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A short proof of the fact that biholomorphic automorphisms
~ of the unit ball in certain L spaces are linear

L. L. STACHO

1. As a consequence of his investigations on the Carathéodory and Kobayashi
distances on domains in locally convex vector spaces, E. VESENTINI [1] proVed that
biholomorphic automorphisms of the unit ball*) of L'(Q, u) are all linear, when-
ever the underlying measure space (Q, g) is not a unique atom. In this paper we
shall provide a quite different approach to the problem which applies to LP(Q, w)
as well, for every p€[l, ).

Theorem. Let (@2, u) be a measure space having two disjoint subsets Q’ Q7
such that O0<p(Q), p(Q")<o. Then for any pe€[l,==)\{2}, all bzholomorphzc
automorphisms of the unit ball of LP(Q, u) are linear.

Our method is based on a result of W. KAupr and H. UPMEIER [2] éoncerning
Aut B(E) for general Banach spaces E. Here we present a direct proof of the theo-
rem, which may have interest because of its extreme brevity. However, we remark
that one can also determine the general algebraic form of an element from
Aut B(L¥*(Q, ) in a similar way.

2. First we prove a lemma. To this end, let E denote an arbitrarily fixed Banach
space with norm |.||, E* the dual of E endowed with the norm ||.|,.

Lemma. Aut B(E) contains only linear mappings if and only if the relation

La(x, %), @) =—(c, @) forall xCE, o€E* with x| = ol =1=(x, @)

entails ¢=0 whenever c¢€E and q is a bilinear form from EXE into E. :
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*) In general, if B(E) denotes the open unit ball of a Banach space E then the -biholomorphic
automorphisms of B(E) are defined as those one-to-one mappings of B(E) onto itself whose Fréchet
derivative exists at every point x € B(E) as an invertible operator. We shall denote the group formed
by the biholomorphic automorphisms of B(E) by Aut B(E).
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Proof. Accordingnto {2, p. 131}, there can be found a subspace V in E and a con-
jugate-linear mapping v—gq, from V into the space of the (continuous) E-bilinear
forms such that Aut (D) is generated by the group G, of the surjective linear iso-
metries of E onto itself any by the images under the exponential map of the vector

fields (v+4,(z, z))a% (veV). Thus, for Aut B(E)=G, it is neceésary and suffi-

cient that there exist a ¢€ EN\ {0} and a bilinear form ¢: EXE—E such that the
0 .

vector field (c+4(z, Z))E be tangent to B(E) (the boundary of B(E)), i.e.

®) Re(c+q(z,2), ¥y =0 whenever |z = ¥l =1=(z, ).

Suppose now that the vectors ¢, xCE, @€E* and the E-bilinear form g sat-
isfy x| =lloll,=1={x, ¢) and (2). Then for all 2¢C with |1|=1 we have ||’.x| =
=|Z¢|,=1={Ax, 1) whence 0=Re {c+q(x, 1x), Lo} =Re [1({c, ) +{g(x, x), p))].
Therefore {c, ¢)+{q(x, x), ¢)=0 which completes the proof of the Lemma..

3. Now we shall proceed to the proof of the Theorem. Henceforth let p€[l, o)
be arbitrarily fixed and set E=LP(Q, ). As usual we shall identity E* with
- LP*=D(Q, u) and the pairing operation with (x, )= f x(&) - &) du(€) (for all
x€E and ¢@¢E™), respectively. :
For any x¢E, let x denote the function &—x(&)-|x(&)|?~? (with the conven-

tion 0.0772=0). Observe that here

3) X*€E*, x*, = IxP=t, (x, x*) = |Ix|]p for all xcE.

Then assume that the function x€E and the E-bilinear form ¢ satisfy (1).
Applying (3) we see that .

CaCellxl, x/1x), G/ilx)*y = —(e, GAIx)*  for all  x€ EN(0}, |
that is :

(1) (q(x, %), ¥y = —|x|*{c; ¥y forall xeE.

In particular, if F and G are any two disjoint subsets of Q such that 0<u(F),
#(G)<e then
[ aUr+2-16, 1p+2- 1)+ 2122 1g) du =
I

=—(u(F)+]ilP - w(G)? [&(1p+7-|2P~21g) du
J S

for all A€C. (For any p-measurable subset Hc Q of finite pg-measure, 15 denotes
the characteristic function of H, considered as an element in E.)
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Thus, by setting

%= [q(p1dp, o= [Ig0r10+9(6, 11da, m= [q(ls, 15 dn,
F F ] _ F

Bo= [q(r10dn, Bi= [lqUr10)+qUe, 191dn, Bo= [q(lg,16)dn,
G G G

m=p(F), p=p@), n= [édy, y= [edu
. F G

we obtain

2 2

TP 3 B = =G AP Ot 2+ 1)
for all A¢C. Therefore for any ¢>0 and 9€C with |9|=1;

(Bo- ¥ DI (ot Bre @)+ (- 0+ B2 @) I+ (e 0 =

. =—(uy+ o+ 0P [y + (- 0271 9.
In particular, we have

%+ By 07 = —(uy+pz- @°)*Py, forall ¢=>0. v
Hence —p2'7. y1=li'm [—(uy+ s - Q")z”’g‘2]=lifm (0tg+ By - 0°)+ 0~ 2. This is possible
et : otee
only if p=2 or y;=0. Thus if p>2 then by definition of y, we have

4 - [edu=0 whenever 0<u(G)<e for some GC Q\F.

F
But (4) immediately implies ¢=0 because of our assumption on the measure space
(Q, p). Thus, by the Lemma, B(E) admits in case p=2 only linear biholomorphic
automorphisms. Q.E.D. '
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