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Uniformly distributed sequences on compact, 
separable, non metrizable groups 

V. LOSERT 

Let G be a compact topological group with normalized Haar measure A. G°° 
shall denote the product of denumerably many copies of G, equipped with the 
product measure . If G is metrizable, a well-known theorem ([5] Th. 2.2) asserts 
that the set of uniformly distributed (u.d.) sequences has measure one in G. If G 
is separable (i.e. it contains a countable dense subset) but non-metrizable, it follows 
from a result of W . A . V E E C H [9] that u.d. sequences still exist (a shorter proof of 
this result has been given by H. R I N D L E R [7], the abelian case has been treated earlier 
in [1]). Let S be the set of all u.d. sequences in G. In this paper we show that for 
a compact, separable, non-metrizable group G, S is not measurable in G, its outer 
measure is one, the inner measure is zero. By the way of proving this result, we 
extend a result of [6]: if G is a compact, separable group, G/H a metrizable quotient, 
then any u.d. sequence in G/H can be lifted to G. 

For arbitrary separable compact spaces the situation is different. We give 
an example of a class of spaces for which u.d. sequences exist in trivial cases only, 
namely if the measure is concentrated on a countable set. 

I want to thank W. Maxones and H. Rindler who led my interest to these 
problems. 

For basic notions concerning uniformly distributed sequences see [5]. 

Lemma 1. Let G be a compact topological group with normalized Haar-measure 
A, A a measurable subset of G. Then there exists a closed normal subgroup H of G 
and H-periodic measurable subsets B,C of G (i.e. B=BH, C=CH) such that 
BQAQC, X(C\B)=0 and G/H is metrizable. 

Proof . It suffices to prove this for open subsets A. By the regularity of A, there 
exists an open Baire-set BQA for which A ( A \ B ) = 0 . 5 has the form {x£G:/(x)>0 
for some continuous, real valued function / on G. Now let H be a closed normal 
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subgroup of G such that G\H is metrizable and / is //-periodic, i.e. f(yx)—f(y) 
for x£H. For xeG/H put 

T„(cA)(x) = fcA(xy)dy and TH(cB)(x) = fcB(xy)dx. 
H H 

Th(CB) = CB 

since B is / / -per iodic . Def ine C={X£G/H:Th(CA)(X)>0} a n d C={x£G:x£C}. 
Then C is open and //-periodic, C^A. Since C=B a.e. on G/H we have 
A ( C \ 5 ) = 0 . 

Remark . It is essential that the inclusion BQAQC and the equations BH=B, 
CH=C hold in the set-theoretical sense and not only A-a.e. 

One easily concludes that an arbitrary subset A of G has outer measure one 
if and only if the canonical image of A has outer measure one in any metrizable 
quotient group G/H. 

Theorem 1. Let G be a compact topological group which is separable but non-
metrizable, X the normalized Haar measure and S the set of all u.d. sequences in G. 
Then S has interior measure zero in G°°. 

Proof . We want to show that M=G°°\S has outer measure one. Let 
p„:G°°-+G be the n-th coordinate function. If Hx is a closed normal subgroup of 
Gx=G°° for which GJHx is metrizable, there exists a countable set {/„} of con-
tinuous functions on GJHx which is dense in C(G1/ff1)QC(G1) (the space of all 
continuous functions on Gj/Z/j resp. with the topology of uniform convergence). 
By the Stone Weierstrass theorem there exists a countable set {g„} of continuous 
functions on G such that the closed subalgebra spanned by {g„°pm}m,n=i contains 
the fn. Now take a closed normal subgroup H of G for which all gn are //-periodic 
and such that G/H is metrizable. Then H^QHx and (G///)°° = G°°/H°° is metriz-
able too. It suffices therefore to prove that the image of M has outer measure zero 
in G°°/H°° for all closed normal subgroups H of G, for which G/H is metrizable. 
Since G is not metrizable, H must be a non-trivial subgroup. Take a symmetric 
neighbourhood U of the unit element in G such that H is not contained in t/2. If 
(>>„) is an arbitrary sequence in G/H there exists a sequence (x„) in G\U such that 
n(x„)=y„ (n:G—G/H denotes the canonical projection). (xn) belongs to M since 
it is not dense in G. Therefore the image of M comprises all of (G/H)°°. 

Lemma 2. Let G be a compact topological group, H a closed normal subgroup, 
n:G-*G/H the canonical projection. If (}>„) is a sequence in G/H which converges 
to identity, there exists a sequence (x„) in G, which converges to identity and satisfies 
*(x„)=y„. 
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Proof . Let (Ux)x<y be a well-ordering for the set of all non-equivalent irredu-
cible unitary representations of G. For a<y put 

Hx = HD f l ker U,, H0 = H, Gx = G/Ha = (G/Hx+1)/(HJHa+1). 

If a is a limit-ordinal, then Gx is the projective limit of the groups {G^ftcx). It 
suffices therefore to show that we can lift the sequence from Gx to Gx+1. Since Ua 

seperates the points of Hx/Hx+1, this group is metrizable (in fact a Lie group). 
This means that we have reduced the proof of the lemma to the case that H is 
metrizable. 

By induction we can define a sequence {£/m} of open neighborhoods of the 
unit element in G with the following properties: Um+1Q Um, {Umf]H} is a neigh-
borhood base of the unit element in H, if Fm=H\Um, then Um+lf] Um+1Fm=0. 
Now we choose elements x„£G such that n(xn)=y„ and almost all x„ belong to 
Um (m = l, 2, ...). We want to show that {x„} tends to zero. Let V be an arbitrary 
neighborhood of e in G and W an open neighborhood for which fV2^ V. Put 
F=H\W then there exists an index m such that Umf] C/mF=0. If x£Um and 
Ti(x)£n(Wr\Um) there exists y£Wf)Um such that n(y)=n(x), i.e. y~xx^H. 
If y_1x would belong to F then x£yQUmF, a contradiction. Therefore y~1x(iW 
and it follows that xZyWQ V. 

Theorem 2. Let G be a compact, separable group, H a closed normal subgroup, 
G/H metrizable, (jn) a u.d. sequence in G/H. Then there exists a u.d. sequence (x„) 
in G such that n(xn)=yn (where n denotes the canonical quotient map). 

Proof. This result was already claimed without proof in [6], but we were 
informed by the author of that paper that his proof contains a gap. The methods 
of [6] enable us to show the following: If G is a compact group, H a separable sub-
group, G/H metrizable, (>>„) u.d. in G/H, then there exists a u.d. sequence (x„) in 
G such that y^1 n(x„) tends to identity. Now it follows from the previous lemma 
that there exists a sequence (z„) in G such that (z„) converges to identity and n (z"1) = 
=y~1n(x„). (x„z„) is u.d. in G and n(xnz„)=y„. According to [4] a compact top-
ological group is separable if and only if it has an open base for its topology of 
cardinality S c (the power of the continuum). It follows that a closed subgroup 
of a separable compact group is separable and the proof is finished. 

Corol lary . Let G be a separable compact group, X the normalized Haar measure 
and S the set of all u.d. sequences in G. Then S has outer measure one in G. 

Now let X be an arbitrary compact Hausdorff space. We write C(X) for the 
space of continuous scalar-valued functions on X with supremum norm, M(X) 
for the dual and M{X)' for the bidual of C(X). According to [8] we call X a G-space 
if o(M(X), C(Z))-convergent sequences are o(M(X), M(X)') convergent. 



110 V. Losert: Uniformly distributed sequences 

Propos i t ion . If X is a G-space and p. is a probability measure on X, which 
is not concentrated on a countable subset, then there exist no n-u.d. sequences in X. 

Proof . Assume that (X„) is u.d.. Put ¡IN=N~1 2 EX > where EX denotes the 
nSN " 

point measure of mass one concentrated in x. fiN converges to /i in the topology 
a(M{X), C(X)) and consequently also for o(M(X), M(X)'). It follows that nN(A) 
converges to fi(A) for any Borel-subset A of X, in particular that n is concentrated 
on the set {x„}~=1. 

It was first proved in [3] that any extremely disconnected space is a (J-space 
(X is called extremely disconnected, if the closure of any open subset is open). For 
example ßN the Stone—Cech compactification of N is extremely disconnected 
and clearly separable. The last proposition shows that there exists no u.d. sequence 
for a measure n on jSN which is not concentrated on a countable set. 

More generally it has been shown in [8] that any F-space is a G-space (a com-
pact space X is an F-space, if disjoint open F-sets have disjoint closures. See [2] 
for further properties and examples of F-spaces). 
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