) = w ' (ko f; kug) —w (ke ko).

This proves the first part of the proposition. All the other parts follow at once.
. Henceforth, S will denote the closure of the operator S in Section 3.3 above.

v 4.2. Proposition. For zéDUD and f€9,,
(I—SS"k.f = 2" hyJ[B(z)* — B(0)*]f..
Thus I— SS*=0 on (hy$,)*, so that (hy$,)* is contained in the domain of S*.

Proof. - : ,
' I—-SSHk,f = k. f—SZ7 [k, ko]f_

= k.f~2" k.S~ hoJB() f+ o JB(OY f] = Zhy J[B(2)* — B(O)*1.

Agaih, all the other claims are obvious.
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4.3. Proposition. h, 9, is contained in the domain of S* and
| S*hyf = —koJ, B(O)f.
Proof. Fix f€9,. We know A&, f is the limit of RkgJ, B(0)f. Let us compute
lim S*RkgJ,B(0)f = lim RR™*[kg—ko)J,B(0)f = '

R—+oo R—oo

= lim [k~ kilJ,BO)S = —koJ, BO)S,

R o0
where kRJ*B(O)f converges to 0 since the limit in (7) exists. Now the proposition
follows from the fact that S* is closed.

44. Lemma. The foliowing three operators are isometries:
Ly: 52"k0§52, Ly:91>ho9D1, Ly koDa—>ko9:
Ly([J,— BO)JBO)'2f) = ko f;
Ly(f) = —ho[J—B(0)* J, B(0)| "' .
Li(kof) = ko, f.

where

Proof. For f€9,,
W= BO)JBO) 2 f|* = ([7,~ BO)IBO)]£. 1) = koS II%

so L, is an isometry.
For L,, we have to determine the norm of A,g, for g€ 351. We have

lhogl® = Ilim IRkgJ, B(O)gl* =

= lim R¥(1 - R)~\(IJ, — B(R)JB(R)")J, B(0)g, ], B(0)g) =

R—oo
= (7 —B(O)*J B(0)]g, g)-
~ Now we can compute

ILof1* = ([J—B(0)*J,BO)]IJ — B(0)"J, B(O)]"”zf [J—B(O)*J,BO)}2f) = IIf Il2

so L, is an isometry.
Finally, let f¢$,. We have

TSI = (U=BO)JBOY1, £, J.f) = ‘ :
= ([, —J.B(0)JB(0)* *]ﬁf) = (V. B(O)JB(O)*]ﬂf) ko 117,
and this completes the proof. '
4.5. Proposition. For Fch,$,, we have
(10) . LyL,B(O)L;'F = S*F.

In particular the domain of S* contains the closure of /10 351, so S* (and hence S) is
bounded.
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Pfoof. We have
BO)L;hyf = —B(O)[J—B(0)*J,BO'*f = —[J,— B(0)JB(0)"]"2B(0)f

and so’ » ) .
Ly L, B(O) L5 hyf = — Lyko B(0)f-= — ko J B(0)f.

Thus (10) follows from Proposition 4.3.

Now from Lemma 4.4, the operators L,, L;* and L; are bounded, and so the
boundedness of S* on the closure of 1, $; follows from (10). This and Proposition
4.2 show that the domain of S* contains all of H, and the proposition follows from
the Closed Graph Theorem. '

5. Characteristic operator function of S*

5.1. Proposition. For f€9,,
(I~ S*$)kof = ko[I=BO)BOY'lf, [[—S*Slkof = kolJ,~B©)JBO)']S,
sgn (I—S*SYkof = koJ*f, [ —S*S|\2kof = kO[J*—B(O)JB(O)*]”?f.' -
Proof. The first relation is immediate, since )
(I—S*S)Ykof = kof+S*heJBOY* f = ko f~koJ, B(O)JB(0)* f = ko[~ B(0)B(0)*],
by Proposition 4.3. ' '

Lemma 4.4 shows L, is isometric, and a slight modification of its proof
shows L, is self adjoint. The above computation shows L;(I—S*S)=0 on
ko 9» and this proves the second and third relations. The last relation follows from
the fact that the operator on the right is positive and its square is |[/—S*S|.

5.2. Proposition. For f€9,, ‘
- SS*Vhy f = ho[I—BOY*BO)f, |[—SS*|hof = hylJ—B(0;*J,B(0)]/,
sgn(I—SSMho f = holJf, -|[— SS*[”zli(,f = hy[J— B(0)*J, B(O)]*f.
For 0 = ze DUD and f€$H,,
([ = SS*[*k. f = 27 ho[J ~ B(O)*J, B(O)]"V*[B(2)* — B(0)"}/.

Proof. The first four relaﬁdns follow from a computation similar to the proof
of Proposition 5.1, which will be omitted. The last relation follows from Proposition
4.2 and the fact that : '

‘ |~ SS*|‘1/2sz = |[[—SS*"?[sgnh (I— SSH]([—SSHk, f.

One more lemma, and we shall be able to compute the characteristic operator
function of S.
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5.3. Lemma. For Z€DU13,‘ we have (I~2S*)~k,f=k,f. _
Proof. (I—ZS*k, f=k, f—72" [k, — ko f1=ko .
5.4. Theorem. Up to a constant, isometric multiple, we have Os.(z)=B(2).

Proof We find Og(z) easier to compute. The theorem will follow from a
result of KuZeL’ [4] which states Os. (2)=05(2)".
~ We need to know what the range of /- S*S is, and a computation copled from
Proposition 4.2 (using Proposition 4.3) shows that the closures of R(/—S*S) and
ko 9. coincide. What we want is therefore '

Os(2)kof = Ssgn (I—. S*S)kof —z|I - SS*[V2(I— 28%) 7 |[ — §* S|V2k, f.

We ﬁrst uée Proposition 5.1to get .
Os(2Ykaf = Skod, f— 2l — SS*U2(I— 28" kylJ, — BO)JB(OY T2 .
Now Lemma 5.3 gives _ ‘ -
Os(2)kof = SkoJ, f—z|I—SS*k:[J, — BO)JBO)'T* f =

= SkoJ .S holJ — B(O)* ], B(O)|"*(B(z)* — B(0)*] 1/, — B(0)JB(0)*]* f

by Proposmon 5.2. Now we have A
olJ — B(0)*J, BO)| "2 B(0)* [J, — BO)JB(O)' T2/ = hyB(O)* f = — SkoJ, f;

and so our estimate of @, becomes
Os(2)kof - —holJ = B(0)* J, B(0)| 2 B(2)* [J*;B(O)JB(O)*JI’ *f = LB(2)" Likof

and since L, and L, are (constant) isometries, it follows that Og (2) and B(Z)* are the
‘same, considered as characteristic functions (see Section 6 below).

6. Appendix

6.1. Uniqueness of characteristic function. Let S and T be invertible opefators
on Hilbert spaces H, and H,, and assume S and T have no reducing subspaces on
whlch they are unitary.

Theorem. If there are constant unitaries U and V such that GS—U@TV then
S and T are unitarily equivalent. :

Proof. By the computation of Kuzel’, which we used in Section 1.4, we have
) (=20, ~ 0r(@) IO (w)] = Q,(I— 2T (I-FT)*Q,
for z and w in-DUD, for D some neighborhood of 0 (where (/—2T)~* and (/—2S)™*



‘On models for noncontractions = - . 15

exist). Now let K, K,, P, P, denotqthe,analogues of the'o'perators J, 1., 0, 0,
corresponding to S. We have K=V*JV, K = uJ, U*,Aand SO

K, — @‘s(z)k@s‘(w)* = UlJ,— 0, JOLU*.
Combmmg this with (11), we have ‘

P (I-z8"Y(I-wS)"'P, = UQ, (I- zT*) 1(I--wT) 1Q*U*
. For g h€R(P,), we therefore have
((I—=wS)~ 1P,,‘g, (I—z8)"P.h) = (I—wT)"~ 1Q*U*g, (I ZT)"1Q,U*h)

whence it follows that the map ‘ , .
12) W (- P g (I~ WT)-IQ*'U*g, weDUD,

is'an isometry, from some subspace of H, to some subspace of H,. If we can prove
that the subspace M of H, of elements of the form f(S)P, g, where g€ R(P,),and f
is a rational function with poles in DUD, is dense in Hj, then we will have that U
has a dense domain.

To prove M is dense in H,, we shall prove that M reduces S and that S is
unitary on M 1. M is certainly S invariant. To prove M is S* invariant, note

S*f(S)P,g = ST(SS* = D)f(S)P,gl+ S~ f(S)P,g.
Let h = [I—-SS*'*K, f(S)P,g, and we have
S*f(S)P,g =—S"'P.h+S" lf(S)P*gEM

Now we ‘want to show that M contains the range of I—S*S, i.e. (I—S*S)HI. To
do thlS let f=(I—S*S)g. We have

= S~ '(I-SS8*)Sg = S'P,h -where h=P I\SgER(P)
*

" Now M reduces S and contains R(P) and R(P,), so S must be unltary on
M+ ie. M+={0}). A similar argument shows the range of M is dense in H,, so U
is unitary.

To complete the proof of the theorem, we must show S=U*TU. To do this,
just refer back to (12). It 1mp11es

Replacing f(¢) by #f(¢) here, we get
USf(S)P, g = Tf(T)Q,U*g = TUS(S) P8,

so that WSx=TUx for x€ M, and this completes the proof.
A corollary of the theorem is that any bounded, invertible operator-is unitarily
equivalent to the operator S constructed in Section 3.3. '
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