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The radical in ring varieties

A. A, ISKANDER

All rings considered here are associative and not necessarily with 1. A ring
variety is a class of rings closed under subrings, homomorphic images and Cartesian
products; equivalently, it is the class of all rings satisfying a set of polynomial
identities. In the present paper, we study syntactic and semantic properties and also
structure of varieties in which the Jacobson radical of every member is 1) nil, 2) nil-
potent, or 3) a direct summand. 1) is equivalent to a one variable identity: x"-+x"*1.
-h(x)=0; and also the variety is locally nilpotent by finite. 2) is equivalent to an
n variable identity: x;...x,+f(x, ..., x,)=0, where every term in f(x,, ..., x,) is
of degree larger than n. Also, every variety satisfying 2) is generated by a finitely
generated ring and is finitely based. 3) is equivalent to a finite set of two variable
identities.

For an account of the variety theory, the reader may consult[1, 2, 3, 5, 12, 13, 14].
Script letters will denote classes or varieties of rings; the corresponding Latin letters.
will denote their 7-ideals of identities. We denote the free associative ring on
{X4» X25 ..., X, ...} by F. The join of varieties will be denoted by V. Var & will
mean the variety generated by . (f, g, h, ...) will mean the variety of all rings:
satisfying the identities O=f=g=h= ....

A residually finite ring is a ring in which every nonzero element does not belong
to an ideal of finite index. A T-ideal is an ideal closed under all endomorphisms.

1. Definition 1. A ring variety is called locally nilpotent by finite, if every
finitely generated member possesses a nilpotent ideal of finite index. A locally finite
variety is a variety in which every finitely generated member is finite.

In [7], it is shown that locally finite ring varieties are precisely varieties satisfying.
cx=0, X"+ x"*1f(x)=0, for some positive integers ¢ and »n and for some poly-
nomial f(x) with integral coefficients. For locally nilpotent by finite varieties,
we have
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Theorem 1. The following conditions on a ring variety ¥~ are equivalent:

1) ¥ is locally nilpotent by finite.

2) every member of ¥~ generated by one element is nilpotent by finite.

3) ¥ satisfies x"+x"*1 f(x)=0, for some positive integer n and f(x)€ Z[x].
4) the Jacobson radical of every member of ¥ is nil.

2. We will first state and prove some lemmas.

Lemma 2. Let A be an algebra over a field K. Then either A is nil, or A contains
a copy of K or of xK[x].

Proof. Let a€A, a=0. The subalgebra of 4 generated by a is isomorphic
to xK[x]/I, where I is an ideal of xK{x] and hence principal; i.e., I=g(x) K[x]. If
g(x)=0, then A4 contains a copy of xK[x]. If g(x)>0, we can assume that g(x)=x°+
+x**1(x). If ais not nilpotent, then 4* = —a***h(a)=a"+"g(a). Hence a’=a*(g(a))*
and (ag(a))® is an idempotent element of A that generates a subalgebra of A iso-
morphic to K.

Lemma 3. The following conditions on a ring variety ¥~ are equivalent:
) x"+x™*h(x)eV for some m=>0, h(x)€ Z[x].
ii) Z{gx*:1=k=s} €V for some s>0 and g.cd.(a, ...,a)=1.
iti) V(xZ[x]) the T-ideal of one variable identities of ¥" is not contained in pxZ[x]
for any prime p. :

Proof. It is clear that i)=ii)=iii). Let ¥~ satisfy iii). By Hilbert’s basis theorem,
I=V(xZ[x)) is finitely generated, say by g,(x), g2(x), ..., g(x). For any prime p one
of the coefficients of g,(x), ..., g,(x) is not divisible by p. Let u be an integer larger
than all the degrees of gy(x), ..., g,(x). Then
gx)=Z{xvg;(x): 1 =i=k}erl
satisfies ii). :

Let ¥ satisfy ii). Hence every member of ¥~ satisfies rx'=x"*! f(x) for some
positive integers.» and ¢ and some f(x)€ Z[x]. Thus ¥~ satisfies

rixt = rxttif(x) = X**2(f(%))% ..., P'x' = x2‘(f(x))‘, r#xt = x”‘(f(x))”.
and substituting r*x for x, we get
S = (¥ xt)2 g (x).

Let A€¥” and denote by B the Jacobson radical of 4. For every b€ B, r®b'g(b)
is an idempotent element of B. Hence r®b’g(b)=0 and B satisfies r¥x'=0. Let
C be the ideal of B generated by all *, b€ B. Then C satisfies rx=0. We will show
that C satisfies x"=0 where n depends only on the polynomial in ii), and consequently
B satisfies x™=0. C is the direct sum of a finite number of rings of prime power
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characteristic. Hence, for our purpose, we can assume that C satisfies p*x =0 (k<r®).
C/pC is an algebra over the field Z,. C/pC€ V and hence satisfies Z{a;x": 1=i=s}=0
where g.cd. (ay, ..., a;)=1. Hence C/pC cannot contain any copies of xZ,[x]. If
C/pC were not nil, then by Lemma 2, C/pC would contain a copy of Z, and hence
an idempotent different from 0. But pC is nilpotent (pC)*=0, and this nonzero
idempotent can be lifted to an idempotent in C, contradicting the fact that B does not
have any nonzero idempotents. Thus C/pC is nil by ii)

x* = x""1h(x) where 1=us=sy,

and hence x*=x"*"(h(x))" for any v=0. If a€C/pC satisfies a°=0, then a"=0=d’.
Thus C satisfies x**=0.

Now A/B is a subdirect sum of primitive rings satisfying an identity of type ii).
By KAPLANSKY’s theorem [8] every such primitive ring is of dimension = (3s5)?
over their centers. These centers satisfy the same identity of type ii), and hence
they can be only a finite number of finite fields. Thus all these fields satisfy an identity
of the type x+x2h(x)=0, and hence all these primitive rings satisfy (x+ x2h(x))*=0
for some u>0 depending only on the identity X{g;x': 1=i=s}=0 [9]. Thus 4
satisfies (x+x2h(x))***=0; ie., ¥ satisfies i).

Lemma 4. The following two conditions on a ring variety ¥~ are equivalent.
1) if A€¥", and if A is nil, then x°*=0 in A.
ii) ¥ satisfies x°*+x°Th(x)=0 for some h(x)€ Z[x].

Proof. ii)=i) since x°+x°*1h(x)=0 implies x®= —x°"h(x)=xt1H(x)=
=x**¥(H(x))* for all k>1. Thus if A(€¥") is nil, then a°=0 for all a€ 4.

Conversely, the subvariety % of ¥~ of all rings satisfying x®*1=0, satisfies
x°=0 by i). Hence x$€ V+(x$*1) where (x$1?) is the T-ideal of identities generated
by x¢t+i, ,

Thus x5=g(x)+x{7f(x), g(xD€EV; ie., glx)=x{—x{f(xpeV.

Lemma 5. The following conditions on a ring variety ¥~ are equivalent:
1) every nilpotent member of ¥V satisfies x,...x,=0.
i) ¥ satisfies xy..%,+f(xy, ..., x,)=0 for some multinomial f, all terms of

which are of degree larger than e in xy, ..., x,.

Proof. ii) implies that the product of any e elements of a ring 4€¥” belongs
to 4A°*L, ie., 4°SA°TL. Hence A°=A4°"F for all k=0. Thus if 4°=0 for some s,
Af=A°T"=0.

Conversely, if ¥~ satisfies i) and U=V + F°*?, then x,...x,€U; i.e., x;..x,=q+&
where g€ Fe*1 and g€ V. We can assume that both ¢ and g involve only xy, ..., x,;
ie, g=x...x,—g€V where gc F¢*1.
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3. Proof of Theorem 1. It is obvious that 1)=2). Let F(¥") — the free
member of ¥~ of rank 1 — be nilpotent by finite; i.e., there is an ideal I of Fy(¥")
such that F,(¥")/I is finite and I"=0 for some n>0. Then F,(¥")/I satisfies
(x+x*h(x))" =0 for m=>0, h(x)€ Z{x][7,9]. Hence F,(¥") satisfies (x+x2h(x))™=0.
Thus (x,+x3(x))™€V; i.e., ¥ satisfies 3).

Let ¥~ satisfy 3) and let A€¥". Let B be the Jacobson radical of 4. For any
beB, b"=—b"* f(b)=b"t"g(b)=b*(g(b))". Thus (bg(h))" is an idempotent of B.
Hence (bg(b))"=0 and b"=b"(bg(b))"=0; ie., B is nil.

Let ¥~ satisfy 4), and let A€ be finitely generated. ¥V (xZ[x]) is not contained
in pxZ[x]; otherwise, xZ,[x] would belong to ¥°, and hence ¥~ contains all com-
mutative rings of characteristic p. The Jacobson radical of such rings may not be
nil. Thus, by Lemma 3, ¥ satisfies x"+x"*12(x)=0 for some n=>0 and h(x)€ Z[x].
By Lemma 4 the Jacobson radical B of A satisfies x"=0 since Bis nil. 4/B is a finitely
generated semisimple ring satisfying x"+x"t'h(x)=0. Hence A/B is the sub-
direct sum of matrix rings over a finite number of finite fields. Thus 4/B satisfies
cx=0 for some positive integer ¢. Hence A/B satisfies cx=0, X"+ x"t1h(x)=0.
Thus A/B is finite by [7] as it is finitely generated. Now B is a subring of finite index
in the finitely generated ring A. By a result of LEwiN [10], B is a finitely generated
ring. As B also satisfies x"=0, by a result of KaPLANSKY [8], B is nilpotent; i.e.,
A possesses a nilpotent ideal of finite index concluding the proof of Theorem 1.

4. Let ¢, d, e be integers, ¢=0, d=0, ¢=0.

Definition 2. €(c, d, e) is the class of all rings A with the properties:
1) ex=0 for all x€A.
2) Let B be a homomorphic image of a subring of A. Then
a) if B is nilpotent, then B°=0,
b) if B is not nilpotent and B is primitive, then B is a finite simple ring
of order dividing d. )
For c¢=0, the class €(c, d, ) was defined by KRUSE {9] in analogy to the corre-
sponding definition for groups [13]. In [9] it is shown that

Proposition 6 [9]. ¥(c, d, e), for ¢=0, is a variety generated by a finite ring.
It is clear that the following also holds:

Proposition 7. 4(c, d, )=%(0, d, &) N{cx). ¥(0, d, ¢) is closed under subrings
and homomorphic images.

Definition 4. @(c, d, €) is the class of all rings 4 with the properties:
1) ex=0 for all x€A4.
2) Let-B be a homomorphic image of a subring of 4. Then
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a) if B is nil, B satisfies x°=0,
b) if Bis not nilpotent and B is primitive, then Bis a finite simple ring of
order dividing d.
It is clear that %(c, d,e)=2(c,d, ¢) for all ¢=0 and

Proposition 8. 9(c,d,e)=2(0,d, e)\{cx) and D(c,d, ) is closed under
subrings and homomorphic images.

In [4] Evererr defines a ring C to be an extension of a ring 4 by a ring B
if C possesses an ideal isomorphic to 4 whose factor is isomorphic to B.

Definition 5 [6, 11, 13]. Let %, ¥ be classes of rings. %-¥" is the class of all
rings that are extensions of a ring of % by a ring of ¥".
In [6, 13] it is shown that

Proposition 9. If %,V are varieties, then U-¥" is a variety satisfying
f(g1s s 8)=0 for all f(xy,...,x )€U, g1, ..., g EV.

We will need two more results.

Proposition 10 [9]. A4 finitely generated nilpotent by finite ring is residually
Sfinite.

Proposition (HigMaN [13]). If a locally finite variety is generated by a family
A of finite rings, then every finite member of the variety is a homomorphic image
of a subring of a finite direct sum of members of A.

Higman’s result was stated for groups. It also holds for rings.
We will show that all the € and 2 classes introduced here are actually varieties.

S. Theorem 12. @(c, d, e) is a locally finite variety for all ¢=0.,

Claim 1: If ¢=>0 and A€9(c, d, €), then A satisfies (x*+x°t'h(x))*=0 where
x+x*h(x) is an identity satisfied by all finite fields of order dividing d.

Let c=pl1X...Xp% be the prime factorization of c. Then A=A4,XA4,X... X A,
where A; is of prime power characteristic. It is sufficient to establish the claim for
c=p*. A|pAcD(c,d,e). (pA)*=0 and pA€D(c,d,e); hence pA satisfies x°=0.
Let ac A/pA. The subring [a] of A[pA generated by a belongs to 2(c,d, e). It is
isomorphic to xZ,[x]/I, I0 since xZ,[x]¢ D (c, d, e). Thus I=(x"+x""'g(x))Z,[x]
for some r=0, g(x)€Z[x]). I=x"Z,[x] N (x+x2g(x))Z,[x]. Hence [4] is isomorphic
to a subdirect sum of xZ,[x]/x'Z,[x] and xZ,[x]/(x+x2g(x))Z,[x]; ie., [a] is iso-
morphic to a subdirect sum of a nil ring and a finite number of finite fields all belong-
ing to 2(c, d, e). Let x+x%h(x) be an identity satisfied by all fields of order dividing
d. Then [q] satisfies x®+x°*'h(x)=0 ‘since every nil member of D (c, d, €) satisfies
x°=0. Thus 4/pA satisfies x°+x°*1h(x)=0. Hence A satisfies (x"+x°*'h(x))*=0.
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Let r be the largest square free integer dividing 4. All finite simple rings of
order dividing d belong to %(r,d, d) since all are finite matrix rings over finite
fields.

Claim 2: D(c,d, e)=(x°)-¥4(r,d,d) for all ¢>O0.

Let A€¢%(c,d,e). Then by Claim 1 and Theorem 1, Rad 4 is nil. Hence
Rad 4€9(c, d, €) belongs to (x¢). A/Rad 4 is a subdirect sum of primitive rings
belonging to 2(c, d, e). All these primitive rings are finite simple rings of order
dividing d. Hence they belong to %(r, d,d) which is a variety by Proposition 6.

Claim 3: Var(2(c, d, ©))=9(c, d, ed).

Since by Claim 2 2 (c, d, e)=(x®)- €¢(r, d, d) and by Proposition 9 (x*)- €(r, d, d)
is a variety, Var(2(c,d, ))=(x°)-4(r,d,d). Let A€Var (2(c,d,e)). Then A4
satisfies cx=0 and also A€(x®)-¥(r,d,d). So, there is an ideal B of 4 such
that B satisfies x°=0 and 4/B€%(r,d,d). If A is nil, then A4/B is nil and hence
satisfies x?=0. Thus A satisfies x*/=0. If 4 is primitive, 4 satisfies (x™+x"** f(x))*=0
(by Claim 1 and Proposition 9). Hence A4 is finite dimensional over its center
(by KAPLANSKY’s theorem {8]). Thus 4 is a simple ring that is not nil. Hence
A€B(r,d,d); ie., A is a finite simple ring of order dividing d.

Claim 4:Let A¢Var(2(c, d, €)) be nil. Then A satisfies x°=0.

¥ =Var (2(c, d, €)) satisfies cx=0=x"+x"*"(x). Hence by [7] ¥ is locally
finite. Thus ¥ is generated by its finite members belonging to @(c, d, €). It will be
sufficient to establish the claim for the case A is finite. By Higman’s Proposition 11,
A=T/I where T is a finite subdirect sum of finite rings from 2(c, d, ). Thus T is
finite, and hence its Jacobson radical R is nilpotent. T/R is generated by idempotents
that can be lifted to a set of idempotents B such that T is generated by B and R.
Since T/I' is nil, B&I. Thus T/I=R/RNI As 2(c, d, ) is closed under subrings,
R is a subdirect sum of members of D(c,d, e). Since R is nil, all these rings are
nil, and hence satisfy x=0. Thus R, and consequently A, satisfy x*=0. This argument
is similar to an argument of KRUSE [9].

By Claims 3 and 4, 2(c, d, e)=Var (@(c, d, e)). Hence Z2(c, d, ¢) is a variety.
Since every nil member of Z(c, d, e) satisfies x*=0, by Lemma 4 2(c, d, e) satisfies
x°+x°*h(x)=0 for some h€ Z[x]. By [7], 2(c, d, e) is a locally finite variety.

6. Theorem 13. 2(0,d, e) is a variety; moreover, 2(0,d, €)=\ {2D(c, d, e):c>1}.
Denote by X the join of all 2(c, d, €), c=>1. '
Claim 5: A satisfies (x°+x°*'h(x))*=0 where x+x?h(x)=0 is an identity

satisfied by all finite fields of order dividing d.
This is immediate from Claim 1.

Claim 6: D0, d, &)=(H - (x)) - .
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Let A€9(0,d,e), B={cA: c>1}, and let C be the torsion ideal of B. It is
clear that A/B, Cc A and B/CE2(0, d, ¢) is an algebra over the field Q of rational
numbers. By Lemma 2, if B/C is not nil, it contains a copy of Q or a copy of xQ[x]
in contradiction to the statement B/C¢€ 2(0, d, e). Thus B/C is nil and hence satisfies
x°=0. :

Claim7: 2(00,d,e)=x4"

From Claims 5 and 6 and by Proposition 9, 2(0, d, ¢) satlsﬁes an identity of
the type x*°+x®*'g(x)=0. By Theorem 1 Var(2(0,d, ¢)) is locally nilpotent
by finite. Hence every finitely generated member of 2(0, 4, €) is nilpotent by finite,
and by Proposition 10, is residually finite. Thus every finitely generated member of
2(0, d, e) is a subdirect sum of finite members of 2(0, d, ¢) and hence is also a sub-
direct sum of finite members of A~ Thus 2(0, d, e)=¥.

Claim 8: Var (2(0, d, e))=H4"=(x*Y4(r, d, d).
It is clear that 2(c, d, )= 9(0, d, ¢) for all ¢>1. Hence A '=Var (@(O, d, e))é&i’
(by Claim 7). Also by Claim 2, 2(c, d, e)={(x*)-€(r, d, d).

Claim 9: Var (2(0, d, &))=2(0, d, ed).
The proof is the same as in Claim 3.

Claim 10: A satisfies (x-+x2/(x))*=0 where x+x%f(x) is an identity satisfied
by all fields of order dividing 4.

Consider 4 — the free member of rank 1 of 2(c, d, ). If R is the Jacobson
radical of 4, R is nilpotent and 4/R is a finite semisimple commutative ring. Thus
A[R is the direct sum of finite fields belonging to 2(c, d, ¢). Hence A/R satisfies
x+x2f(x)=0 where f depends only on d and R satisfies x*=0. Hence 2(c, d, ¢)
satisfies (x+x2f(x))°=0, and so does .

From Claims 8, 9 and 10 and by Lemma 4, Var (@(O, d, e))é@(O, d, e),
concluding the proof of Theorem 13.

7. Theorem 14. A variety is locally finite iff it is contained in %(c, d, e)' Jfor
some positive integers ¢, d, e.

By Theorem 12, Z(c, d, €) (¢=>0) is a locally finite variety. Hence every sub-
variety of 2(c, d, e) is locally finite. Conversely, if ¥ is a locally finite variety, it
satisfies ex=0=x+x°*(x) [7). If d is the least common multiple of the orders of
all nonnilpotent finite simple rings satisfying x°+x°**h(x)=0, then ¥ =9(c, d, e).

Theorem 15. A variety is locally nilpotent by finite iff it is contained in 2(0, d, €)
JSor some positive integers d, e.

A subvariety of 2(0, d, ) satisfies x°+ x°*'g(x) =0 and hence is locally nilpotent
by finite (by Theorem 1). Conversely, if a variety is locally nilpotent by finite, it
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satisfies x°+ x°¥'4(x)=0, and hence it is contained in 2(0, d, ¢) where d is the least
common multiple of the orders of all finite simple rings satisfying x®+ x®*1A(x)=0.

8. Theorem 16. 4(0, d, e) is a variety; moreover, 4(0,d, e)=V {¥(c, d, e):c=>1}.

Claim 11: %4(0,d, e)=(x,...x,)-€(r, d, d).

Since %(0,d, e)=2(0,d, ¢), by Theorem 15, ¢(0, d, e) is locally nilpotent by
finite. Hence, if A€ %(0, d, €), then the Jacobson radical R of A is nil satisfying x¢=0.
"Thus by KAPLANSKY’s theorem [8], R is locally nilpotent. Hence R satisfies x,...x,=0
since R€%(0,d, €). A/R is a subdirect sum of primitive rings belonging to 2(0, d, €)
and hence to 4(r, d, d).

Claim 12: 4(0,d, e)=V{%(c,d, e): c>1}.

Let A¢%(0, d, e) be finitely generated. Hence A is nilpotent by finite, and by
Proposition 10, 4 is residually finite. Hence 4 is a subdirect sum of finite rings
belonging to %(0, d, ¢). These finite rings belong to U {%(c, d,e): c>1}. Thus
A€V{%(c,d,e): c=1}. Hence %(0,d, e)=V{¥(c, d, e): c>1}.

Claim 13: €(c, d, e) satisfies r°x,...x,=0 for all c=0.
By Claim 11 and by Proposition 9, %(0,d, ¢) satisfies (rxp(rx.)...(rx.)=0.
Also €(0,d,e)=V{¥(c,d, e): c>1}. :

Claim 14: If 4(r°, d, ) satisfies an identity in x,, ..., x,, for some n=e, where
every term in the identity involves precisely all xy, ..., x,, then the same identity
holds in €(c, d, e) for all c=>1.

Denote by V, the 7-ideal of the variety %(c, d, e). It is clear that €(c;, d, &)=
=%(cs, d, e) if ¢;|c,. Thus, if s=g.c.d. (¢, r®), then

V.=V, +sF=V_+cF+sF=V_+cF+r°F=V_+r°F.

If n=e and g(xy, ..., X,)€ V.. is as described in Claim 14, then g€ V,.=V =V +r°F.
Thus there are v€ V, and f€ F such that g=v+r°f. By substituting O for all variables
outside Y {x;, x;, ...} we getequality between the sum of terms involving variables
from Y only in g and v+r°f. Hence we can assume that every term in v and f involves
precisely xi, ..., x,. Thus f€ F*S F¢, But V_=r°F°. Thus refcV_, and g=v+refeV,.

Claim 15: 4(0, d, e) satisfies x;...x.+f(x,, ..., Xx,)=0 where f€ Fe+?,

By Lemma 5 4(r® d, e) satisfies x;...x,+f(x,, ..., x.)=0 since every nilpotent
member of ¥4(r¢, d, e) satisfies x;...x,=0. By Claim 14, ¥(c, d, e) satisfies x;...x,+
+f(xy, ..., x,)=0. Hence Claim 15 follows from Claim 12.

Var (%(0, d, e)) satisfies x;...x,+f=0, f€e F***. Hence every nilpotent member
of Var(%(0,d,e)) satisfies x;...x,=0. If A is primitive and not nilpotent, and
A€Var(%(0,d, e)), then 4€2(0,d, ¢). Hence A is a finite simple ring of order
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dividing d. Thus
Var (¢(0,d, )) = (0, d, e)).

But Var (%(0, d, )=V {%(c, d, e): c>1}. This concludes the proof of Theorem 16.

9. The following is a generalization of KRUSE’s theorem [9] that the identities
of a finite ring are finitely based.

Theorem 17. If ¥"=%(0, d, ) then the identities of ¥~ are finitely based.

Denote by F, the free associative ring on {x,, ..., x;}. ¥"® the variety defined
by the k-variable identities of ¥ is finitely based for any k. Since F,(\V — the
T-ideal of V in F, — determines the variety ¥ F,/F,NV=F (V) is nilpotent
by finite. Hence VN F, =1 for some ideal I of F, of finite index and IV F is nil-
potent. By LEwIN’s result [10], 1 is finitely generated, and so F, N V is finitely generated.

W =9 (N{r°x) is a subvariety of ¥(r d, e). Hence by [7] # is generated by
a finite ring and by KRUSE’s theorem [9], #  is finitely based; i.e., W=V+r°F is
finitely generated as a T-ideal. Thus allidentities of # are consequences of réx, v, ..., v,
where vy, ..., v, can be chosen in V. Let v€V involve precisely x,, ..., X,,, m=e.
Then v =r°f+w where f€ F and w is a consequence of vy, ..., v,. Comparing the terms
involving the same set of variables, we get

v = ref,+W’, 0 = ref//+w//

where f’, w’ are the sums of all terms of f and w involving precisely x,, ..., X,

f=f—f", w=w—w'. But w,w” are also consequences of v,,..., v, and r¢f’ eV
since f’€ Fe réf” = —w”. Hence v =r%f" —w” +w. Thus vis a consequence of r°x,...x,,
1 e

Uy, 0. Thus VO F,_ U {rex;...x,, vy, ..., 0,} is a basis for V. Hence ¥ is finitely
based.

Theorem 18. The following conditions on a variety ¥~ are equivalent:
1) ¥'=%(0, d, ) for some positive integers d, e.

2) V" satisfies Xy... Xy +f (%1, ..., X)) =0 for some f€ F**! and some n=0.
3) the Jacobson radical of every member is nilpotent.

We have established that 1)=2)=3). If ¥~ satisfies 3), then by Theorem 1,
¥ is locally nilpotent by finite. Thus by Theorem 15, ¥"=2(0, d, €) for some positive
integers d and e. By Claim 8, ¥ =(x°)-4(r, d, d). Let A be the free ring of ¥ of
rank w. Then 4/Rad A€¥%(r,d, d) and Rad A is nilpotent say (Rad 4)"=0. Thus
Ael{xy...%,)G(r,d, d). Since A generates ¥~

V= (J_fl...x,,,)-%(r, d,d) = %(0,d, md).

Corollary 1. If a variety satisfies x,...x,+f(xy, ..., X,)=0, where f€F"*!
and n=0, then it is finitely based.

7
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Corollary 2. A variety is generated by a finite ring iff it satisfies cx=0 and
Xy... X, +f (X1, ..., X,)=0 for some n=0, ¢=0, and fc F*+*,

This is immediate from Theorem 18 and the observation that a finite ring belongs
to %(c, d, e) for some c, d, e=0.

10. We now come to the condition that the Jacobson radical be a direct summand.

Theorem 19. The following conditions on a ring variety are equivalent:

1) the Jacobson radical of every finitely generated member is a direct summand,;

2) the Jacobson radical of every member generated by two elements is a direct
summand.

Proof. It is obvious that 1)=2).

If ¥ is a variety such that V(xZ[x])=pxZ[x], for some prime p, then ¥ contains
xZ,[x] and hence all commutative rings of characteristic p. The ring {(x, ): x, y€Z,}
with component-wise addition and (x, y)(z, t)=(xt+yz, yt) is commutative of
characteristic p; its Jacobson radical is {(x, 0): x€Z,}, and the radical is not a direct
summand. However, this ring is generated by (1, 1). Thus, if ¥~ satisfies 2), V' (xZ[x])
is not contained in pxZ[x] for any prime p. By Lemma 3, ¥ satisfies x" -+ x"*f(x) =0,
and hence by Theorem 1, theradical of every member of ¥” is nil; moreover, it satisfies
x"=0. Let 4 be a finitely generated member of ¥, and let R be the Jacobson radical
of A. Hence A/R is a finite semisimple ring. So A/R has 1. As R is nil, 1 can be
lifted to an idempotent c€ 4. Hence A=cA+R. Let b€R. Then the subring B
generated by b and ¢ belongs to ¥, and hence its radical C is a direct summand.
But the radical C of B contains R N B. The projection of B onto C sends idempotents
to 0. Thus ch=bc=0. Hence A(cA)=(cA+R)(cA)=(cA)(cA)+ R(cA)=c(AdcA)S cA.
Hence cA4 is a two sided ideal of 4. RNcA=0 and R+cA=A. Hence A=R@ cA.

From Theorem 19, the condition 1), equivalent to 2), is equivalent to ¥"®, the
variety of all rings satisfying the two variable identities of ¥”, satisfies condition 1)
of Theorem 19. But the identities of ¥® are finitely based. Thus condition 2) is
equivalent to a finite set of two variable identities. The following shows that this
cannot be improved. '

Theorem 20. Let ¥~ be a ring variety for which the condition that every finitely
generated member of ¥~ has the radical as a direct summand is equivalent to a set of
one variable identities. Then ¥~ satisfies x*=0 or x+ x2h(x)=0.

In the varieties (x°), every ring is radical. In the varieties (x+x2A(x)), the
radical is O. )

If 7" is a variety in which the radical of every ring generated by one element
is a direct summand, then V(xZ[x]) is not containedi n pxZ[x] for any prime p;
otherwise, all commutative rings of characteristic p belong to ¥". In the proof of
Theorem 19, we have shown that there is a ring of characteristic p generated by one
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element and its radical is not a direct summand. Thus, by Lemma 3, ¥~ satisfies
x°+ x*t11(x)=0. For some prime p, ¥~ contains the minimal variety {px, xy) [15];
otherwise, ¥ is a variety not containing (px, xp) for any prime p; and by [6], this is
equivalent to the validity of x+x2f(x)=0 in ¥ for some f(x)=0. Also for some
prime ¢, ¥ contains the prime field of g elements Z,. This is true since by Theorem 15,
VY =92(0, d, e), where d is the least common multiple of all orders of finite simple
nonnilpotent rings belonging to ¥". If ¥~ does not contain any nonnilpotent simple
finite ring, then ¥"=9(0, 1, e)=(x%). Thus, if ¥~ does not satisfy x°=0, then ¥~
contains a nonnilpotent finite simple ring whose center is Z, for some prime g.
The variety % =(gx, xy—x?y, xy—xy?) is contained in (gx, xy)V{(gx, x —xDH=7".
The one variable identities of % are all consequences of gx=x2—x7*1=0, The ring
{(a, b): a,b€Z,;} with (a,b)+(c,d)=(a+c, b+d), (a, b)(c,d)=(ac,ad) satisfies
gx=0=x>—x7*1,Tts radical is {(0, b): b€Z,}, and the radical is not a direct summand.
Thus, if ¥~ is a variety not satisfying x=0 or x+x2h(x)=0 for any e>0 or A(x)=0,
then the condition that the radical of every finitely generated member is a direct
summand is not equivalent to any set of one variable identities.
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