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On minimal bi-ideals and minimal quasi-ideals 
in compact semigroups 

H. L. CHOW 

In what follows, S will denote a compact topological semigroup. A non-
empty subset BczS is a bi-ideal of 5 if BSBUB2<zB; a non-empty subset QczS 
is a quasi-ideal of S if QSOSQc.Q. A bi-ideal (quasi-ideal) is said to be minimal 
if it does not contain properly a bi-ideal (quasi-ideal) of S. DELANGHE [ 1 ] has estab-
lished the existence of minimal quasi-ideals and minimal bi-ideals in S, and, more-
over, shown that the family of minimal quasi-ideals and that of minimal bi-ideals 
coincide. In this note, we are concerned with the relations between primitive idempo-
tents in S and minimal quasi-ideals and minimal bi-ideals; consequently we obtain 
a theorem which implies all the results in [1]. 

An idempotent e£S is called primitive if e and the zero of S (which may not 
exist) are the only idempotents in the set eSe. 

Theorem 1. Suppose S has no zero and e is an idempotent of S. Then the 
following are equivalent: 

(a) e is primitive. 
(b) eSe is a minimal bi-ideal of S. 
(c) eSe is a minimal quasi-ideal of S. 

Proof , (a) implies (b). Observe that eSe is a bi-ideal of S. By [3, p. 43], eSe 
is a group; so eSe is a minimal bi-ideal. 

(b) implies (c). Let Q be a quasi-ideal of S contained in eSe. Since Q is 
also a bi-ideal of S, Q coincides with eSe, giving (c). 

(c) implies (a). Let K be the minimal ideal of S (see [3, p. 32]); then KCleSe 
is clearly a (non-empty) quasi-ideal of S and so K(~]eSe=eSe, whence e^K. 
This together with [3, p. 43] completes the proof. 
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Coro l l a ry [1]. If B is a bi-ideal (quasi-ideal) of S, then B contains a minimal 
bi-ideal (minimal quasi-ideal) of S. 

P r o o f . We prove the corollary for bi-ideals, and the case for quasi-ideals can 
be derived in a similar way. First, if S has zero 0, it is obvious that {0} is the 
minimal bi-ideal contained in B. Next, if S has no zero, then BC\K is a bi-ideal 
of S, where K denotes the minimal ideal of S. Let x^BHK, implying that x£eSe 
for some idempotent e£K [3, p. 30]. Since eSe is a group containing the bi-ideal 
Bf]eSe, we see that eSe = BCieSe. Thus eSeczB, and the result follows from 
Theorem 1 and [3, p. 43]. 

Now suppose S contains a zero 0. Then an element x£S is called nilpotent 
if JC"—0 as /2 — a n d a subset AaS is said to be nil if every element in A is 
nilpotent. 

Theorem 2. If S has zero 0 and e£ S is a non-zero idempotent of S, then the 
following conditions are equivalent: 

(a) e is primitive. 
(b) eSe is a minimal non-nil bi-ideal of S. 
(c) eSe is a minimal non-nil quasi-ideal of S. 

Proo f . The equivalence of (a) and (b) has been shown by K O C H in [ 2 ] , and we 
want to show the equivalence of (b) and (c). Suppose (b) holds, and let Q be a non-
nil quasi-ideal of S contained in eSe. Since Q is also a non-nil bi-ideal, we have 
Q=eSe so that (c) follows. Conversely, if (c) is true, then take a non-nil bi-ideal 
B in eSe. It is easy to see that B contains a non-zero idempotent f in view of 
Lemma 2 of [2]. Hence fSfczBczeSe. Since fSf is a non-nil quasi-ideal of S, 
we have fSf=eSe. This yields B=eSe, giving the result. 
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