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On a convolution theorem 
L E O N A R D Y . H . Y A P 

Let G be a non-discrete locally compact Abelian group and let 1 
DIEUDONNE [3] showed that f*Lq(G)^L9(G) for every / £ L1 (G). In [2], BURNHAM 

and GOLDBERG proved Dieudonne's result for q=\ by considering Banach algebras 
with elements which are "generalized divisors of zero", and an extension to Banach 
modules yields Dieudonne's result for 1<<7<°°. In this note we give a simple, ele-
mentary proof of the following result. 

Th e o r e m. Let G be a non-discrete locally compact Abelian group and let \=iCj~ 
Then L1 (G) *gTiLq (G) for every geL"(G). 

P r o o f . Suppose L1(G)*g=L"(G) for some g£Lq(G). Then there exists j^LMG) 
such that j*g—g. Now if h£L9(G), then h = k*g for some k^L1(G), and hence 
j*h=j*k*g=k*j*g=k*g=h. Thus j*h=h for every h£Lq(G). Now for any 
f£IMG), choose a sequence {/;„} in L1(G)f]L9 (G) such that H ^ - Z ^ - O as 
Then | | j * / - / 1 | i ^ | | 7 * f - j * I I i + II7*-/IIissIIy'IIi Wf-Kh + WK-fh-O. Thus j 
is an identity element for L1(G). But this is impossible, since G is non-discrete. 

R e m a r k l . I t i s clear that the set L9(G) in the preceding theorem can be replaced 
by many other sets, and we mention some examples below. 

(i) If B is any dense subset of L}(G) with L1(G)*B<zB, then L1(G)*g^B for 
every g£B. In particular, if 5(G) is a Segal algebra in V-{G), then L1 (G)*g<^S(G) 
for every g£ S(G). 

(ii) If g£LP9{G), then L1(G)*g^LP9(G). See BLOZINSKI [1,2.9] and YAP [5, 
(4.2)] for the relevant facts. 

R e m a r k 2. KROGSTAD [4] has used the above theorem (with <7=1) to show 
that the union of all proper Segal algebras on G is L1(G). This answers a question 
of H . C . WANG. 
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