On subdirect representations of finite commutative unoids

By F. GECSEG in Szeged .

In this paper we give a representation of finite commutative unoids as homo-
morphic images of subdirect products of very simple finite commutative unoids.
Furthermore, using this representation, we present a full characterization of those
finite commutative unoids 2 which have the following property: if 20 can be given
as a homomorphic image of a subdirect product of two finite commutative unoids
% and @ then there exists a subunoid of B or € which can be mapped homomor-
phically onto .

Let A={A; F) be a unoid. (For the terminology, see [1].) We say that A is
goinmutatwe if afy fu=af, f, for any ac 4 and f,, f,€ F. In this paper by a unoid we
always mean a finite commutative unoid. - _

Take an arbitrary unoid A=(4; F), an element a€ A and an operation f€F.
Then by the cycle generated by (a,f) in % we mean the set of elements af°, af, ...

,af*, ..., where af®=a and af*=(af*~Y)f for any positive integer k. For this
cycle we use the short notation (a, f). If af®, ..., af* are all different and # is the -
least exponent for which there exists a w=u such.that af¥=af" then af°, ..., af*~! -
is the preperiod of this cycle and u is the length of this preperiod. (When the preperiod
is empty its length equals 0.) Furthermore, if #+v is the minimal number for which
af**’=gqf" holds then af*, af**+*,...,af"*+"~" is the period of the cycle under question
and v is the length of this period. In this case we say that (a, f) is a cycle of type (u, v).

A unoid A={4; F) is called fcyclic (f€F) of type (k,[) if for some a€A,
the set 4 coincides with the cycle (a, /) in 2 and this cycle is of type (k, /), while the
operations different from f are identical méppings of A.

W is called prime-power unoid (with respect to f€ F) if it is f~cyclic of type (0, ")
where r is a prime number. U is an elevator (regarding f€ F) if it is- f~cyclic of type
(k, 1). We say that U is a prime-power unoid (resp. elevator) if it is prime-power
unoid (resp. elevator) regarding one of its operatlons '

Now we are ready to state our

Theorem 1. Every commutative unoid can be given as a homomorphic image
of a subdirect product of finitely many elevators and prime-power unoids.
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Proof. Let W=(4; F) be an arbitrary commutative unoid. Denote by F*
the unoid of all polynomials over F of the form xp under a fixed variable x. We
shall write xp=xq(g) if and only if xp=xq holds identically in . It is obvious
that the relation g is a congruence on F* (we say that o induces g), and the factor
unoid F*/o=B(=(B; F)) is commutative. For elements of 8 we shall apply the
following notation: C,(xp). means the class of the partmon of F* mduced by ¢
containing xp.

Let us suppose that F=(fj,...,f;), and define the unoids %i=<Bi; F)

"(i=1, ..., k) as follows: B; is the cycle (C,(x), f;) in B and f; is the restriction of
/; (on B) to B;, while the operations f; are identical mappings of B; for j=i.

Now take the mapping ¢ of the direct product B, X.. X%k into B defined in

the following way:

O((Colfs s Colofi ) s Colofe) = Colofi . S i)

(ny, v M oy Pl = 0,1,..).

Using commutativity of B it can immediately be verified that (/) isa homomorphlsm
onto B.

Let us denote by 0, the relation induced by B,X... X8, on F* Then g,=¢
because B is a homomorphic image of B, X... XB,. Observe that B, is f-cyclic for
every i (1=i=k). Let B, be of type (u;, v;). In the case v;=1 let B, be an fi-cyclic
unoid of type (u;, 2) and let B;= B, in the other case. It is obvious that B can be
mapped homomorphlcally onto B,. Therefore, B, X ... XB, is a homomorphic image
of B X...xXB,. Denote by @, the relation of F* induced by QS X...X®B,. Then we
get that 0:=0,.

As it can be seen in [2], every equation of an equational class of commutative
unoids can have one of the following two forms:

8] xfiMo fite = xff L fil
2 CXfM L i =y S

) Equation (2) implies xf;™... f;"=yf{™... f". Choose an element b, from every
B (i=1, ..., k). Then (by, by, ..., by) fi"... fi"#(by f1, b, ., by) [ [ showing
that (2) falls to hold on B; X .. X%

. Therefore, we have got that every equatlon which holds on B;X.. X% is of
the form (1). Since g,=¢ thus all equations holding on B; X...X% hold on A,
too, ie., A is contained in the equational class generated by B;X...XB;. This
means that 2 can be given as a homomorphic image of a subunoid of a finite direct
power-of B;X... X B, (see, e.g., the proof of the Theorem in [1]).

In order-to end the proof of Theorem 1, it is enough to show that every B/
" can be given as a subdirect -product of finitely many elevators and prime-power

(my, ..., mg, 1y, ..., 0, = 0).
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unoids. Let B] (b(,,. s bys s by vy ) and y;=r " where r; are different
prime numbers. Define the relations gy, gy, ..., o,-on B as follows: b;=b,(a,) if
and only if j=k or j, k=u;, and for every / (l=], s 1), b;=by (o)) if and only if
j=k (mod r*). Tt is clear that gy, ..., 0, are congruences of B; moreover, their
intersection is the identity relation. Indeed, from b;=b,(d,...Na,) it follows that
j=k or j, k>u and (by the Chinese Remainder Theorem) J=k (mod v)). In both
cases we have b;=b,. Thus B can be given as a subdirect product of B/, ..., B/ /o,.
Moreover, B /ao is an elevator and each of B//e,, ..., B; /a, is a prime-power unoid.
ThlS ends the proof of Theorem 1. -

A unoid A=(4; F) is called homomorphically prime if ]Al>l and the fact A
is a homomorphic image of a subdirect product of two unoids ; and A, implies
that there exists a subunoid in 911 or A, which can be rnapped homomorphically
onto A.

First we state the following simple

Theorem 2. If |F |=1then U={A; F) is /romomorplncallv prime if and only if
A is an elevator or prime-power unoid.

Proof. The subunoids and homomorphic images of elevators are elevators,
too. Similar statement is valid for prime-power unoids. Therefore, by Theorem 1,
every homomorphlcally prime unoid should be either elevator or prime-power unoid.
It can be shown, by an easy computation, that in the case |F [_1 all elevators and
prime-power unoids are homomorphically prime. '

This Theorem 2 and Theorem 1 of YOELI in [3] show that the class of all homo-
~ morphically prime unary algebras and that of all connected subdlrectly irreducible
unary algebras coincide.

We now prove

Theorem 3. If | F|=2 then a commutative unoid A=(A; F) is homomorphically
prime if and only if W is an elevator. : :

Proof. The subunoids and homomorphic images of an elevator are elevators.
Prime-power unoids have similar property. Thus, by Theorem 1, homomorphically
prime unoids should be either elevators or prime-power unoids.

First-we show that none of the prime-power unoids is homomorphically prime.
Before proving this statement, let us introduce the notation k£ (mod ) for the least
non-negative residue of k modulo ». }

For the sake-of simplicity, let W=(A4; F) be a- prlme-power unoid with respect
to f; such that 4={a,, ..., a,._,) and

ai.fl = Q; + 1 (mod mn)
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where m is a prime number. Take two different prime numbers my (Zm), my(m)
such that m2{(m, —m,), and let r be an integer with r=n. Let us define the unoids
A;=(4;; F) (i=1,2) in the following way:

At = <ai01 [ERFY aim">a aijfl = ai(j+1)(m0dm")a
aijf2 = Ai(j+m) (modmr)

and ¢;; fi=a;; if I>2, where i=1,2andj=0, ..., m"—1]. It is obvious that A, and A,
are commutative. .

.Consider the subdirect product 9[ X AU, of A, and A, consisting of all elements
(ay, ay;) and (ay;, as)fy (j=0, ...,m"—1; k=1,2, ...). We show that the mapping ¢
defined by

(/’((‘110; azo)ff) =a,f{ and q’((am, as0) /1 2k) =afi GLk=12..)

is a homomorphism of 9, X U, onto 2. :
It is enough to prove that ¢ is well deﬁned Let t;, k; and t,, k, be natural num-
bers such that

3) (s, Goo) fir S = (arg> @so) f2 i

We show that this implies agfit=ay fi3 ie, t,=t, (mod m"). The equality (3)
means that .

@ th+mky = ty+mk, (modm?) (i=1,2),

whence we get m"|(m;—my)(k,—ky). But m?{ (m;—m,), thus m"|(k,—k,) because
r>n. From this, using anyone of the congruences (4) we have f,=¢, (mod m").
Thus we have shown that ¢ is well defined. Therefore, by definition, it is a homo-
morphism, ' '

- It remains to be shown that 2 cannot be given as a homomorphic image of a
subunoid of 2, or A,. Neither A, nor A, have any subunoid different from themself.
Thus take a mapping ¢, of %, onto A (=1, 2) such that oi(a;)=a,. If ¢, is a homo-

morphism then

(pi(aijf‘z) = (P(al'jflmi) = a(u+m,»)(modm"):au

But ag, ) moanm # 4, because m"{ m;. Therefore, ¢; cannot be a homomorphism.
We now show that every: elevator is homomorphlcally prime. Let 0I,‘—(A,‘, F) .
denote the elevator with

Ak=<a0’---9ak> (k>0)a aifi:ai (a,EAk,f,EF) if /> I
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and
div1 if i< k,

“"f1={ak if =k

In the secjuel by p and g with or without indices we denote polynomials in which
/i does not occur.

Let us assume that 9, can be given as a homomorphlc image of a subdirect
product of two unoids B, and B, under a homomorphism ¢ for which ¢ ((by, b,))=a,
((by, by)€ B; X By) holds. First we show that at least one of the unoids B; (i=1, 2)
has the following property P: for every p, the elements b;p, b; pfy, ..., b pf¥™!
all different and there exists no b, pfy with u=k which is equal to one of them. In-
deed, in the opposite case there exist polynomials p, and p,, non-negative integers
uy, ty and u,, 1, such that b p, fir=>b,p, 1, byp, fi2=b,p, f1?; wy, up<k; t;=>u; and
ty>u,. By the commutativity of B, and B,, b,p,p, fir=b,p,p, f{* and b,p,p, fi*=
=b,p,p, fit. Now let us subpose that uy=wu;. Then ’

by py pofin = by py ps fta*+ ta=m) (tr=u)
b2 Plpzf]"z = b2pi pzﬁ"2+('1““1) (tg_uz).
(bl’ b?)P1p2ﬂu2 = (bl, bg)pl[]gfiuz"'(’l"“;)(fg—uz).

Since ¢ is a homomorphism thus we get

and

Therefore,

a,fi: = Qg fzt i mu) G muy)
which is impossible.

In the sequel we write simply B instead of B; having the above property and b
instead of b;. Consider the cycle (bp, f}) in B with minimal preperiod d among
all cycles generated by pairs of the form (bg, f;). Then property P implies d=k.
Take the subunoid B’ of B generated by bp. We show that B’ can be mapped homo-
morphically onto U, namely, the mapping ¢ defined by (p(bqul) a, fi for all ¢
and non-negative integer / will be such a homomorphism.

To prove that ¢ is well defined let us assume that bpg, f{*=bpg, f;". We must
have a, fh=a, f}2, or, equivalently, /;=/, provided }, I,=k does not hold. Suppose
I<Il,, k. Observe that, for any g, the preperiod of the cycle (bpg,f;) cannot be
Jonger than d and in fact, in view of the minimum property of bp, it coincides with d. '
Indeed, by the commutativity of SB bpfy'=bpfy implies bpqf'=bpqf. Now we dis-
tinguish two cases:

1) Ly<d. If ¢ is the length of the period of the cycle (bpgs, f;) then bpg, f3+4 "=
=bpq, f+**7"2*°. But this is incompatible with property P because /,+d—l<d. -

¢
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2) l,=d. Then we get similarly bpg, f1’1=Abpq1 fite) which is again a con-
tradiction.

Finally, a short computation shows that ¢ (bpqf])f=¢ (bpgfif) holds for any
fEF. This completes the proof of Theorem 3. ’ '

Acknowledgements. The author is grateful to B. CsAkANY for his useful comments
which helped to make the paper more concise. '

References
[1] F. GEcsec—S. SzEKELY, On equational classes of unoids, Acta Sci. Math., 34 (1973), 99—101.
[21 A. 1. Mansues, Arzebpauneckue cucmemsr (Mocksa, 1970).

[3] M. Yozur, Subdirectly irreducible unary algebras, Amer. Math. Monthly, 74 (1967), 957—960.

( Received May 30, 1973)



