Bands of monoids
By B. M. SCHEIN in Saratov (USSR}

. To my colleagues in the city of Szeged where this paper has been written

Let S be a semigroup which is the union of a family (S;);¢; of subsemigroups
which are classes of a congruence relation on S. Then I may be endowed with a
binary operation ij=k«S;S;c S, for all i, j, kel. Under this operation / is a band
(i.e. an idempotent semigroup) and S is called an /-band (or merely a band) of sub-
semigroups (S));cy- ,

In this paper we present a new method of constructing bands of semigroups.
This method permits to build up all bands of unipotent monoids (a monoid is a semi-
group with identity, a monoid is called unipotent if it contains the only idempotent —
its identity). In particular, we obtain a simple construction for orthodox bands of
- arbitrary monoids. Our method is a generalization of Clifford’s sums of direct systems
of groups [1] (called also rigid or strong‘semilattice_s of groups).

In our paper [2] we introduced a class of semigroups with the weak involutory
property (WIP-Semi‘groups). A semigroup S is a WlP-semigfoup if for any s, t¢ S
and any §, 7€'S such that s§s=s, §s§=5, tft=t, fti=F (i.e. 5§ and 7 are inverses for s
~and 1 respectively), 73 is an inverse for st. Among other properties it was proved that

S is a WIP-semigroup if and only if the idempotents of S form a (possibly empty)
"~ subsemigroup [2]. Regular WIP-semigroups were considered also in [3] where they
were called orthodox semigroups. So we call the WlP-semlgroups orthodox (notice
that an orthodox sernigroup in our sense need not be regular). ‘

Let (S;);¢r be a-family of semigroups with pairwise disjoint sets of elements
~ Suppose = is a quasiorder (i.e. reflexive and transmve) binary relation on /. A family
D=(¢;))is;; I, €1 is called a direct system of homomorphisms over = if- for every
i,j€l such that i=j ¢,; is a homomorphism of S; mto S; and the following two
propertxes holds

1) for every i€l ¢;; is the identical automorphism of S;; .
2) for every i,j, kel if i=j=k then @;;00,=0¢;.
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If S; are monoids and e; denotes the identity of S; then we demand that
(pij(ej)=ei, 1.e. identities are preserved -under homomorphisms of monoids.

Let 7 be endowed with an associative and idempotent binary operation -
je. let (7, ) be a band. Define the following bmary relations =; and =, on I:
i=) jeji=i; i =, j«ij=i. Clearly, both =, and =, are quasiorder relations on I.
Suppose ®=(¢;;) and ¥ =(;;) are direct systems of homomorphisms over =, and
=, respectively. @ and ¥ are called commuting if for all i, j, k€1 such that j =i, k =,i
the following diagram is commutative: ' '

S,' - S_]
' !
Sk - Skj

b

where the horizontal arrows represent homomorphisms from & and vertical arrows
represent homomorphisms from ¥ (i.e. Wk; i0Q;i=Pjx0Wy). Clearly, kj L kand
kj=,j so that all homomorphisms mentioned do exist.
' If a;€ S, then g, and 2, denote the right and left translations of S; correspond-
ing to a;, i.e. g, (s)=sa; and Ao, (s)=as for all s€ ;.

Suppose there are given two direct systems of homomorphisms ¢ and ¥ over
fl and =, respectively and an (/XJ)-matrix A=(a;;) over S= U ¢,S; such that
a;;€S;; for all i, je1. We call the triple (@, ¥, A) balanced if a,;=e; for any i€ I and

Qa;; 1 CDiji, ijoliz,,o‘//ij,j = /la,,jkoWijk,jkOQa,koﬁojk,j
for all i,j, kel :
If a;;=¢;; for all i, jcI then the triple (@, ¥, A) is balanced precisely if the direct .
systems @ and ¥ commute.
A band S of monoids (S));¢; is called proper if the identities of the monoids
form a subsemigroup of S.

Theorem 1. Let (S);c; be a family of pairwise disjoint unipotent monoids;
(Z, +) be a band, D=(p;j) and ¥=(y;;) be direct systems of homomorphisms over
=, and =, respectively, A be an (IX I)-matrix over S= U ;¢ S; and the trlple (2, ¥, A)
be balanced.

Define a binary multiplication O on S as follows: if 5:€8; and s5;€S; then
siDsj=(p,~j’i(s,-)a,~ji//,-j, j(8;) where the right-hand side product is taken in the monoid
Si;- Then (S, O)-is an I-band of monoids (S});cy and every I-band of monoids (S})cr
can be constructed in this way. Moreover, the triple (@, P, A) is deﬁned uniquely for
any I-band of(S),el

Theorem 2. Let (S);c; be a family of pairwise disjoint semigroups, (I, -) be
a band, and ® and W be commuting direct systems of homomorphisms over =, and -
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=,, respectively. Define a binary multiplication 0 on S= U ¢S; as follows: if 5;€8;
and s;€S; then s;0s; = (s);, ,(s) where the right-hand side product is taken
in the semigroup S;;. Then (S, Q) is an I-band of sengroups (S)ics- Moreover if
S; are monoids then (S, 0) is a proper I-band of the monoids (S,);c; and every proper
I-band of the monoids (S;);cy can be constructed in the above fashion, the direct systems
® and ¥ being determined in the unique way (S, 0)is orthodox if and only if all the
monoids S are orthodox.

Some corollanes will follow after the proofs. -
Proof of Theorem 1. Suppose 5,€S;, 5;€S; and $:€S;. Then
(5:05) 08 = (037,160 095,560 D8k = P10, s 6D @i, 15) 851, 1 W e () =
= [(pijk,ijo(»oij,i(si)][Qa,'j,ko(pijk,ijola”o'/’ij,j(Sj)]'//ijk,k(sk) = .
= 025, (50 Wy Wi, 10 €y Pt (N Wi, 50w 501 =
=@, i (5D Wi, ja (Q’jtg,} () ap Vi S = 0ija, 1 (8) i i Wijn, e (5,080 =50 (s; 0 ;S'k),

ie. (S, O) is a semigroup. If i=j then s;0s; —(p',,(s,)a,,tpﬁ(sj)'=s,-eis-=sis-. Thus,
(S, O) is an I-band of the family (S);¢; of monoids.

Now e;Oe; —(pu,,(e,)aut//,m(e) e;;a;;€;;=a;; so that the matrix A is deter-
mmed in the unique way — A=(e;Te;). Usmg thls fact we obtain

a.,ij;— ee; = eiD(eiD‘;’q) = eiD(esz(e;Dezj)) = (e;0e;)?,

ie. a;;; is an idempotent from §;;. Since S;; is unipotent, g ;- Thus,

i, lj
5 Deu = (pu I(Sl)al ulllu l_[(el]) - (plj l(sl) a; l_] (pu l(sl)

i.e. the direct system & of homomorphlsms is determined in the unique way. Analog-
ously we may prove that.y;; ;(s)=e;Os; for any 5,€S;.

To prove the second part of Theorem 1 suppose (S, -) is a band of a family
(SDicr of unipotent monoids. Let a;;=ee; for any i, jel, ¢ (s)=s¢; and
Vi, 18 =e;;s; for all 4, j€I and s;€ S;,5;€S;. Then q;;€§;; and if s;, ;€ S; then

Lot = sitie; = Si(eij(tieij)) = @i;,1(5) @i,: (1),

_i.e. @y ; is 'a homomorphism of S; into S;;. Since S;; is ﬁnipotent, 0ij.ie)=e;;.
Clearly ¢;;(s;)=s;e;=s;. Now . S

(Pijk,ijo(/’ij,i(si) = (Pijk,fj(sieij) = (sieij)eijk = si(eijeijk) Si€ik = Qi i(s9)

so that ®=(¢p,;) forms a direct system of homomorphisms over =,. In the same
way we may prove that ¥'=(;;) forms a direct system of homomorphisms over =,. -
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Now a,-,-='e,-e,-———e,~ and
Qa;;, 1 O Pijk, ij°/1 ,-_,Owij j(s' = Qa,.,-,kO(Pijk,rjOQ;zi,(eijsj) = CQay, RO(Pi}k,ij(aijeijsj) =
= i, (Gij€i;S€50) =.01;€55; €A1k = Gi;8;€ Q5 x = 01385 5 =

= €;€;8,0;; ; = €8;A;;x = €;5;€;;€, = €;5;¢, = €;€;5;€, = a; j15;€ =

= 4 1 8;€;€ = G; j1SiAj = i, ji€iS; aj,‘ = a; xS e iy =

= ;~a,., ,k((’ijk ki) = g ai, i lpijk,jk( eﬂ.aﬂ\) =

. = ;va,-_,kO‘pijk,jkOQa,k( €i) = Aa a;, ,kO'//uk 169 8Qa;, O Dk, ;(5 s

1.e. the triple (05 ¥, A) is balanced. Finally

§:08; = @i, (s)aiWi; i (8) = sie;a;5;8; = 8:a; s = 5;6;¢;8; = 5;5;.

This fact completes the proof of Theorem 1.
Proof of Theorem 2. Suppose 5;€S;, s;€S; and 5,€S,. Then

(SrDSj)Dsk - (¢u t(sl)l//u J(s ))Dsk (P:_,A U((P., I(Sl)ll/l_[ _I( ))lpuk l\(sh) -
[(puk UO(PU r(sr)][(puk l[oll/lj _[( )]l//ljk,k(sk) -

= (pijk..i(si)[ll/ijk,jko(pjk,j(sj)][‘pijk,jko'/‘/jk,k(sk)] = (Pijk.i(si)'l/ijk,jk(st;k) = 5;0(s; 0 %),

i.e. (S, O) is a semigroup. ,

If i=j then 5, 0s;=¢; (s (s;)=s:5;. Thus, (S, O) is an J-band of the family
(S)ie; of semigroups. Unicity of ¢ and S” incase S are monords for alt ie [ is proved
in the same way as in the proof of Theorem 1. .

If (S, +) is a proper I-band of monoids S; then exactly in the same way as
'in the proof of Theorem 1 we may verify that (S, -)=(S, O) where ® and ¥ are
defined in the same way asin the proof of Theorem 1. Commutatrvrty of & and ¥
follows readily.

If S; are monoids then e;Je;=q;; (e} ,;, J(e) €;;€;;=e;; Therefore (S, d)
is a proper band of (S));¢;.

Clearly, if (S, O) is orthodox then S; are orthodox for all i€l Conversely,
suppose S; are orthodox and s5,€ S}, 5;€ S; are idempotents of (S 0). Then s;0s;=
=@, i(s)¥;; ;(s;) and the right-hand side of the equality is a product of two idem-
potents of §;; (since’ homomorphisms map idempotents onto idempotents). The
orthodoxy of S;; implies s;0s; is an idempotent. Thus, (S, E]) 1S orthodox which
completes the proof of Theorem 2.

Obviously, Theorem 2 in case of unipotent monords is a; particular case of
Theorem 1. :

Remark 1. Since every group is a unipotent and orthodox monoid, every
band of groups may be constructed as in Theorem 1 and every orthodox band of
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groﬁps may be constructed as in Theorem 2. Another construction for orthodox
bands of groups has been given in [4]. A survey of constructions for orthodox unions. -
of groups may be found in [3]. ’

Remark 2. Suppbse (b, ¥, A) is a balanced triple and A=, j; i=,j. This
being the case, a;;=e; (which fact has been proved above) and analogously a;,=e¢,.
Thus, the condition of balancedness may be written for these particular i, j, k as .
follows:

(1) o Qa;koﬁoik,'io‘pij =4 .ko'/’:k kCPxj-

If i=k then we obtain g, opoY;;= ya’ otﬁ"ogo” or, equlvalently, Vii=®i;-
Thus, if i=, jand i=, j (i.e. 1f1—y—/1) then z,b,l—q)u In particular, if (J, +) is a semi-
lattice then =, coincides with =, and ® coincides with ¥; in this case the construc-
‘tion ‘of Theorem-2 turns out to be ‘the well-known [1] construction for sums of
direct systems of semigroups. Clearly, if #=Y¥ then & and ¥ commute. Thus, every
proper semilattice of monoids is a sum of their direct system

Remark 3. Let the band (/, -) satisfy the pseudoidentity xpx=xpVxpx=yx’
" where V is the disjunction sign. Let x=y mean that x=,y or x=,y. Then = is a
quasiorder relation on 7. In effect, = is obviously reflexive. To show transitivity-of
=, suppose i=j and j=k for some i, j, k€I. Suppose i=, j. If j=,k then i=,k and
i=,k, so let j=,k. Then ji=i and jk=j. Then iki=ki or iki=ik. If iki=ki then
i=ji=(jk)i=j(ki)=j(iki)=(ji)ki=iki=ki and i= k, whence i=k. If iki=ik then
i=ji=(jk)i=j(ki)=j(kiki)=(jk)iki=(jk)ik =jik =ik and i =,k, whence i=k. Anal-
ogously, i=,j implies i=k. Therefore, = is a quasiorder relation. . '

Conversely, suppose = is a quasiorder relation. Then the band (7, -) satisfies
the above pseudoidentity. In effect, for every two elements x, y€7 ‘the relations’
xpx=,xy and xy=,y hold in every band. Therefore, xyx=xy=y and, since = is
transitive, xyx=y, i.e. xyx=,y or xyx=,y. The latter means that xypx=y(xyx)=
=(px)?*=yx or xyx=:(xyx)y=(xy)*=xy, i.e. xyx=xyVxyx=yx.

Two quasiorder relations on a same set are called compatible if their set-theoretical *
union is a quasiorder relation. We have proved the following

Lemma 1. A band satisfies the pseudoidentity xyx xyV xyx=yx if and only if
its quaszorder relations =, and =, are compatible.

Now if I<j then either /=, j or i=,j or both. Suppose two direct systems of
homomorphisms ¢ and ¥ over =, .and =, respectively are given. Then ¢;; or ¢;;
is defined. If both homomorphisms are defined then /=, j and /=, j which implies,
‘as we have seen in Remark 2, @;;=V;;. Therefore, one may consider the system .
X=(i))ixj;1 jer of homomorphisms: y;; coincides with that of homomorphisms ¢;;, -
y;; which is defined. :
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Let the above pseudoidentity be satisfied and (S, -) be an I-band of the family
(S:)ier of monoids. If i=, j, i.e. if ji=i, then, as we have seen above, e;e;=¢;(€;e)=
=e;(ee;e))=(e;e;)% Suppose now all S; are unipotent. Then.¢;e;=e;. Analogously
i=, j implies e;e;=e;. Now let i and j be arbitrary elements of 1. Then either iji=ij or
iji=ji. In the first case e;e;€ S;;, therefore ¢;;¢;e; = e;e;. Now

€;;€,€S8;8;,C Siji = Sij»
therefore .
€6 = (eijei)eij = eij(eieij) = €€ =€y,
since §j =;i. Hence :
- ) €8 = €6, = e;€; = ¢,
" since if =, 7. '
Suppose now
iji = ji.
Then o
ij= @)Y =(ij=(ij and ee;€S;; =8
1t follows that -
‘ eje; = e;(eie) = (eijej)eij = €6 = €&
and _ :
cee; = (ee)e; = eeje;)) = e = e
Thus, ‘
aj; = €;€; = &

for any i, j¢1, i.e. (S, +) is a proper band of monoids. Then the direct systems ¢ and
¥ commute. . .

~Now let i=j=k. If i=,j=k then yu=@u=0¢;;0¢;=71;;0 K- Analogously,
Xix= X4 © Xjx In case when i=, j=,k. Now let i=, j=,k. Then, as we have seen above,
i=k, i.e. i=k or i=k. If i=,k then y;,=¢; and for every s,€ S

1) = 0u(s) = seer =-ei(se) = (e;e)(sie) = ej(ei(se)) = (s e) =
= (e;su)e; = @i;oW(s) = %502k (50),

i.e. yu=Xijo Xjx- The same equality can be proved analogously if i=, j=, k. Since
¥i is obviously the identical automorphism of S; and X preserves identities of our
monoids, X is a direct system of homomorphisms over =. ‘

The above argument together with Theo;emsl and 2 yields the following

Proposition 1. Suppose (I, +) is a band satisfying the pseudoidentity xyx=
=xyVxyx=yx. Define i=j if and only if i=iji. Then = is a quasiorder relation,
the set-theoretical union of the quasiorder relations =, and =, (i.e. i=j if and only
if i=ij or i=ji). Suppose (S))icy is a family of pairwise disjoint monoids and X is a
direct system of homomorphisms over =. Define a binary multiplication O on S as
Sollows: if 5,€8; and 5,€S; then 5;005;=y;; :(s)%:;,;(s;) where the right-hand side
product is taken inside the monoid S;;. Then (S, D) is a proper I-band of the family
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(Sdiex of monoids and conversely, every proper I- band of these monoids can be con-
structed in the above way, the direct system X being determined in the unique fashion
Jor each proper I-band of (S));c;. Moreover, every I-band of unipotent monoids is
" necessarily proper (and hence orthodox) and so it can be constricted in the above way.

In particular, Proposition 1 holds if (7, -) satisfies one of the following identities:
XYX =Xy, XYX=VX, XyZ=yXz, XYZ=Xzy; Xy=Xx, xy=y, xy=yx. In the latter case,
i.e. for semilattices of unipotent monoids, this has been proved in [8].

It can be easily verified that (I, -) satisfies the identity xyx=xy [the identity
xyx=yx] if and only if the quasiorder relation =, [the quasiorder relation =,] is
included into =, [into =,]. Every band is a semilattice of rectangular bands Right
zero and left zero bands are called singular. It can be trivially verified that a band

satisfies the pseudoidentity xyx=xy\xyx=yx if -and only if it is a semtlatt" ice of
singular bands. .

Remark 4. Suppose (7, -) is a rectangular band and i, ]el Then i=if and
ij=,1, whence @i,i50 Pij,i=Pui and @;; ;00 ; =Qij,ij- Therefore, ¢, ;; is an isomor-
phism. In the same way we may prove that ; ;; is an 1somorph1sm It follows that .
S; and S; are isomorphic. Thus, all the monoids §; are pairwise isomorphic. This
fact permits us to give an alternative construction for rectangular bands of unipotent
monoids. '

Fix some element o€/ and for every i€[ fix an isomorphism a; of S; onto S,,
saY, ; =Y, 1,0 P,;- I S€S; let f(sg)z(ai(si), i). Then f is a bijective mapping
of S= U ¢;S; onto the Cartesian product of the sets S, and I. It remains to define
a suitable multiplication in S, X7 in order f to be an isomorphism. It is clear that

di(S,;) = lpo, l'oo(Piu,i(Si) = lpo,x‘o(sieio) “_.“eo(sieio)

so that f(s))=(e,si,, i). Now suppose (s,1)€S,X 1. Then S (s, 1))—e se;. In
effect,

eioseiesiaSoSiCSioai = Si and f(eiosei) = (eoeioseieia’ l) = (S’ l) ’
since .

€€ = o(io)eia = €o(i0) — € and §€;€;o = S€; = (seo)eio = s(eaeio) = §¢, = s
'so that '
€,€,5¢i€iy = €5 = 3.
Thus, we should define such a multiplication CI on §,X1 that for any s, tES, and :
any i, jel
(s, ), J) =f((eiosei)' (ejotej))‘z (eo(eiosei)(ejafej)e(ij)o, if).

e,e,8 =¢es=s5 and (o =io

Now
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so that

€0 (€1056) (&5016)) i = SE1€s01¢1€10 = [s(e,ere, )1 (eesei)] = (5B,)(7hy)

where '
bij = €,€:;,€8,ij, = S,.
Now
bi'b'i (e ele_ID)(eo Jle’\()) = €,€; ( o)ejieko € elejoejlel\o =
=€ exeja( j jl)eka = €,€; ( ej) i€o = € elejejleko = €,¢; ( eji)eko =
. =€ ele_lleko - eo(elejl)eko = €,6i€, = bi.k’
smnce °'~
e.¢; =¢; and ee;=¢

Jo~y J

which may be proved in the same way as the above equality e,e,=e,.

Conversely, suppose a unipotent monoid S, and a rectangular band I are
given and b;;b;; ,=b;, for every i, j, k¢l. Then b,,b,, b;;by;, ;=b; which implies that
b;=e, for every i€ 1. Now

bl[ i = bu i = bl_] 1bu ij blj 1b|(tj),u = bl_[ ij = €,

whence
Ukb ki, j = bij and bi,jkb jki,j = b;; Jl\. jij = bi,jkeo = bi,jk,

ie. b;, ,x=b;;. On the Cartesian product S,X /7 define the following multiplication
O: (5,00, j)=(sb;;tb;;, if). Then (s,i)O(t, i)= (sb,ltb,,,u) (se,te,,i)=(st, i),
i.e. §;=S,X {i} is isomorphic to S,. Now

[(s, DO@ENO W, k) = (sb;;thy;, U)D(U, k) = (sb;;th;;by;, cub, i, ijk) =
= (sbijthyuby, ijk) = (sb; j tbjuby;by s ijk) =
= (5, )T (thjuby;, jk) = (5, DD, /)OO (u, k)).

Thué,' (S, X1, ) is an I-band of monoids isomorphic to S,, namely, of monoids S;.
We have proved the following

. Proposition 2. Let S be a unipotent monoid, I be a rectangular band, B=(b;;)
be an (IX I)-matrix over S such that b;;b j,.,,;=b,-k Jor all i, j, kel. Define the following
multiplication O on the set SXI:(s,1)D(t, j)=(sb;;th;;, ij). Then (SXI, O) is an
I-band of monoids isomorphic to S and every I-band of monoids isomorphic to S
can be constructed in the above way. In particular, there exists an I-band of a family
(S)icr of unipotent monoids if and only if all the monoids are pairwise isomorphic.
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Another description of rectangular bands of unipotent monoids has been
given in [9, Corollary 3.10].

In case of proper bands we have the following

Proposition 3. Let (S);e; be a family of monoids and I be a rectangular
band. There exists a proper I-band of (8¢, if and only if all the monoids are pairwise
isomorphic, and every such band is isomorphic to a direct product of S; for some fixed
icIand 1. Conversely, every direct product of S; and 1 is isomorphic to a proper I-band

Of(S).U

In effect, from Theorem 2 it fo]lows that ¢ and ¥ commute which 1mp11es easily
our Proposition.

Another proof of Proposition 3 has been given in [6].

- Since every band of semigroups is a semilattice of rectangular bands of semi-
groups [7], Proposition 2 gives some additional insight into the structure of bands
“of unipotent monoids and Proposmon 3 — into the structure of proper bands of
monoids.’ .
1In particular, if S is a combinatorial monoid (i.e. S has no invertible elements
except 1 where 1 is the identity of S) then every I-band of monoids isomorphic
to S is isomorphic to a direct product of S and /. This follows from the fact that
o by is an invertible clement of S for every i;jEL Moreover b‘ =bj; ;. In effect,

biibji i=by=1and bj; ;b;;=bj; ;b; iy, ;=b,i, ;j=bj ji=
' It is a well-known fact that rectangular bands of groups are pre01sely the
completely simple semigroups. Thus Proposition 2 gives, in particular, a- new rep-
resentation theorem for completely simple semigroups. . :

Remark 5. Suppose 7 is a band and I=ji=iji, Then = is a quasiorder
relation on /. Suppose (S));¢; 15 a family of monoids and X is a direct system of
homomorphisms over =. Since /j=/ and ij=j for every i, j€I we may define the
.following operation [1on S= U;¢; S;: if_siESi and ;€S then s; Os;=y;;. ;. (x5, ; (5))-
Then (S, O) is an I~band of our monoids. A particular case of this construction
was used in Proposition 1. Clearly, (S, O) is a proper /-band. Suppose i=j. Then

e;s;0e; = xiji,i (@) diji, j () Kiji, 1 (&) = xiie) ni; () xii(er) = eixij(s)e = Xij(sj).
' for every s;€5;. '

Proposition 4. Let I be a band satisfying the identity xyxzx=xyzx, (S));cr
be a family of pairwise disjoint monoids and i= Ji=iji for all i,jel. Deﬁhe an opera-
tion O on the set S=\J ¢, S as follows: if s;€ S;and s;€S; then s;0s; =g, 5045, 055)-
Then (S, O) is a proper I-band of monoids (S});c; and every proper I-band of these
monoids can be constructed in the above way, the direct system X being determined
uniquely for every proper I-band of (S))ic;.
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Proof Suppose (S, ) is'a proper I-band of (S,),U Then for every i,jel
such that i=j and every s , LES;

(e;s;2)(est;e)) = e,sje,-tje, = (e,-sj)e,-'je,eﬂ(tjei) = e,5;¢;¢;;€,¢;e;t;0; =

= e,slejeuej,e,tje = e;5;¢;;€;;1;€; = e;5;t;e;,

i.e. the mapping y;;: S;—S; such that x,-j(sj)=e,-sjei is a homomorphism. Clearly,
1ij(e)=ee;e,;=e;;=e; and y; is the identical automorphism of S;. Now let i=j=k
and 5.€S;. Then

» XijOXjk(sk) = Xij(ejskej) = €;€;5,6;€; = (eiej)ekjiskejei = €ijkjiSkCii = C’mske P =
.e'sk = e" = e-ske,ke~~ = e-Ske,-kj,- = e-Ske' = X,'k(sk) '

ie. (x;) forma direct system of homomorphlsm We used the fact that ikji=i.
In effect,

lkjl ikiji = ljikiji ljkljl = l]k_]l =i =i
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