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Mean ergodicity in G-semifinite von Neumann algebras

SANDOR KOMLOSI

Introduction. Let 4 be a von Neumann algebra in a complex Hilbert space H,
and let G be a semigroup of normal endomorphisms of 4. Denote by A¢ the set
of all elements of A which are invariant with respect to each element of G. If the
identity 7 belongs to A%, then 4% is a von Neumann algebra too, but if this isn’t
so, then A€ is ‘only’ an ultraweakly closed involutive subalgebra of 4, and hence
there exists a largest projection P17 in A such that for every element T of 4 one
has PT=TP=T ([7], Chap. L. § 3, Théoréme 2.).

Let Q denote the set of positive, normal, linear mappings of 4 into itself obtained
from the elements of G by forming convex combinations. The operators in 4 of the
form V(T), where V€Q and T€A are called the means of the operator 7. For
any TcA let K,(T,G) denote the set of all means of 7. The investigation of the
‘behaviour’ of the means is one of the subjects of mean ergodic theory ([9], Kap. 1,
§2.). Concerning von Neumann algebras we refer only to the classical results of
J. DixMier ([6)) and the paper of 1. KovAcs and J. SzGcs ([10)).

The purpose of this paper is to investigate a special class of von Neumann
algebras.

§1 contains preliminary results without their proofs.

In § 2 we define the notion of ‘weak ergodicity in means’ to express a ‘good
behaviour’ of the means of an operator. This section is devoted to establishing the
simplest consequences of this definition.

Let X(T, G) be the weak closure of Ky(7T, G). In § 3 we shall give sufficient
conditions for T in order that K(T, G)NA® be nonempty (Theorem 3.1.), and
that K(T, G)NAS consist of exactly one operator.

1. Definitions and preliminaries. Let us consider a pair (4, G) of a von Neu-
mann algebra 4 and a semigroup G of normal endomorphisms of 4. We shall denote
by A* the positive portion of A4.
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A non-negative, finite or infinite valued function ¢ defined on 4% is called a
weight on 4%, if it has the following properties:

() o(T+S) = o(T)+¢(S) for every T,ScA*; and
(ii) @(cT)=cop(T) for every ¢=0 and TeA*,
(with the convention that 0. = 0).

We call ¢ G-invariant if for every T€¢A4* and ge€G we have o(T) = ¢(g(T)).

The notion of a G-invariant weight is a very natural generalization of that of

a trace.
A weight ¢ on A7 is said to be faithful if the conditions T¢A* and @(T)=0

imply T=0; normal if, for every increasing directed set F A+ with sup S=
: scF

=T€A*, we have @(T)=sup ¢(S); semi-finite if, for every T€A*, T0 there
Se¢eF

exists SEA*, S0 such that S=T and ¢(S)<es.

A weight ¢ on A% is said to be non-infinite if there exists S€A4*, S0 such
that ¢(S)<eo. ' :

For later purposes we state an important fact concerning weights.

Proposition 1.1. ([8], Lemma 1.5) For any weight ¢ on A% the following
conditions are equivalent:
(i) ¢ is normal,
(ii) o is ultraweakly lower semicontinuous,
(iii) there exists a family of vectors {x} in H such that

o(T)= 2> (Tx,, x;) for every TEA*.
Now we shall define special subspaces of 4. Denote by I' the set of normal
faithful G-invariant non-infinite and non-zero weights defined on 4+,

Definition 1.1. A projection E€A is called finite, if there is a @€I" such
that @(E)<oco. An operator in A is called simple, if it is a linear combination of .
finite projections. Denote the set of simple operators by M,.

Let @€l and let M} ={T¢A*|¢(T)<e)}. Denote by M the smallest norm
closed subspace of A that contains M/ for every @¢I'. Since ¢ defines a linear
form ¢ on the linear span of M, it is not hard to see that the norm closure of M,
is identical with M. '

Let N,={TcA|p(T*T)<e}. N, is a left ideal in 4. Denote by N the norm
closed linear hull of all N,. It is obvious that M;S N and hence MZN.
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Definition 1.2. A pair (4, G) is said to have property II if for every proper
projection P€A such that g(P)=P for every g¢G, we have that P¢c A4S
We classify the pairs (4, G) by their weights.

Definition 1.3. A pair (A, G) is called finite (resp. semifinite) if for every
TcA+, T0 we can find a normal G-invariant finite (resp. semifinite) weight ¢
such that ¢(7")=0.

To facilitate the statement of the next proposition it will be convement to
introduce the following notations.

Definition 1.4. Let E be a projection in A% Let us consider the restricted
“von Neumann algebra Ag. Since E¢ A, every element g of G induces a normal
endomorphism g, on Ag. These restricted endomorphisms form a semigroup. Let
us denote this semigroup by Gz. The pair (4, Gy) is called a restriction of (4, G).

Proposition 1.2. ([5], Theorem 1) If a pair (A, G) has property 11, then there
exists a maximal projection E in A° such that the restricted pair (Ag, Gg) is finite.

For finite pairs the following theorem will play an important role in proving
Theorem 3.3.

Theorem. (I. KovAcs—J. SzGcs ([10])) Let the pair (4, G) be ﬁmte For every
T€ A the convex set K(T, GYNAC contains exactly one element.

In the following paragraphs we shall deal with pairs (4, G) for which the set
T is non-empty. This requirement is fulfilled for example in the classical case, when
the group § of inner automorphisms of 4 plays the role of G, and 4 is semifinite.
We do not know if this is the case in general for semifinite pairs, but we can state
the following:

Proposition 1.3. If a semifinite pair (A, G) has property I1 and 1 CG, then
there exists a normal faithful G-invariant and semifinite weight on A*.

Property IT ensures that the support of any G-invariant weight defined on 4+
does belong to A%. It follows from the condition i G that A% is part of the center
of A and hence DixMIER’s reasoning ([7], Chap. 1, § 6, Proposition 9.) can be repeated
essentially word by word.

The terms and symbols introduced here will be used in what follows without
further reference.

2. Let & be an ultrafilter in Q. Denote by & (T') the image of # which is ultra-
filter, too. Since the unit ball of 4 is weakly compact, K(T, G) is weakly compact,
too, for every 7€ A4, and so the ultrafilter & (T') of the means of T converges weakly
to an element S of K(T, G). Let this fact be expressed by the symbol “}h V(T)=S.
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Now we define two notions to express ‘good behaviour’ of the means of an
operator.

Definition 2.1. Let the operator T¢A be called weakly quasi-ergodic if it
has the following properties:

(Li) K(T, G)NAC® is non-empty

(Lii) for each R€K(T, G) the set K(R, G)NA® is non-empty.
Denote by L the subset of weakly quasi-ergodic elements of A4.

Definition 2.2. Let the operator T€A be called weakly ergodic if it has the
following properties:
(Ei) K(T, ®)NA® consists of exactly one element,
(Eii) for each Rc¢K(T, G) the set K(R, G)NA® consists of exactly one ele-
ment.
Denote by E the subset of weakly ergodic elements of 4. It is obvious that ASc
cEcCL.

Proposition 2.1. L is a norm closed, G-invariant subspace of A.

Proof. The G-invariance and the homogeneity of L are rather obvious. First
we prove the additivity of L. Let T, and T, be arbitrary elements of L. We shall
show that the operator 7=T;+ T, belongs to L. By assumption there is an operator
S, such that S,€K(Ty, G)NA®. Let &, be an ultrafilter in Q such that 11m V(T)=

=S,. The limits 11m V(T)=S, and hm V(T,)=R, exist, SOEK(T G) and

R, K(T,, G). By condltlon (Lii) there e)usts an ultrafilter %, in Q such that
hm V(Ry)=RC¢K(R,, G)NAC. It follows taking account of the facts that Sy=

_S1+R2 and K(S,, G)cK(T,G) that S= hmV(So) S, +ReK(T, G)N AC.

Now let us consider an arbitrary element Y of K(T G). Then we can find an
ultrafilter # in Q such that Y= 11;11 V(T). The limits 11}11 V(T)=Y, and 11;1 V(Ty)=

=Y, exist, and both belong to L. Since Y=7Y,+Y,, then using the previous result it
is obvious that K(¥, G)NAC is non-empty, so we have finished proving that T¢L.

Now we are going to show that L is norm closed. Let the sequence {7,} of
operators converge to the operator T uniformly. Let us suppose that for each n,
T.cL. Passing, if necessary, to a subsequence, we can assume without loss of gen-
erality that ||T,,,—T,| < 1/2**! for each n.

Using the technique of the previous part of the present proof we can construct
a sequence {S,} recursively in the following way:

S, €K(T,, )NA® and S,.1—S,€K(T,41—T,, G)

for each n. It is an obvious consequence of these facts that the sequence {S,} con-
verges in norm, and the limit S of it belongs to A€,
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Now we prove that for any &=0 and for any finite system of vectors
X1s Xos eees Xg3 Vis Vas ---s Vi of H we can find an operator RE€K (T, G) such that

(%) ((S—R)x;,y;)| <& for each i=1,2,..,k

Let us choose a sufficiently large index p, for which | S— S| and | T~ T || are both suf-
ficiently small. Since S,€ K(T,, G), there existsa V€ Q such that [((S,— V(T,)) x;, 1)
is sufficiently small for each i=1,2, ..., k. Let R=V(T). This operator satisfies
(#), and this means that SCK(T, G)NA4S.

Now let us consider an arbitrary element ¥ of K(T, G). We can find an ultra-
filter # in Q such that Y=1i}n V(T). Let us set Y,,=li5;rn V(T,). 1t is clear that

Y.L for every n, and that the sequence {Y,} converges in norm to Y. Applying
the preceding part to the sequence {Y,}, we get that K(Y, G)N A€ is non-empty.

The next proposition might bear the name ‘The Theorem of Linear Choice’.

Proposition 2.2. For every Ty¢L and So€K(T,, GYNA® we can find a
positive linear mapping © of L onto AS which possesses the following properties:
() ©(TYeK(T, G) for each TcL,
(i) 2(TS)=1(T)S and t(ST)=St(T) for every TEL and ScAS,
(i) =(Ty)=3S,.

We omit the proof. It can be done by J. T. SCHWARTZ’s method developed in
_([11], Lemma 5).

Proposition 2.3. The weakly ergodic elements of A form a norm closed,
G-invariant subspace E of A. Denote by 1,(T) the single element of K(T, G)NA®
for every T¢E. The mapping 1, is positive linear and has the property that

’CO(TS) =1(T)S and 1,(ST) = Sto(T) for every TCE and S¢ AC.
Proof. The G-invariance of E is based upon the fact that for every T€A the
elements of G map K(7T, G) into itself. ,
Denote by A the family of those linear mappings © of L onto 4% which have

properties (i) and (ii) of Proposition 2.2. Let ¢ and  be two arbitrary elements of A.
Let us define the following subset

Ly ={Te€Llx(T) = ¥(T)}.
Taking into account the fact that every element of A is norm-continuous and linear
it follows that L, , is a norm closed subspace of 4. Denote by L, the intersection of
all such L, , subspaces. It is obvious that L, is a norm closed subspace of 4 and by
Proposition 2.2 it is identical with E.

If we restrict any = oceuring in Proposition 2.2 to E, then we get the mapping 7,
with the desired properties.

4
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3. In this section we shall investigate pairs (4, G) for which I" is non-empty
and hence the subspaces M and N defined in Definition 1.1. are different from the
trivial subspace {0}. '

Theorem 3.1. If for a pair (4, G) the set T is non-empty then all elements of
the subspace N are weakly quasi-ergodic.

Proof. By virtue of Proposition 2.1 it is enough to prove that for every o¢rI’
N,cL. Proving this we follow S. M. ABDALLA ([1], Chap. 3, Theorem 3.4). For our
purposes it is sufficient to show that for every T€N,,

(i) K(T,6)c N, and (ii)) K(T,G)NA® is non-empty.

Let TEN, and R€K(T, G). Wecanfind afilter #in Q such that li;’n V(T)=R

in the strong operator topology. As K(T, G) is bounded, we have li};n V(@ v(n)=

= R*R in the weak operator topology. On the other hand, if V€Q and V= 2"' o8
i=1

(X,->0,' 3 a,~=1, gEG s then we have by Schwarz’s inequality-
i
i=1

o0 @ v @) =o|( Zua @) (S unm)| = 2 uasem e m)=

= L

1 1
= > 0,0;0(8(T&(T)? - 0(g;(T)g;(1))* = 2 auo;0(T*T) = (T*T).
L tJ
Since ¢ is normal, it is ultraweakly lower semicontinuous and so it is weakly"
lower semicontinuous on any bounded part of 4+, thus @(R*R)=¢@(T*T). This _
proves (i).
Since ¢ is normal it can be represented in the following form: o (T)= 3 (Tx,, x,)

for every T€A™, where the xs are suitable vectors from H. It follows that the func-
tion S—@(S*S) is weakly lower semicontinuous on any bounded part of 4 and
thus it attains its minimum on the weakly compact bounded set K(7, G). Taking
into account the fact that ¢ is faithful it follows that the function S—(¢(S*S))!/2=
=||S|l; is a pre-Hilbert norm on N, therefore the minimum is attained only at
one point. Denote by T, this element. It is not hard to see that for every element g
of G g(T)EK(T, G). On the other hand, it is evident that ¢ (T T)=¢(g(T)*g(Ty)
and this implies that g(7,)=T,. This means that T,€ A and proves (ii).

The next theorem is a generalisation of J. B. CoNwaAY’s résult ([4], Lemma 6).

Theorem 3.2. If for a pair (4, G) the set I is non-empty and A® does noi con-
tain any finite projection except 0, then for every TcM, K(T, G)N A¢ = {0}.

Proof. Let P be a finite projection in 4. Then we €an find a @€I' such that
@(P)<e. By Theorem 3.1 it follows that K(P, G)NA® is non-empty. Denote
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by S an arbitrary element of this set. Since ¢ is weakly lower semicontinuous on
K(P, G) and finite constant on K,(P, (), the values of ¢ are finite on K(P, G), thus
@(8)=<o. On the other hand, P¢A*, hence ScA™*.

Let S= f AdE; be the spectral decomposition of S, where E, is right-continuous.
Let u=A be arbitrary positive reals. It is clear that E,—FE, belongs to AS and
that A(E,—E;)=S. It follows that i-@(E,—E;)=¢(S) so the projection E,—E;
can’t be infinite, and therefore E,=FE,. This proves that S=0.

Now let TeM be arbitrary. For any &>0 we can find finite projections

P, P,, ..., P, and complex numbers ¢, ¢,, ..., ¢, such that “T— Z"' ciP,.“<s. By
i=1

Theorem 3.1 it follows that K(T, G)(NAC is non-empty. Denote by S an arbitrary
element of this set. By Proposition 2.2 there exists a positive linear mapping t of
L onto A% such that for every R€L, 1(R)EK(R, G)N A and ©(T)=S. Since |7]|=1,

we have ”‘L'(T) Zc r(P,)”<a By the preceding part of the present proof we
have ©(P)=0 for all indices i, hence ||t(T)||<e. This proves that 1(T)=S=0.

Theorem 3.3. Let the pair (4, G) possess property I1. Let us suppose that T is
non-empty and that 8§ CG. In this case for every Te M, K(T, G)NA® consists of
a single element. In other words, MCE.

Proof. Denote the largest projection of 4¢ by P. If P=0 then the statement
of the theorem is trivial. If P20, then necessarily P=1. Indeed, if we set R=I—P
then we have g(R)g(P)=0 and g(P)=P for every gcG and thus g(R)=R for
every g€G. It follows from property IT that Rc A%, and, consequently, /=P+
+ReAS.

In virtue of Proposition 2.3 and Theorem 3.1 it is sufficient to show that for
every €I’ and TeM S the set K(T, G)NA® contains exactly one element.

Denote by Y the maximal projection of A% for which the restriction (4y, Gy)
of (4, G) is finite (Proposition 1.2.). Let Z=7I—7Y. Taking into account that 4 G
the projections Y and Z belong to the center of A. It follows immediately from
this that for every S€A the operator S is uniquely determined by its ‘parts’ Sy
and Sz.

By Theorem 3.1 K(T, G)NA® is non-empty. Denote by R and S two elements
of it. Using the facts that

{1 . (K(T, )N A%y g.K(T,,, Gy)NAGr and
) (K(T, G)N 4%), S K(Ty, G)NAG=

the restricted operators Ry and Sy belong to the set (1) and the restricted operators
R, and S belong to the set (2). By the theorem of 1. KovAcs—J. SzGcs the set (1)

4
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consists of a single element, so Ry,=Sy. By Theorem 3.2 it follows that R,=
=S,=0. This means that R=S, and thus the set K(T, G)NA® has only one
clement.
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my work and for several valuable suggestions.
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