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1. Introduction and Summary

Let T be an element of the algebra #(9) of bounded linear operators on a
complex Hilbert space § and let 8,(X)=TX—XT be the corresponding inner
derivation. There are two natural closed subalgebras of #(9) associated with T,
namely the inclusion algebra $(T) of operators A for which the range #(6,) of
04 is contained in the norm closure £(d;)~, and the multiplier algebra M (T)=
={Z€B(H): ZR (1) +R()ZSR(Or)"}. Most of the recent results [1, 3, 16, 19,
20, 21, 22] about the range of a derivation can be interpreted as assertions about
these algebras or the two algebras that are defined similarly by replacing #Z(67)~
by Z(d7). In the finite dimensional case, #(T)={T} and SF(T)={T}" are the
commutant and bicommutant of T.

In this paper we study the situation in which either (and, therefore, both)
of these-is a C*-subalgebra of #(9). The corresponding operators 7, those for
which Z(61) " =R(61+)~ is a self-adjoint subspace of #(9), are called d-sym-
metric operators. Any isometry- or normal operator is d-symmetric and so is the
image of a d-symmetric operator under an irreducible representation of the C*-
algebra C*(T) generated by T and the identity operator. However, if N is normal
then Z(dy) is itself self-adjoint only if the spectrum of N has empty interior [11,
Theorem 4.1). .

If T is d-symmetric then £(6)~ is determined by the T-central states on #(9),
that is, linear functionals f with f(I)=1=|f| and f(TX)=f(XT) for all
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Xe€#(9). In fact, Z(6y) is even determined by those pure states of Z(H) whose
restrictions to #(7T) are multiplicative. These satisfy f(AX)=f(X4)=/(4) f(X)
for X€#(9) and A€ #(T) so that in particular C*(7T) must have a character.

The C*-algebra C(T) of operators C for which C#($)+%(9)C is contained
in Z(6;)~ plays a fundamental role here. For example, T is d-symmetric if and only
if T*T—-TT*¢¥(T) and a d-symmetric operator has the Fuglede property:
TX—XTc¥(T) for some operator X on $ only if T*X—XT*€%(T). For a d-sym-
metric operator (7)) coincides with the commutator ideal of S(T). It is non-
separable in general.

The inclusion algebra S(T) of a d-symmetric operator T is identified in the
two extreme cases in which T has no reducing eigenvalues (complex numbers 4
for which ker (T— AI) reduces T) and in which 7 has a spanning set of orthonormal
eigenvectors (T is a diagonal operator). In the first case S#(T)=C*(T)+%(T),
while in the second #(T) is the C*-algebra generated by T and those projections
onto eigenspaces corresponding to eigenvalues of finite multiplicity that are limit
points of the spectrum of T.

Various criteria for d-symmetry are given in § 2 and the ideal €(7) is studied
in §3. We study the 7-central states in § 4, present examples, counterexamples
and information about special cases in § 5, and mention several questions: we have
been unable to resolve in the final section of the paper.

2. Conditions for d-symmetry

The proof of our first result was inspired by ROSENBLUM’s proof [14] of the
Fuglede theorem.

Theorem 2.1. For T in B(9H) the following are equivalent:

(@) T is d-symmetric, (b) T*T—-TT*c%(T),

© T*R(6r)+RONT* S R (6n)".

Proof. The equivalence of tb) and (c) is a consequence of the identities:
(T*T —TT*X = T*6,(X)—6;(T*X), X(T*T—TT"*) = 5,(X)T*—8,(XT*).

Since T*0(X)=07+(T*X) and Op+(X)T*=067.(XT"¥), (a) implies (c).

Now assume (c) holds. To prove that T is d-symmetric it suffices to show that
f(2(©6))=0 for all f in B(H)* satisfying f(#(6r))=0. If XcB(H) then
f(TX)=f(XT) and

f(T*TX) = f(T*™(TX—XT))+f(T*XT) = 0+f(T* XT) = f(TT*" X)

since T*R(1)SR(G7)~ by (¢). By induction f(T*T"X)=f(T"T*"X) for all
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non-negative integers n and m. From this one obtains
f(exp (T +BT*)X) = f(exp («T) exp (BT*) X) f(exp (ﬂT*) exp (ocT)X)

for all complex numbers « and B by imitating the standard proof of the. 1dent1ty
‘exp (4+B)=exp (4) exp (B) (for commuting 4 and B) as given in [12 P. 3971
for example. A similar argument, using ZO)T*SZ (6™, gives

(X exp (2T +BT™)) = f(X exp (2T) exp (BT*) = f(X exp (BT*) exp (ozT)).,

Since f(TX)=f(XT), it follows by induction that f(T"X)=f(XT") for all n
and hence f(exp (xT)X)=f(Xexp(aT)) or f(exp(aT)X exp (—cx T))-f(X)
These relations yield:

f(exp (iIAT*) X exp (—iAT)) = f(exp (iAT) exp (iAT*) X exp (—iAT*) exp (—iT)) =
=f(exp (i2Re (AT)) X exp (—i2Re (AT)))

for any complex A. The right hand side of this equation is bounded, so by Liouville’s
theorem the entire function on the left hand side must be constant. In particular,
the derivative vanishes at 2=0. This gives f(T*X—-XT*)=0. 0O

Corollary 2.2. Every normal operator is d-symmetric.

Theorem 2.3. Every isometry V is d-symmetric. , _

Proof. If O=I—V¥V™ then 5V*(X):6V(—V*XV*) QXV* so it suffices
to show that QX¢#(5,)~ for a]lKXE.%(.E')) Let T,= 2' (k/n—1D) VEQX Y *t+D)
forn=2,3,.... Then 6, (T,)—QX=—n"1 2’ V"QXV*". Smce (Viox, V¥Qy)=0
for j=#k and x,y in 9,

QXY *x

= él IV*QXV*x|? = n|QX|? || x|
Hence n~1| k=2"1 V*OXV*|=n~" |QX| and QX<Z&(S,)~.

Remark. The proof of 2.3 shows that Q#Z(9)SZ(d,)~. The closure cannot
be deleted here, however, as #(8,) contains no non-zero right ideal of #($) [21].
But %(8y) does contain the left ideal of #(9) generated by Q [18].

Let o=2(9) denote the compact operators on . An operator T is essentially
d-symmetric if it is d-symmetric in the Calkin algebra #£($9)/o¢, that . is, if
[v(D), v(#(9))] " is a self-adjoint subspace of the Calkin algebra. (Here v denotes
the canonical homomorphism of #($) onto %#(H)/#.) We now determine the
relationship between d-symmetric and essentially d-symmetric operators.

A closed subspace of #(9) is self-adjoint if and only if its annihilator & is
self-adjoint in the sense that /' € # implies f* €&, where f*(X)=f(X*)*. Now each

1*
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f€B(H)* has a unique representation f=f,+f, where f; is a bounded linear
functional on 2(9) that vanishes on 2 and f is induced by an operator J in the
trace class by the formula f,(X)=trace (XJ) for X in Z($). (See [9, 2.11.7 and
4.1.2].) Moreover, f=f,+f; is T-central for an operator T if and only if both £,
and f; are T-central, and f; is T-central if and only if TJ=JT [20, Theorem 3].
These facts give

Proposition 2.4. An operator T on § is d-symmetric if and only if
(a) T is essentially d-symmetric, and
(b) TJ=JT for an operator J in the trace class implies TJ*=J*T.

Corollary 2.5. (a) An essentially normal operator T is d-symmetric if and only
if TI=JT for an operator J in the trace class implies TJ*=J*T.
(b) An operator in the trace class is d-symmetric if and only if it is normal.

Proof. Since the proof of Theorem 2.1 is valid in any C*-algebra, any essen-
tially normal operator is essentially d-symmetric. O

Corollary 2.6. The following are equivalent for a d-symmetric operator T
(@) HCSor(H).
(b) SR

(¢) T has no reducing eigenvalues.

Proof. If T has a reducing eigenvalue, then (Sx, x)=0 for all § in ()~
and some non-zero x¢ H and % non S (d7)~. Thus, (b) implies (c). If §;(") is not
dense in ¢, then since J™* is the trace class operators, there is a non-zero J in the
trace class such that f; vanishes on §;(¢), thatis, 7J=JT. Since T is d-symmetric
TJ*=J*T by2.4and T commutes with a non-zero self-adjoint trace class operator.
Therefore 7 has a finite dimensional reducing subspace .#. Clearly, any direct
summand of a d-symmetric operator is d-symmetric so T|.# is normal by 2.5(b).
Hence T has a reducing eigenvalue and (c) implies (a). The remaining implication
is obvious. [ ‘

. "Remarks. (@) If S and T are d-symmetric operators with disjoint spectra,
then an easy application of RoseNBLUM's theorem [13] shows that ST is d-
sy'minetric.

(b) If X is an eigenvalue of T but Z is not an eigenvalue of T*, then THAI
is not d-symmetric, where / is the identity on any non-zero Hilbert space. In particular,
if U, denotes the unilateral shift and ||<1, U, ®A[ is not d-symmetric. However,
if |A]=1 then 2.4(b) and a calculation show that- U, @A is d-symmetric.
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(c) StamprLl [16] constructed a compact weighted shift K that commutes
with no non-zero trace class operator and therefore #(6x)~=#. This operator
K is then d-symmetric and quasinilpotent. As K®n~I is d-symmetric by (a) above
and K®O0 is not d-symmetric by (b), it follows that the set of d-symmetric operators
is not norm closed. Stampfli has independently pointed out this same fact to us.

The proof of our next theorem requires non-separable versions of two known
results. We now present these (slight) generalizations. Let &/ denote a unital sepa-
rable C*-algebra of operators in #($), where $ is separable. In [17] Voiculescu
showed that if n is a representation of & in #(9,), where ©, is separable and
n(f N)=0, then there is a sequence of unitary transformations U, of HE9H,
onto $ such that A—-U,(4®n(A))UF is compact for all 4 in & and
lim |4~ U, (A®n(4)) UF|=0 for all 4 in &. (In symbols, 1d~1dea1r) This fact

was used in [2] to show that if fis a state on & that is zero on #NA then f
extends to a pure state on Z(9). :

Proposition 2.7. Let &/ denote a unital separable C*-algebra of operators
acting on a Hilbert space $ (of any dimension).
@) If ©n is a representation of 4 in B(9H,), where ©, is separable and
(A NA)=0, then id~id@n.
(b) If f is a state on o such that f vanishes on AN\XH, then f extends to a pure
state on B(H).

Proof. Choose a dense sequence {4,} of operators in &/ and select unit vectors
in 9 as follows. For each n choose an infinite orthonormal sequence {e,;} such that
A4, ||e—11rn lAnenll and choose a sequence {x,;} such that [4,]= hgn 4, x40

(Here, IIA | denotes the norm of A,+ A in B(H)/K.) Write 9 for the subspace
of $ generated by {sfe,}U{wx,;}. Then the restriction map ¢ induced by the
- projection P of $ onto M is an isometric isomorphism. Furthermore, an operator
A in & is compact if and only if @(A) is compact. Now suppose = is a representa-
tion of &/ as in (a) above. Then n’=no®~1 is a representation of & (/) which
satisfies the hypotheses of Voiculescu’s theorem. (If #(4) is compact, then
7' (P(A))=n(4)=0 since 4 is compact.) Hence ide4)yide,®n’. Let ¥ denote
the restriction of & to PL$. Then

idy = VOOD ~ YO (idp,®n) = id &

and (a) is established.

Now suppose that f is a state on & that is zero on & NA. Then f'=fod?
is a state on @(&) that is zero on P(K)NA (M) and so by [2] there is a pure
state g’ on 2 (M) which extends f’. Define g” on B(PLH)OZ (M) by g"(XDY)=
=g’(Y). Then g” is a pure state on Z(P*H)DB(M) and if AcH, A=4,0P(A)
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and g"(A) =g (®(4D)=f(P(4))=f(4). Thus g” is a pure state that extends f
so we may choose a pure state on Z(9) that extends g”. [

Recall that a representation n:s/—+~%(9,) of a C*-algebra &/ into the oper-
ators on -the Hilbert space 9, is called cyclic if there is a vector x in §, such that
n()x is dense in H,.

Theorem 2.8. If T is a d-symmetric operator on a Hilbert space © and
n:C*(T)—~B(9,) is a cyclic representation such that either
(@) n(C*(T)NA)=0, or (b) n(C*(T)) is irreducible, then n(T) is d-symmetric.

Proof. Assume that n(C*(T)Not)=0. Then by Proposition 2.7(a) there
is a unitary transformation U mapping $&$, onto $ such that T—U(T@n(T))U*
is compact. Since T is d-symmetric, U(T®n(T))U* is essentially d-symmetric
and so T®r(T) is essentially d-symmetric. Therefore n(T) is essentially d-symmetric.
Let f denote a n(T)-central bounded linear functional on #(9,). We must show
that f* is n(T)-central. Write f=fy+f, where f, vanishes on #'(9,) and f,, is
ultraweakly continuous (that is, induced by a trace class operator.) Then f; and
f,, are n(T)-central [20] and f;* is n(T)-central because n(T) is essentially d-sym-
metric. We need only show that £, is n(T)-central. Fix a cyclic vector x for n(C*(T))
and define a state @ on C*(T) by w(d4)=(r(4)x, x). Since C*(T) is separable
and o vanishes on /., there is a pure state ¢ on #(H) that extends w by
Proposition 2.7(b). It follows (as in [9, 2.10.2]) that there is a Hilbert space $’
containing $, and an irreducible representation n” of Z(9) in Z(H’) such that the
projection P of $’ onto $, reduces n’(C*(T)) and Pn’(4)|H,=n(4) for all 4
in C*(T). Define a linear functional g on #($) by g(X)=f,,(Pr’(X)P|9,).) Then

g(TX) =f,(Pr'(TX)P|9,) = f,(n(T) P’ (X) P|9.) =
=fu((P7'(X) P|9)7(T)) =1, (Pn"(XT) P|9,) = g(XT),

since f, is m(T)-central. Thus g is T-central; so, since T is d-symmetric, g is T *-
central. Therefore, for all X in Z(9) we have

F((PT(X) P19 n(T)) = £, (n(T)* P’ (X) P|9,).

Since #” is irreducible and f,, is ultraweakly continuous, f,, is n(T)*-central.

Now suppose that = is irreducible. By the first part of the proof, we may assume
that = is not zero on C*(T)NA. Then w=n|C*(T)NA (H) is irreducible
[9, 2.11.3] and by [5, 1.4.4] there is a subspace M of $ such that =, is unitarily equiv-
alent to the restriction to M of the identity representation of C*(T)N 4. Since
C*(I)NA is irreducible on M, M must reduce T. A similar argument shows that
n(C*(T)) is unitarily equivalent to C*(T)|M. Thus =(T) is unitarily equivalent
to a direct summand of T and =(T) is d-symmetric. [
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Remarks. (a) The operator T7&xn(T) in the proof of Theorem 2.8 need not
be d-symmetric. Indeed, let K denote the compact d-symmetric operator in Remark
(c) following 2.6 and define = on C*(K)=o"($)+C! by n(Ky+Al)=2A. Then
Konr(K)=K®0 is not a d-symmetric operator.

(b) If T is d-symmetric and = is an irreducible representation of C*(T) then
$, is either infinite dimensional or one dimensional. For n(T) is d-symmetric by
2.8 and if $, has dimension n<oo, then n(T) is normal (2.5(b)), and irreducible,
hence n=1. Thus, if T is essentially n-normal and d-symmetric, then T is essentially
normal.

"' (¢) We shall show (3.6) that if T is d-symmetric, then C*(T) has a character.
Hence C*(n(T)) has a character for every irreducible representation = of C*(T).

3. The inclusion and multiplier algebras

As noted prior to Proposition 2.4 d-symmetry of an operator is equivalent
to the condition that the annihilator of its derivation range bea self-adjoint sub-
space of #(9)*. We now show that the annihilator is actually determined by the
states it contains. )

Let E(T) denote the set of all T-central states on Z($); that is, the set of states
fon B(9) such that f(TX)=f(XT) for all X in ZB(H).

Theorem 3.1. If Tis a d-symmetric operator, then Z(51)~ = N {ker (f):f€ E(T)}.

Proof. Fix f=f* in the annihilator of # (7). Then there are unique positive
linear functionals f* and f~ on #(9) such that f=f*—f and | fl=1S"I+1/"I
[9, 12.3.4]. To prove the theorem, it suffices to show that f* and f~ are T-cen-
tral. To do this we use an argument due to EFFrROs and HauN [10, p. 24].

Since f is self-adjoint, the set {4¢ B(R): f(4AX)=f(XA) for all X in B(D)}
is a C*-algebra containing 7. Fix a unitary owerator U in C*(T) and write
X)) =1 (U*XU), g(X)=f"(U*XU) for X in #(9). Then g, and g, are posi-
tive linear functionals with g (X)—g(X)=Ff(U*XU)=f(X) and |gll+|gl=
=g (D +g,(D=]|f]l. So, by the uniqueness of the decomposition of f, f+=g,
and f-=g,. Hence f* and f— are U-central for every unitary U in C*(T).
Since the unitaries in C*(T) span C*(T), f* and f~ are T-central. (O

Remark. The proof of Theorem 3.1 shows that an operator T has a T-central
state if and only if the commutator subspace [C*(T), Z(9)] is" not norm dense
in Z(9). (See [6].) This is.equivalent to the non-density of Z(6y)+2%(d+) or to
the condition that 0 belong to the closure of the numerical range of every com-
mutator 7X —XT [19]. The mere existence of a central state, however, does not

imply d-symmetry as the example 7= (g (1)] shows.
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Corollary 3.2. If T is a d-symmetric operator, then:

(@) Z(67)~ is an hereditary subspace of #(9D): that is,if 0=X=Y and
YCR(61)~, then XERBp) ™. :

(b) Z(B)ER(67)~ for all A in C*(T).

(c) €(T) is the linear span of the positive elements in #(by)~ and €(T) is
hereditary in B(9).

d) A ©)SE(T) if and only if T has no reducing eigenvalues.

Proof. Parts (a) and (b) are clear from 3.1. We prove part (c). If C is a positive
operator in #(81)~, then f(C)=0 for each T-central state f, and so, |f(XCV®)i2=
=f(XX*) f((CY®®=0. Similarly, f(C'*X)=0. Hence, by Theorem 3.1,
CY2c@g(T) and so C=CY2CY2¢%(T). On the other hand, if CE¥(T) is self-
adjoint with spectral measure E(‘), then C=CE([0, <))+ E((—<,0))C is a
linear combination of positive operators in £(dr)~. ¥(T) is a hereditary sub-
space of #(9) by (a). Part (d) follows from (¢) and 2.6. O

We now study the sets €(7), #(T), and #(T) in more detail.

Theorem 3.3: If T is a d-symmetric. operator, then:

(@) €, #(T), and A (T) are C*-algebras.

(b) €(T) is a norm closed two-sided ideal in 4 (T) which is properly contained
in F(T). Furthermore, F(T)SF(D)+{TYS (D).

(©) F(I)/4(T) is contained in the center of M(T)/¥(T).

(@) A(T)={ZcB(9):[Z, F(DNISE(D)}={ZcB(9):1Z, TIe¥(T)}="
={ZeA($):1Z, TIe H(T)).

() 4(T)=F(TYNRGr) =M (T)NROr) .

Proof. As Z(6,)~ is self-adjoint it is clear that . (7) and 4(T) are C*-al-
gebras. It is also clear that ¥(T)S#(T) and that {T} S #(T).

If A€ A(T) then A6 (X)=6;(AX)+6,(TX)—Té,(X) is in Z(61)~. Hence
ARB)S R (7). Similarly Z(6;)ASR(S;)~ so that SF(T)S.#(T). There-
fore if A,, A,€F(T) then A, 4,X—XA,A;=A,(A;X—XA,)+ (A, X—XA)) A€
€R ()~ and A, A,€ F(T). Hence F(T) is a norm closed subalgebra of B(H).
Since #(87)~ is self-adjoint, S(T) is a C*-algebra.

If Ze.#(T), Cc¥4(T), and X is any operator then

X(CZ) = (XC)ZER(Gr)"Z S RGp)~ and (CZ)X = C(ZX)ER(G1)™.

Hence %(T) is right ideal of .#(T). Since ¥(T) is a C*-algebra, it is a norm closed
two sided ideal of #(T). Also, ¢ 4(T) because Z(6)~ =Z(H) [16, Theorem 1],
so %(T) is properly contained in #(T). This proves (a) and (b).

If Ze #(T), AcF(T), and X is any operator, then

éz(A)X=ZéA(X)—(SA(ZX)EZ(éT)‘ and X0,(A4) =0,(X)Z— 5A(XZ)€.@(51)‘
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Hence 6,(4)€¥4(T). This proves (c). It also shows that
MT)SAZeB(D): Z, SN S CDT} S {ZcBS) : [Z,TI€G(T)} S
S {ZcA(9):[Z, T)e #(T)}

Before showing the reverse inclusions, we establish (€). Suppose that A€ . (T)N
NRS7)~. Then AA*+A*ACARGr) +R(67)~"ASR(07)~. Hence both 44*
A* A belong to ¥(T) as €(T) is hereditary. By considering the polar decompositions
of A and A* one gets A€E(T). Thus A (T)NR ()~ S¥(T) and the inclusions
GNSIH(TNR(Gr)~ S H(T)NR(Sr)~ are trivial.

To finish the proof of (d), suppose 8;(Z)€.#(T) and X is an operator. Then
0+ (Z)€¥(T) by (e) and so

Z6:(X) = 8,(ZX)—0r(Z)XE R(5,)~ and 0,(X)Z = 61(XZ)— X61(Z)E R(57)~.

Hence Zc.#(T). 0O ,
The following is a version of the Fuglede theorem for d-symmetric operators.

_ Corollary 3.4. Let T be d-symmetric and let X€B(D). If TX—XT<%(T)
then TX* - X*T¢¥€(T).

Example. Let K denote. an irreducible compact operator that does not com-
mute with any trace class operator (as in remark (c) following 2.6, for example.)
Then €(K)=R(6x)"=HA" so that A (K)=2(H) and F(K)=H4+CI by [7, The-
orem 2.9].

We now show that ¢(T) is the commutator ideal of #(T) if T is a d-symmetric
operator.

Recall [4, §3.3] that the commutator ideal Comm (&) of a.C*-algebra & is
the smallest closed two-sided ideal of &/ containing all of the commutators 4, 4,—
—~ Ay A, for A, A, in &Z. Comm (&) is also the smallest closed ideal ¥ such that
/¥ is commutative and, furthermore, Comm /= M ker (p), where the inter-
- section is taken over all the characters (non-zero complex homomorphisms) of 7.
If T is an operator, then Comm (C*(T))=Comm C*(T) is the ideal generated
by T*T—TT*.

We make use of the fact that if fis a state on a C*-algebra B whose restriction
¢ to a C*-subalgebra o/ is a character, then f is sf-multiplicative on 4 in the sense
that f(XA)=f(X) f(4)=f(AX) for all X in & and all 4 in &. Indeed, A— f(4)]
belongs to the left kernel of f because ¢((4—@(4))*(4—¢(4)))=0.

Theorem 3.5. If T is a d-symmetric operator, then:

(@) €(T)=Comm (H(T)).

(b) Comm C*(T)=C*(T)NA(Sy)"=C*(T)NE(T).

(¢) The map a of C*(T)/Comm C*(T) into S(T)|%(T) given by
a(A+Comm C*(T))=A+%(T) is an isomorphism.
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Proof. Let ¢ be a character on #(T) and let f be any extension of ¢ to a state
on #(9). Then fis T-central by the remark preceding the statement of the theorem,
hence @(%(T))=f(¢(T1))=0 as €¢(T)SZ(67)~. Thus €(T)SComm H(T). The
reverse inclusion is clear from Theorem 3.3(c).

The same remark shows that any character of C*(T) vanishes on C*(T)N
NA@Gp)~ so that C*(T)NRGy)~ SComm C*(TYSCH*H(THNE(THYSCH*(T)N
NA(87)~ by the first part of the argument. This proves (b) and (c) is then clear. [

Corollary 3.6. If T is a d-symmetric operator, then C*(T) has a character.
Proof. Since 7¢ 4(T) (3.3(b)), Comm C*(T)=C*(T) by 3.5(b).

Remark. Note that C*(T) may have only one character, however. For ex-
ample, this is the case for the compact operator considered in the example follow-
ing 3.4.

We now derive additional results about the inclusion and multiplier algebras
under the additional hypothesis that 7 has no reducing eigenvalues. Then Z(6;) ™ 24
by 2.6 and so ¥(T)=24.

Theorem 3.7. If T is a d-symmetric operator that has no reducing eigenvalues,
then
(@) F(T)=C*(T)+%(T), (b) Thé center of #(T)¥(T) is F(T)/€(T).

Proof. Suppose there is an operator S in #(T) such that S¢ C*(T)+%(7).
Then the commutative C*-algebra (C*(S, T)+%(T))/4(T) properly contains
(C*(T)+%(T))/#4(T) and so by the Stone—Weierstrass theorem, there are distinct
characters ¢, and ¢, on C*(S, T)+%(T) that vanish on €(T) and agree on C*(T)+
+%(T). Hence there are one-dimensional representations n; and n, of C*(S,T)+ X
such that 7,(S)=n,(S), n, and =, agree on C*(T)+ A, and =, and =, vanish on
A (since A CE(T)). Let n denote the direct sum of R, copies of n; and =,. By
Proposition 2.7(a) id is unitarily equivalent to id@n modulo the compacts and it
follows that there are infinite dimensional projections P, and P, on $ such that
P; A—@;(A) P; and AP;— @A) P; are compact for i=1,2 andall 4in C*(S, T)+ A"
Choose orthonormal bases {e,} and {f,} for P,$ and P,$, respectively and define
W in 2(9) by We,=f,, n=1,2,..., and Wx=0 for x in (P,H)*. If XcZ(9),
then for n=1,2,..., ((TX—=XT)e,, f,)=((P.TX—-XTP)e,, f,)=(0:(T)—
—¢1(T))(Xe,, f,)+(Ke,, f,), where K is a compact operator. Since ¢,(T)=¢.(T)
and [|Ke, || -0, | W—(TX—XT)| =1 and W¢ Z(61)~. On the other hand, SW—-WS=
=SP,W—WP, S=(9,(S)—¢,(S)) W+K, where K is a compact operator. Since
@1 (S)#=95(S) and Se F(T), WeR(b5)+ A SR(67)~, a contradiction. This proves
part (a) of the theorem.

Now suppose that Z+.#(T) is in the center of #(T)/%(T) but Z¢ S (T)=
=C*(T)+%(T). Then by the argument given in the first part of the proof, there
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are .characters ¢, and ¢, on C*(Z, T)+ A such that ¢,(Z)#@,(Z), ¢, and ¢,
vanish on J; and q;l and ¢, agree on C*(T)+ 4. Also, there are orthogonal in-
finite dimensional projections P, and P, on $ such that P;4— ¢ (A)P; and
AP;—;(A)P; are compact for all 4 in C*(Z, T)+# and i=1,2. If XcA(9),
then  (Py+Py)(TX—XT)(Py+Py)=(¢(T) — ¢ (T))(P,XP,— P, XP))+ K=K, for
some compact operator K, since ¢,(T)=@,(T). Thus (Py+Py)Z(6r)~ (P1+Pp)=
=H((P,+P,)9). Let W denote a partial isometry of P, onto P,$ as in the
first part of the proof. Then Wo(X) =8 (WX)=—6;(W)X=—(TP,W -WP, T)X=
=(@,(T)~ (1)) WX+ K=K, for some compact operator K, since ¢,(T)=
=@,(T) and so WR(S;)SRGr)+HA SR(Sp)~. A similar argument shows that
RO)WZR(6r)~ so that We#(T). Hence, ZW—-WZcE(T)S#(0r)~- But
P, (ZW—WZ)P,=(¢,(Z)— ¢, (Z)) W+ K for some compact operator K and since
©.(Z2)= 9 (Z), P,(ZW—WZ)P, is not compact, a contradiction. O

Corollary 3.8. If T is a d-symmetric operator that has no reducing eigenvalues,
then C*(T)/Comm C*(T)=S#(T)/%4(T).
In the concluding result of this section we show that #(T) can be quite large.

Theorem 3.9. Supposse $ is separable and that T is a d-symmetric operator
with no reducing eigenvalues. If T is not essentially normal, or if T is essentially normal
with uncountable spectrum, then €(T) contains a C*-algebra that is spatially iso-
morphic to B(H)D A (D).

Proof. It is enough to show that £(5;)~ contains a projection P of infinite
rank. For then, since P is positive, P€%(T) by 3.2(c) and PRB(H)P+PLA(H) P+
is the desired subalgebra of €(T).

If #(67)~ fails to contain a projection of infinite rank, then ¥(T)S A by
3.2(c) and spectral theory. Hence T is essentially normal. Since 4 S2(57)~,
Remark 1 of [22] implies that the spectrum of T is countable. O

4. The T-central states

The set E(T) of all T-central states on #(9) is convex and weak*-compact.
We begin this section by examining the extreme points of E(T). Recall that a state
f on a C*-algebra # is &-multiplicative if f(AX)=f(A4) f(X)=f(XA4) for all
X in & and all 4 in &/ and that the extreme points in the set of all states on # are
also called pure states.

Theorem 4.1. If T is a d-symmetric operator and f is an extreme point of E(T),
then fis F(T)-multiplicative on #(9) and f is a pure state on B(9H).
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Proof. Fix a self-adjoint element 4 in S(T) with 0<e<A<I—¢, for some
e>0. Define f; and f, on #(9) by A (X)=f(A)1f(X4) and f,(X)=
=fU—-A)f(X(I—A4)). Then [(XA=F(XAPAP)=Ff(4"XA") as AV¢
€#(T). Hence f, and (similarly) f, are states on #(9). Since TA—ATc¥(T)
by 3.3(c),

S f1(XT) = f(XTA) = f(X(TA— AT))+f(XAT) = 0+f(XAT) =
= f(TX4) = {(A) f,(TX).

Thus, f; and (similarly) £, are T-central. Since f=f(A) f,+f({I—A) f; is an extreme
point of E(T), f=f; and so f is A-multiplicative. Since #(T) is the linear span
of operators of this form, the first assertion is proved.

Now suppose that there are states f; and f, on Z($) and O<a<1 such that
Sf=ofi+(1—a) f;, where fis an extreme point of E(T). Since f is multiplicative
on £(T) by the first part of the proof, fis a pure state on #(7) and so f, f;,
and f, agree on £ (7). In particular, each f; is multiplicative on C*(T). It follows
(see our remark preceding 3.5) that each f; is T-central. Hence, f=f=f,. O

- Corollary 4.2. If T is a d-symmetric operator, then each character on C*(T)
extends to a character on F(T).

Proof. Fix a character ¢ on C*(T) and let f be a pure state on #(9) that
extends ¢. Then f is T-multiplicative since it extends ¢ and, therefore, f is an
extreme point of E(T). Hence f is multiplicative on #(T) by the theorem. OJ

Remark. It follows from 4.1 that if T is d-symmetric then £ (d;)~ is the inter-
section of the kernels of the T-multiplicative states on #(9). Also, £(T) is the set
of operators A such that every extreme point of E(T) is A-multiplicative.

It is natural at this point to ask: Which states on C*(T) extend to T-central
states on Z($)? The answer is what one might expect.

Theorem 4.3. If T is a d-symmetric operator, then:

(a) A state f on C*(T) extends to a T-central state on B(9) if and only if
S(Comm C*(T))=0.

(b) A state g on F(T) extends to a T-central state on B(9) if and only if
g(¢(1))=0.

Proof. Since €(T)S%(5;), each T-central state on #($) vanishes on €(T)
and so on Comm C*(T) (by 3.5(b)) so that the conditions f(Comm C*(T))=
=g(%(T))=0 are necessary. Now suppose g is a state on S(T) such that
g(%(T1))=0. Then g may be viewed as a state on the commutative C*-algebra
JF(T)[%(T). Hence, g is the weak*-limit of a net of convex combinations of charac-
ters on £ (T). Each of the characters appearing in these convex combinations has
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an extension to a pure state on #(9) which is 7-multiplicative by 4.1. By taking
the same convex combinations of the extended states, we obtain a net of 7-central
states that has a subnet that converges to a 7-central extension of g. The proof of
sufficiency in part (a) is the same. [ ' :

5. Examples

In this section we consider the C *-algebras €(T); S(T), and #(T) for special
d-symmetric operators.

I. Normal operators without eigenvalues. Let N denote a normal operator
without eigenvalues. Then the spectrum ¢ of N is uncountable, N is d-symmetric,
and A S%(N)(2.2 and 3.2(d)). Hence ¥(N) is nonseparable by 3.9. Also, S(N)=
=C*(N)+%(N) by 3.7(a) and if C(s) denotes the continuous functions on o,

then C(o)= F(N)/¥(N) is the center of .#(N)/4(N) by 3.7(b). Further, .4 (N) o

contains the von Neumann algebra {N} by 3.3(b).

Recall [15, 4.4.19] that there is a norm one projection 2 of #($) onto {N}
such that 2(4XB)=AP(X)B for A and B in {N} and X in #£($). Thus,
P(R(Oy)")=0 and so if Ac{N} and X€Z(Sy)~, [Al=|PUA+X)|=|4+X]|
and {N} +%(N) is an orthogonal direct sum in .# (V). However, {N} +%(N)=
# .4/ (N). Otherwise the center of #(N)/%(N) would be isomorphic to {NY}.
This is not the case. In fact, as noted above, the center of # (N)/%(N) is isomorphic
to C*(N).

II. Diagonal operators. In this example and the next all operators will be
assumed to be acting on separable Hilbert space. An operator D is diagonal if there
is a sequence {E,} of orthogonal projections such that XE,=I and a bounded
sequence {d,} of distinct complex numbers such that D=23d,E,.

Proposition 5.1. The following are equivalent for a d-symmetric operator T:
@) T is a diagonal operator, (b) F(T) is commutative. (c) €(T)=0.
(@) A (T)=A{T}.

Proof. Since ¥(T)=Comm JF(T) by 3.5(2), (b) and (c) are equivalent. By
2.1(b) and 3.2(c), the condition ¥(T)=0 is equivalent to the conditions that T
be normal and Z(6;)~ contain no nonzero positive operator. Therefore (c) and
(a) are equivalent by [22]. Finally (c) and 3.3(d) imply (d), and if (d) holds, then
AT} is self-adjoint and T is normal. Hence %(T)=M’(T)ﬂ%(5rj‘={T}’ﬂ
N#R(5r)~=0. (This latter intersection is 0 for any normal operator T as shown
in example 1. See also [1]). ‘ :
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Thus, for a diagonal operator D, (D) and # (D) are easily described. The
C*-algebra #(D) is more complicated. Before describing it we need a preliminary
result.

Lemma 5.2. If D=2ZXd,E, is a diagonal operator, then C*(D)g.ﬁ(b;)g
CC*(D,E,, E,, ...).

Proof. The first inclusion is trivial. Also €(D)=0 as D is a diagonal operator,
hence {D}=#(D)=S(D) by 3.3(d). Therefore F(D)S(D)”. To finish the
proof, fix a diagonal operator D’=2ZXa,E, in {D}” that is not in C*(D, E,, E,, ...).
We must show that D’ ¢ #(D). Choose a sequence {e,} of unit vectors in § such that
E,e,=e, for each n, and let w, denote the vector state induced by e, (so that
0,(X)=(Xe,, e,)). Then each w, is a character on &/ =C*(D,D’, E;,...) and if
@ is a character on .« then either ¢(E,)=1 for some unique integer n and ¢ =a,,
or else ¢(£,)=0 for all n and ¢@= li"m W4y is the weak*-limit of a subsequence
of the w,’s induced by an injective map ¢ of thé natural numbers N into N. Since
C*(D, E,, ...) is a proper C*-subalgebra of ., there are distinct characters ¢
and ¥ on & that agree on C*(D, E,, E,, ...) by the Stone—Weierstrass theorem.
If @(E,)=1 for some n, then Y (E,)=1 and o=y =w, because E,€C*(D, E,, ...).
Hence, ¢(E,)=y¥(E,)=0 for all n and qo=li'rln Do ny» ¢=li'rln Oy are weaK*-
limits of disjoint subsequences of {,} induced by injective maps ¢ and 7 of N into
disjoint subsets of N. Write 4

a= (p(D’) = lim (D,ea(n)s eu(n)) = lim ao(n),
ﬁ = ll’(l),) = ll:n (D,et(n)s er(n)) = ]1'}'1‘1 at(n)

and . .
y=¢D)=yD)= ll'fn domy = ll'fn de(my

so that ap. Define an operator W by We,,,=e,, for n=1,2,... and Wx=0
if x€{e,ay» €o(zy» ---}*- Then if X is any operator, |D’,W]-[D,X]|=
= ]i"m (o', w1 €s(n)> er(n))_([D’ X] €smy> et(n))l = li'rln |_at(n)_;aa(n))(Wea(n)’ ‘-’:(n))—
—(d iy — Ao my) (Xe4(ny» e,(,,))|=|ﬁ—cx|. Thus [D’, Wi4#(p )" and D'¢S£(D). O

Theorem 5.3. Suppose D=ZXd,E, is a diagonal operator and write
A={neN: E, has finite rank and d, is not an isolated point of the spectrum of D}
Then S(D)=C*(D, {E,},¢0)-

Proof. First note that if d, is an isolated point of the spectrum, then E,¢ C*(D)
by the Gelfand theory. Now fix an eigenvalue d, of D that is a limit point of .the
spectrum of D. By 5.2 it suffices to show that E,¢ #(D) if and only if E, has finite
rank. Suppose that E, has infinite rank and choose an orthonormal basis
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{e1, e;, ...} for E,. Since d, is a limit point, there are projections E, ", and unit vectors
f; such that d, —»d and E, f—f Define W in #(9) by We;=f; and Wx=0
if x€(E,H)*. Then if X is any operator,

L&, W1~ [D, X1 = lim [(E,, W]ej, £)—(D, Xle;, f)] =
= lim |(f;, £) = 0—(dy—dy) (Xe;, )] = 1.

Thus, [E,, W]¢ Z(6p)~ and E,¢ F(D). Now suppose E, has finite rank. Fix vectors
xin E;$ and y in E,$H, where n=m. Let x®y denote the rank one operator given
by x®y(z)=(z,y)x. Then [D,x®y]=DxQy—-x®D*y=(d,—d,)x®y. Since
d,#d,, XQYER(Op)~. If z€(E,H)*, then z= 3 a,y,, Where E,,,y,,, =¥., and

n¥Em

Zla,|?=|z|]®. Thus, x®z=2a4,(x®y,) is in #(Gp)~ for all x€E,H and
z€(E,H)*. It follows that E,XEl c#(6,)~ for all X in #(H) and so since #(5p)~
is  self-adjoint 92((5E")=,%((5E")‘=E,,%($)E"l +ELB(HYE,SR(6p)~.  Thus,

Corollary 5.4. If D=ZXd,E,, where each E, has infinite rank, then
S (Dy=C*(D).

Corollary 5.5. If D= Xd,E,, where each E, has rank one and {d,} is an
enumeratton of the rationals between 0 and 1, then: ’

(a) E,,GEC*(D), n=12,.., (b) £(D)=C*D, EI,EZ, )

Remarks. (a) Let D be the diagonal operator defined in 5.5. Then
{DY ={D}'=#(D) (5.2(d)) so that (D) is commutative, €(D)=0 by 5.2(c)
and C*(D)=C*(D)+%(D)=#(D) by 5.5. Thus, if the condition T has no reduc-
ing eigenvalues is omitted, Theorems 3.7 and 3.9 and Corollary 3.8 are no longer true.

(b) Let {E,} denote a sequence of orthogonal rank one projections with
ZE,=I and write

oo

D= 2n"1E,, D'= 3 nlE
n=1 n=2
Then C*(D)=C*(E, E,,..)#C*(D)=C*(E,, E,, ...). However, by Theorem
5.1, F(D)=F(D)=C*(D) and by (the last part of) the proof of 5.4, Z(6p) =
=% (dp)~. Thus, in general, neither the includion algebra nor the derivation
range determines C*(T).

(c) If T is an essentially normal d-symmetric operator with countable spectrum,
then €(T)S'; and %(T)=0 if and only if T is normal. Indeed, since ‘the
spectrum is countable, there is a non-zero representation n of () on a Hilbert
space ©, such that kern=2(9) and n(T) is a diagonal operator on $, [22].
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Then %(n(T))=0 by 5.2(c), and by 3.2(c) we have =(%(T7))S%(x(T)). Hence
€(T)Sker (r)=2. The spectral theorem and 5.1(c) imply that ¥(T)=0 if and
only if T is normal.

ITI. Pure isometries. Let V denote a pure isometry (that is, an isbmetry with
no unitary direct summand). Then V is d-symmetric by 2.3 and has no reducing
eigenvalues; hence, X (H)S¥(V) by 3.2(d) and so F(F)=C*(V)+¥4(V) and
the center of A (V)/E(V) is F(V)E(V)=C*(V)/Comm C*(V)=C (unit circle),
the continuous functions on the unit circle by 3.5, 3.7 and [8, Theorem 3]. Also,
by 3.9 ¥(¥) contains a subalgebra that is spatially isomorphic to Z(9)D H (D).
We now.show that . (V)/€ (V) is also large.

Proposition 5.6. An operator Z is in M (V) if and only if V*ZV—Zc (V).
Hence M(V)28(V)DTy, where T,={XCB(D):V*XV=X} is the set of
Toeplitz operators associated with V. Thus 4 (V)[€ (V) is non-separable.

Proof. If Zc #(V) then V*ZV—-Z=V*(ZV—-VZ)c¥(V) by 3.3(d). Con-
versely, suppose that V*ZV—-Zc%4(V). Then Z(FVX—-XV)=6,(ZX)+
+(I—-VV*HZVX+V(V*ZV—Z)X belongs to Z(6,)~ for any operator X because
I-VV*=[V*V), €4(V). Also, V*Z*V—-Z*c4(V) so that Z*R(Sps) =
=Z*R(0,)" S (5,)~ and this implies Z(3,)ZS%#(5,)~ on taking adjoints.
Thus Z is a two-sided multiplier of #(d,)~ and therefore Z¢ # (V).

That the subspaces #(V) and Z; have trivial intersection and are in fact
“orthogonal” follows from the existence of a norm one projection of #($) onto
I, that vanishes on 2(9,). (See [21]). O

6. Some open problems

(a) If T is a d-symmetric operator, must C*(7T) be a postliminaire or GCR
C*-algebra [9, Paragraphe 1V]? If T is d-symmetric and C*(T) is GCR, then by
direct integral theory and Theorem 2.8 7 would be a direct integral of irreducible
d-symmetric operators. Which irreducible operators are d-symmetric? We do not
know when a direct integral of d-symmetric operators is d-symmetric.

(b) The example in Remark (c) following Corollary 2.6 raises the question:
Is the set {T+K: T d-symmetric, K compact} norm-closed?

() It follows from Proposition 5.2 that there does not exist a normal operator
N such that #(6y)"=%(6x)~, where K is the compact d-symmetric operator of
Remark (c) following Corollary 2.6. If V is the simple unilateral shift does there
exist a normal operator N such that #(N)=4(¥)? If N is normal must % (N)— ,
=.4(A) for some self-adjoint operator A?

(d) Is there a property of dr as an element of the Banach algebra %(%(9)),
which characterizes when T is d-symmetric?
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