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An integrability theorem for power series

L. LEINDLER

In [6] we proved the following

Theorem A. Let A(t)=0 be a nonincreassing, integrable function on the interval
0<t=1 such that A(1/n+ 1) O(A(1/n)), and let A(x) be defined on the interval

O0=x<1 by the series Z’ ax* with a,=0. Furthermore let O<p=-co. Then
k=0
A(1—x)(A(x))?€L(0, 1) if and only if

) 2,1(1/;1);1—2 [ké’) ak] = o

If A(1)=t""(y<1), Theorem A reduces to a theorem of KHAN [5], which in its
turn includes a theorem of ASKEeY ([1], y=0) and a theorem of HEYywooD ([2], p=1).

In [6], Theorem A was stated for p=1 only, but it is easy to see that the proof
actually holds for O<p<1, too.

Recently JAIN {4] obtained

Theorem B. Let
BX¥) = Sbx, O=x=1 and y<1l.
n=0

Suppose that there is a positive number ¢ ruch that
—-K

nv/p+ 1+e~-1/p

b, > (0 < p < =, K constant)

Sfor all sufficiently large values of n. Then

(1—=x)""[Bx)IPELO, 1) -
- if and only if

o Alae)-

In the particular case p=1 Theorem B was proved by HEYwoobp [3].
In the present paper Theorem B will be generalized as follows:
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Theorem. Let A(t)=0 be a nonincreasing function on the interval O<t=1
such that

) 3 a(/ryn-t = MA(IJK)/k

n=k

and let

Fx)= Dex", 0=x<1.
n=0

Suppose there is a positive monotonic sequence {g,} with 3 1/ng, <o such that
n=1

—-K

(0. A(1/m))!/P - nt =1l O<p<e, K=0)

€) €y >

Sor all sufficiently large values of n. Then A(1—x)|F(x)[P€L(0,1) if and only if

(VT

Q)

]

Qs [2 |ck|]p< .

n k=

It is clear that if A(#)=¢"7 (y<1) then our Theorem reduces to Theorem B.
Proof. Let
A‘(x) = S'a,,x" for 0=x<1
n=0

with @,=0 and
K

a, = (in(l/n))l/pnl—l/l’ for n=1.

First we show that these coefficients a, satisfy condition (1). If p=1 then we use the
inequality
n 14

--3 p -] oo
(5) Zj'n[ ak] = pp 2 A'll—p 2 j'k] arl:s
n=1 k=1 n=1 k=n

which holds for any 4,>0 and ,=0 (see [7], inequality (1)), with 1,=A(1/n)n"2.
Using (5), by (2), we have

3 A(l/ryn-2 [ > ak]'pg 0() 3 A(ijryn-t+rap =
n=1 k=1 n=1

=0(1) gl(l/n)n‘z“’(g,,l(l/n)n"‘l)'l = 0() g 1ng, < .

If 0<p<1, using some elementary estimates and (2), we obtain

ngﬂ.(l/n)n‘2[k§";ak] = 5’ 25 l(l/n)n_z[:méz ak] =

m=0 n=2m+1
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= o 3 aapnan {'"2 @9 ((1/29en) V| =

= 0(1)2 (20 A(1/29) mé"kz(l/z'")z-m = 0(1) é 1og < <.

Hereby we proved that the coefficients of the function A4 (x) satisfy condition (1),
so by Theorem A
© A(1=x)(A(x))P€L(O, 1).

By (3) the coefficients a,+ ¢, are positive for all sufficiently large values of n,
thus the function

A+ F(x) = (@, +c,)x"
: n=0
has the property

%) 201 = x)(A() + F())PE L(O, 1)
if and only if _
®) gl(l/n)n‘z [,‘;0 (ak+ck)] <

Hence we obtain the statement of Theorem easily. Indeed, if A(1—x)|F(x)|P¢
€ L(0, 1) then (6) implies (7), which implies (8). But by (3) we have

led = 2a,+c,

whence, by (8), (4) follows. If (4) holds, then this implies (8) and equivalently (7).
From (6) and (7), A(1 —x)|F(x)|P€ L(0, 1) follows obviously.
Thus Theorem is proved.
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