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Multiparameter strong laws of large numbers. I
(Second order moment restrictions)

F. MORICZ
Dedicated to Professor Béla Székefalvi-Nagy on his 65th birthday

§ 1. Notations and a preliminary result

Let Z? be the set of d-tuples k=(ky, ks, ..., k;) with non-negative integers
for coordinates, where d=1 is a fixed integer. If the coordinates k; are positive
integers, we write k€Z4. Two tuples k=(ky, k,, ..., k) and m=(m,, m,, ..., m,)
are said to be distinct if for at least one j we have k;=m;. Z?is partially ordered
by agrecing that k=m iff k, fmj for each j. If kSm and k#m, then write
k<m.

Let k+m and km denote the usual coordinatewise sums and products, respec-
tively. Let 2¥=(2%, 2%, ..., 2%4) and let [k| stand for the product k, k,... k,. Further,
let us write 0 and 1 for the points (0,0, ..., 0) and (1, 1, ..., 1) in Z¢, respectively.

Let (X, u) be a (not necessarily o-finite) positive measure space. Let
{6 =1{6:k€Z4) be a set of measurable functions defined on (X, &, ) and having
finite second moments:

o’i:f{ﬁdﬂ<oo

for all k€Z3, where for the sake of simplicity we write [ -du instead of f -du.
X

Consider the d-multiple series
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For beZ? and meZ% set

d by+m,
Sh,m)= > (k=2 Z‘ Cxl,x, ke ®)
b+1=k=b+m Jj= lkl-—b

In case b=0 the abbreviated notation S(m)=S(0, m) is used.
Convergence properties of the following types will be discussed:

(i) S(m) converges a.e. as m-»e, which expresses the convergence of the
d-multiple series (1.1);

(ii) S(m)/|m| converges to 0 a.e. as m—<o, which expresses a strong law of
large numbers (SLLN) for the d-multiple sequence {{,}.

We want to emphasize that the term “m - =’ in (i) and (i) has different mean-
ings. By the limit m-»co in statements of type (i) we mean mm Moo, while

in statements of type (ii) we mean ax my—>co. In other words the nelghbourhood

of < defined by a posmve number K in the first case is ﬂ {kezd: k; ;> K}, whereas

in the second case is U {kEZ" k;=K}.

As is well-known from the theory of multiple Fourier series, the notion *“partial
sum” is used in several ways. If there are no restrictions on the ratios m;/m;, then
S(m) is called unrestricted rectangular partial sum, while if there are positive con-
stants ‘C; and C, such that for each i and j we have C,=m;/m;=C,, then S(m)
is called restricted rectangular partial sum. If here. C,=C,=1, thatisif my=m,=...

..=my=m, then S(m,m, ..., m) is called square partial sum. In this paper S(m)
always means unrestricted rectangular partial sum. It is obvious that the require-
ment of a.e. convergence for the rectangular partial sums is stronger than for the
square partial sums. The same observation is true concerning a.e. convergence
to 0 of S(m)/|m|. Finally, the spherical partial sum S(r) is defined by

§(") = 2> . Ckl,kz,...,kd,

K4k 4. +k3=r®

where r is a positive integer. Clearly, the notions of rectangular, square, and
spherical partial sums coincide only for d=1.

The asymptotic behaviour of both square and spherical partial sums will be
studied in the following more general setting. Let Qlc Q0,<... be an arbltrary

sequence of finite regions in Zi such that either U 0,= Zi in statements of

4 btm; by+m;  by+my bytmy
1) > 2 also denotes a d-fold summation: . > .
J=1k;=b;+1 ) ky=by+1 ky=bg+1 kg=ba+1
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type (i) or O Q, contains infinitely many points from Z¢ in statements of type (ii).
r=1
For r=1,2,... set
TM= 2 .
kEQ,

The next two particular choices of {Q,} provide both square and spherical
partial sums.

~ Case 1. For each j, 1=j=d, let {mj(r)};” , be a non-decreasing sequence
of positive integers such that either mm m,(r)—»oo in statements of type (i) or

max m; :(r)—~ec in statements of type (11) as r—eo. Setting Q,={keZ%:k,;=m;(r)
SIS

for each j} we have T(r)=S(my(r), my(r), ..., my(r)). In particular, if m;(r)=r
for each j and r, then we get back the square partial sums.

Case 2. The choice Q,={k€Z%: ki+ki+...+k3=r?} provides the spherical
partial sums: 7'(r)=S(r).

Thus the sums T(r) can be considered as generalized -partial sums of the
d-multiple series (1.1), although they form a set {T(r)}:2, depending only on one
parameter.

Since Z¢ is a partially ordered set, the main difficulties in studying convergence
properties of S(m) arise from the lack of linear ordering when d=2. On the other
hand, Z}_'has a linear ordering and this explains the better convergence properties
of T(r).

Our results will be obtained by making use of a d-multiple maximal inequality
of [2] which states bounds on the second moment of

M@, m) = max. 1S (b, k)| = max max. IS(b, k)|3)

1=j=d 1sk,s
in terms of bounds on the second moment of S(b, m), whilst b and m run over
Z¢ and Z4 , respectively.

We obviously have

[ 52, m)du= lfckcldul = f(b, m) ")

b+1=k,1l=b

3) Here max max indicates that the maximum has to be taken for all possible integers
1= j=d1=k,=m .

kl,kz, . kd such that lskl dla lskg dg, ceny and lskds

4 Z abbreviates the following 2d-fold summation:
b+1sk,lsb+m

by+my by+my byg+my  bgtmy
ky=by4+1 L=bi+1  ky=by+11l,=by+1

10
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The following lemma is the special case of [2, Theorem 8] when y=2 and
A;(mp)=1, consequently A;(m;)=log2m; for each j. In this paper all loganthms
are of base 2.

Lemma 1 (the Rademacher—Men3ov inequality). For all b€ Z* and meZ¢
we have

12 S M7, m)d =1, m) 1] Qog 2.

For the convenience of using “‘dyadic blocks” S(2°, 2°), p€ Z¢, to represent the
partial sums S(m) during the proofs below, we may assume that {, =0 if for at
least one j we have k,=1. It is clear that this assumption is of technical character -
and does not affect generality. '

§ 2. A.e. convergence of the rectangular partial sums

On the basis of (1.2) we prove the following
Theorem 1 (the non—orthogonal Rademacher—Men$ov theorem). If

@.1) > m+12 | [ Gulidp] <<=,

m=0 oM 41k, lézm+1
then (1.1) converges a.e. in the sense that S(m) converges a.e. as m-»co,

If the functions {, are mutually orthogonal,‘ i.e., if for all distinct pairs k and
1 we have

Jatdn=0,
then the general term of (2.1) may be simplified as follows

lm+1]2 (2%, 2%) = > ok II (log 2k;)2

oMy 1=ksom+l  J=1
Hence Theorem 1 yields

Corollary 1 (the Rademacher—Men$ov theorem). If the Jfunctions [ are
mutually orthogonal and if

22) Z O'k ]I (log 2kj)2 < oo,

k=1 j=1
then (1.1) converges a.e.

Condition (2.2) is satisfied if, for example,

: d . . T
op = 0{]] ky'(log 2kj)"3(loglog 4k,)‘1“}
-=1 .
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or . . :
23) ok = O{[k|~*(log2[k[)~ (log log 4 k) *~%}

with an €>0. The fulfilment of (2 2) in the second case can be verlﬁed by repeated
use of the estimation

Z’ j “l(log 2aj)~! (loglog 4aj)~1~* = O {(log 2a)~*** (loglog 4a)~*~%},

where a>l and i=2 are integers, and &=0.

We remark that' Theorem 1 for d=1 was essentially proved by SZEP [6]
(although it is stated there in a slightly weaker form), while Corollary 1 for d=2
was proved by AGNEW [1] (see also PANDZAKIDZE (3], where the proof of Step 2
is not complete).

Proof of Th‘eorém 1. By the above remark it is enough to treat the case
d=2. » _

Step 1. We begin with proving that S(2*) converges a.e. as p—~<. By the
Cauchy convergence criterion it is sufficient to show that :
(24  S(**9—S(2*) tends to 0 ae. as p—-o and g¢>0.

To this end let us represent the difference in (2.4) as follows

S-S ={ 3 - X Yu={ Z - 2 }s@2m),

1=k=2Ptd 1sk=oP . 0=m=p+q-1 O=m=p—1

where p=1 and q=0. Applying the Cauchy.inequality hence we get that
(s@r-s@y={ > - Z }m+1}sam27)X

0sm=p+q-1 O0=m=p-1
' 1
X - —_—
: {OSmSp+q—l 0=m=p-1 (m+1l2
Taking into account that the second factor on the right is uniformly -bounded for
~all p=1 and q=>0,

2.5 (S-S =01){ > - 2 }[m+l|?S2,(2'f', 2m),
0s=ms=p+q—-1 O=m=p-—-1 ‘ )
Since by (2.1) N
S im+1R [ 22, 27 dp= 3 Im+12F(2m, 20) <o,
m=0 mz0
the B. Levi theorem implies the a.e. convergence of the d-multiple series
Z’ ]m+1|2S2(2m 2m).

Consequently, the nght-hand side of (2.5) can: be made as small as needed by '
choosing mm Py large enough. This proves (2 4) - s

10*
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Step 2. It has remained to prove that the maximal deviation

2.6) max |S(2*+m)—S(2?)] tendsto O ae as p—>oo,

t=m=2P

Let p=0 and 1=m=2" be fixed. It is not hard to check that
S(2*+m)—S(2°) = 3 S(e2°, em+ (1—£)2°),
e

where the summation  is extended over all possible 2°—1 choices of

g

£=(g,, &, .-, &), &;=0 or 1, the case g=¢,=...=g;=0 excluded. From this
representation it follows immediately that
.7 | max, [S(2*+m)—S2%)| =

= Z’ max - max _ [S(g2°, em+(1—£)2?)| = 3 M. (p),
e 155 1mm=2ty e
ie. M (p) is the maximum of all |S(e2°, em+(1—¢€)2°)|, where those coordinates
m; run between 1 and 2Ps whose subscript j is such that ¢;=1 in &.
Let us fix an ¢. If for each j we have ¢;=1, then the corresponding maximum
on the right of (2.7) is

M (p) = max max |S(2°, m)| = M (2, 2¢).
1Smj§2P;

In virtue of Lemma 1 we have

S M@, ) dp = [p+ 120, 2.

> [Mr@, ) dy <o,

p=0
which implies via the B. Levi theorem that M(2®,2°) tends to O a.e. as p-oo.
Now consider an & such' that for at least one j we have ¢;=0. For the sake
of simplicity we assume that & =¢g,=...=¢,=1 and ¢,.,=...=¢;=0, where
1=e<d. Then for the corresponding maximum M,(p) we have
M,(p) = max max IS(SZ" em+(1—-g)2°)| =

1sjse 1zm =2py

By (2.1) hence

d pi—1

= > > (max max |S(e2"+(1—¢)2% em+(1—8)29))), %)

i=e+1n=0 1=j=e i=m, =2Py

5) We remind that max  max  abbreviatess max max .. max , and
1=j=e 1=m;=2P; 1=m;=2P1 1=my=2P2 1sm,szl’.
d pi—1 - - Pesn—l  pa—l

2 2 abbreviatess 2

=e+1n=0 By, 1=0 ny==0
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where n=(ny, n,, ..., ny), although the first e coordinates n,, n,, ..., n, of n play
no role on the right-hand side of the last inequality. By the Cauchy inequality,

a pi—1 d
(2.8) . M: (p) 0(1)' é né’) {.=gf1(n‘+l)2x

X max max S2(e2°+(1—¢)2", em+(1— 8)2")}

1=j=e 1=m=2P;

vWe' have to apply the e-parameter version of Lemma 1 for all sets

d on+1
{ékl,...,k. 2> 2 lhkokess kg i 21 = k=201 j=1,2, ...,e},

i=e+1 k=2M41

where n; may take on the values 0, 1, ..., p;—1 for i=e+1,...,d. By virtue of
(1.2) we come to the inequality :

2.9 a St(e2r+(1—€)2o, ¢ 1—g)20)} dp =
29) f{llgji(e 1sl'{'ljasxzw (8 * ) lll+( 9 } H=
= jgl (p+1)?* |f‘5k1 ket d#l =

j=1 2P1+1Skj,ljszl’1+1

= ,-Ijl (0, + 1) | [ teti ]

294 1k, Isz'l'“
with q=gep+(1—¢)n. %)

Combining inequalities (2.8) and (2.9), we obtain that

J{ max sup M{@)}dp=0(1) 2 2lq+1|2f(2" 29).7

etl=i=d p;= 1n=0

By (2.1) we can establish that

> 3 [{ max sup M¢ ()} dp = o) 2 la+1Pr@n 29 <,

j=1p;=0 etl=i=sd p,;=
whence via the B. Levi theorem it follows that M .{p) tends to 0 a.c. as p—>co.
Since this is true for each M, (p) on the nght—hand side of (2.7), statement (2.6)
holds true.
“To put (2.4) and (2.6) together we can conclude the assertion of Theorem 1.

2P1+1 oP1+1 2p.+1 gPet+1

e
®) Weremindthat -2 abbreviates J - X .. 2 2
i= 12P1+1skJ 1,=opyt1 I=2P141 1, =2P141  k,=2Pe+1l, =2Po+1

(a 2e-fold summation).

)  max sup M? (p) is understood as the supremum of all M2(p), when the last d ~ & coor-
e+1=i=d p;=0

dinates p, .4, ..., P, of PEZ 4 run, independently of each other, over the non-negahve integers.”
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§ 3. A.e. convergence of the square and the spherical partial sums

Let Q,cQ,C... be an arbitrary sequence of finite regions in Z4 such that
Q,=2%, and let Q,=0. Set
T = 2L (r=12..).
kéQ,

Cs

r=1

The one-parameter versions of Theorem 1 and Corollary 1 read as follows.
Theorem 2. If |
Z (e+1) > |fabdy] <,
t=0

k,1€Qot+1_1\Qot_1
then T(r) converges a.e. as r—-oo.
Corollary 2. If the functions {, are mutually orthogonal and if
an - S( 5 ob)logtor <o,
r=1 k€Q\Q,

then T(r) converges a.e. as r—oo.

By setting &= > {, for r=1,2, .>.., Theorem 2 follows from Theorem 1
kéQ,.\Q,-_l
in the case d=1, while Corollary 2 is a consequence of Theorem 2.

It is worth going into details in connection with the square partial sums, i.e.,
when Q,={k€Z}: k;=r for each j}. Then k€ Q,\ Q,-, iff max (k,, k,, ..., k))=r,
further, |Q,\Q,-,|=0(r*""). Here |Q| denotes the number of the points of Z$
contained in Q. Condition (3.1) is satisfied if, e.g., for k€ Q,\ Q,-, we have

o = O{r—4(log2r)~3(loglog 4r)~1-}
or :
G2 . ok = O{[k|~* (log 2r)~4~2 (log log 4r) ~1~%} =
= O{k|~* (log 2 [k)=*~* (log log 4 [k|)~*~*}
with an e>0. The first relation in (3.2) ensures the fulfilment of (3.1) since

%’ k|~ = O{r~1(log 2r)*-1}.
kGQr Qr—l

The second relation in (3.2) follows from
' | r=max(ky, ks, ..., k) = |k| = r4.
Condition (3.2) is clearly weaker than (2.3) for d=2.

We note that in the more general situation when e coordinates of m€ Z4 depend
on a parameter r, while the other d—~e coordinates vary independently of each
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other where 1=e<d, then the following result can be achieved. For the sake of
simplicity we consider only the case when the functions {, are mutually orthogonal.
Let {m,;(r)};=, be non-decreasing sequences of positive integers such that m & =1
and m;(r)>o as r—-o for each j=1,2,..,e. If

5 ot a(ky, kyy oo k) [T (log 2kt <o,
k=1 i=e+1 .

where A(ky, ko, ..., k)=log2r if m;(r)=k;<m;(r+1) for each j=1,2,...,e,
then S(my(r), ..., m(r), mgiy, ..., m;) converges a.e. as r—-oo and my—»o for
each i=e+1,...,d.

§ 4. A d-parameter version of the SLLN

Application of the results of § 2 to the series > {,/|k| yields, via the d-parameter
K=1

version of the Kronecker lemma (for d=1 see, e.g., [5, p. 35]), criteria for the a.e.
convergence to 0 of S(m)/jm| as m—-. However, as we emphasized in § 1, the
limit m--< is used in different senses according as the a.e. convergence of a d-
multiple series (lglllgd m;—<o) or the a.e. convergence to 0 of S(m)/|m| (lrgjl;(d my— o)
is studied. Since the convergence notion nax, m;-—-co induces a finer topology
than the notion 12}24 m;—~<o, the application of a generalized form of the widely
used Kronecker lemma is not appropriate at present. Thus we follow another way
to obtain the following SLLN.

-Theorem 3. If

|m+l|
d oo, .
(4.1) : "!2‘0 2m|2 oMy Jsi, l§2m+1|kaCl 'ul =
then - .
“4.2) nl.lfn Sm)/jm| =0 a.e.

Corollary 3 (SLLN for _orthogovnal functions). If the functions {; are mutually
orthogonal and if

2 d .

Ok
4.3 —= 2k,)? < oo,
( ) kél' lklz»jI=Il(10g j) =
then (4.2) follows.
. Condition (4.3) is satisfied if, for example, we have

d
op = o{ II k; (log 2k;)~3* (log log 4k,)—1-=}
J=1 E .

or .
4.9 ok = O {k| (log 2[k[)~* (log log 4 [k[)~1~*}
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withan e=>0. We mention that Corollary 3 for d=1 was established by TANDORI [7]
(see also PeTROV [4]).

To prove Theorem 3 we begin with a generalization of the so-called Toeplitz
lemma (for d=1 see, e.g., [, p. 36]).

Lemma 2. Let {w(m, k): m,k€Z%} be a set of non-negative numbers with the
Jollowing two properties:

4.5) 2 wmk)=C
k=1

for all m€Z4 with a constant C, and

(4.6) lim w(m, k) =0

m-co

for all ke Z3. If {s(k):k€Z34} is a d-multiple sequence of real numbers such that

4.7 sk) -0 as koo,
then
(4.8) t(m) = kZ; w(m, k)s(k) -0 as m —oo,

Proof of Lemma 2. By (4.7) for any &>0 there exists a ko€ Z4 such that
4.9) Isk)| =& if k£Ek,.

Consider the decomposition of t(m) into two summands:

tm)={ 5 + 3 }wm,k)sk) =t+1,.
kkky

1=ksk,

On account of (4.5) and (4.9), for all m€Z¢ we have that [t,|=Ce. 'By 4.6)
we can choose an my€ Z4 such that for each ke Z¢ with 1=k=k, we have

we Rl =ef 150 if m = me.
Hence [t;|=s.

Collecting the above reasonings we conclude that

tm)| = (C+De if mF m,.
This is the wanted (4.8). :

Lemma 2 just proved makes it possible to show the following simple assertion.
Let {u:keZ4} be a d-multiple sequence of numbers. Put

sb,m= 3  w and s(m)=s(0,m),
b+1=k=b+m

where beZ? and m¢cZ4-
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Lemma 3. The statements

4.10) .3,1.120 s(2®)/|2m| =0
and .
4.11) .:111-52. s(2m, 2m)/[2m) = 0

_are equivalent.

Proof of Lemma 3. From the well-known representation

s, m) = > (— 1),§1°Js(b+ (1—%)m),

~ where the summation > is taken for all 2¢ choices of &=(g,, ¢, ..., &;) With com-
&

ponents ¢;=0 or 1, the implication (4.10)=(4.11) immediately follows.

To facilitate the use of dyadic blocks s(2%, 2¥), we assume that u, =0 if fo
at least one j we have k;=1. Then

s@m) 5(2%, 2%)
TR A L

with w(m, k)=[2%/]2®| for 1=k=m—1 and w(m,k)=0 otherwise. The
assumptions of Lemma 2 are clearly satisfied, the application of which gives the
‘implication (4.11)=(4.10). This completes the proof.

Proof of Theorem 3. Srep 1. First we prove that
4.12) ‘ nl.lfri S@2m)/j2m[ =0 a.e.
By Lemma 3 it suffices to show that
4.13) .,1,1.1.2 S(2m, 2m)/|2m| =0 a.e.
For convenience we again assume that [, =0 if k;=1 for at least one j. Since

by (4.1)
L Z e fsenmdes 3 mmen ) <,

where, as before,
f@m, 2 = | [6trdn|,
2m+1sklszm+1
the B. Levi theorem implies (4.13), and consequently (4.12).
Step 2. Now we turn to the proof of the relation

(4.14) lim |22~ max |S(2=+p)—S2™)| =0 ae.
Bdhad 1=p=2m
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As in the proof of Theorem 1, we start with the representation
S22 +p)—-5@2=) = 5 S(e2™, ep+ (1—g)2m),
k1
where the summation 2, is extended for all e=(g,, &, ..., &;) such that the coordin-
e

ates e, assume the values 0 and 1 independently of each other, excluding the case
81=62=...=84=0. Thlls '

(4.15) max |S(2n+p)— S(2m)|5
Isp=
d my—1
=2 3 2 M(e2®+(1—¢)2%, €2+ (1—£)29),
FEUE
m;—1 :
where Z' Z; has the following meaning. For given &, let ¢;=0 Iiff
j=1g;=
e;=0
f=j1,12,1- ,1,.., where 1=ji<jy<..<j.=d. Then we have to form the e-fold
—1 mj -1

summation 2 2 .
95,70 "J.=°

By virtue of Lemma 1 and (4.1) we have
' k+1[2
2=2 | M2(25, %) du = 1P
ké; I I f ( ) # ké(’) Izklz

Hence the B. Levi theorem implies the a.e. convergence to 0 of M (2, 2¥)/|2%|
as k—»oo

Rewrltmg (4.15) into the form

f@5 M) <

|2m]_1 max S +p)— S(zm)lsz' Zdv Z w(m k)M(sz)
¢ J=la=0 [2%|

with k=e¢m+(1—¢)q and w(m, k)=[2*|/[2] if for at least one j we have k;=m;
and w(m, k)=0 otherwise, it is enough to apply Lemma 2 in order to get (4 14)
This completes the proof of Theorem 3.

§ 5. A one-parameter version of the SLLN

Let 0,CQ,C... be an arbitrary sequence of finite regions in Z¢ such that
U 0, contains infinitely many points of Z4, and let Q,=9.
r=1 -

Theorem 4. If

oo 2
G.1) § (t+1)

[ k,léogcu_l\Qec

| [ 6ty du| <<=,
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then
(5.2) @, Z l—~0 a.e as r—
keQ,
Corollary 4. If the functions {, are mutually orthogonal and if
| ot log?2r

53) . <oo,
( ) l'gl'- (kEQ,gQ, 1 k) iQ'|2
then (5.2) follows.- _

In fact, set (= X {, for t=1,2,.... Condition (5.1) ensures, owing

k€0, \Q; ) .

to Theorem 2 in the case d=1, that the series 5‘ £,/1Q,| converges a.e. Hence
t=1

(the usual one-parameter form of) the Kronecker lemma yields

217 & =107 3 t~0 aeas r-o
=1 k€0,
as asserted in (5.2).
If {Q,} is chosen as in Case 1 of § 1, then we obtain criteria for the a.e. con-
vergence to 0 of S(m, (r), my(r), ..., my(r))/ ]] my(r), while in Case 2 we obtain
criteria for the a.e. convergence to 0 of S"(r)/r as r—-oo,

It is instructive to specialize condition (5.3) for square partial sums S(r, 7, ..., r),
ie., when Q,={k€Z%:k;=r for each j}. Since |Q,|=r¢, (5.3) is surely sat-
isfied if _

' > on=0{r¥-1(log 2r)—3 (log log 4r)~1~*}
k€@ \Q,.y -
with an ¢>0. Taking into consideration that k€ O,\ @, -, iff max (k;, k, ..., k))=r
and that
2 |kl=o00*",

keQ,\Q, -1
conditiqn (5.3) is also satisfied if
G4 ok = O{[k| (log 2r)~* (log log 4r)~ =%} =
= O{[k| (log 2[k[)~* (log log 4 |k[)~1~*},

where &>0 (cf.(3.2)).Incase d=2 condition (5.4)is essentially weaker than (4.4).
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