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Almost periodic functions and functional equations 

L. SZÉKELYHÍDI 

1. Introduction. In this paper we deal with bounded solutions of a class of 
functional equations defined on topological groups. Our results are based on the 
fact that all characters of a group are almost periodic functions (see e.g. MAAK 
[5], [6]). This can be restated by saying that all bounded solutions of the functional 
equation f(xy)=f(x)f(y) are almost periodic functions. In this work this result 
is generalized for the functional equation (1) which has been dealt by many authors 
(see [1], [7], [8], [9], [11], [12]) but has not been completely solved. Using our results 
we give all bounded solutions of (1) on commutative groups. Our other main result 
is the proof of the fact that all bounded solutions of (2), and in particular of (3), 
are almost periodic functions. Concerning these equations see [1]. 

We note that some of our results remain valid on topological semigroups as 
well. On the other hand the method used in Section 3 to solve equation (1) can be 
used successfully to solve other similar equations ([10]). 

2. Preliminary facts and results. Let G be a group and X a uniform space. 
A function /: G-*X is said to be almost periodic if for every X-entourage R there 
exists a finite covering Ax, ..., A„ of G such that (f(xz),f(yz))£R whenever z£G, 

x,y€A( (i=l, ...,n). 

Let H be a set and X a uniform space. A function /: H—X is said to be totally 

bounded if for every X-entourage R there exists a finite covering Bx, ..., B„ of 
ran/, the range of/, such that (x, y)<íR whenever x,y£Bt ( i = l , ..., n). 

If G is a group, X is a uniform space and /: G—X is an almost periodic func-
tion, then / is totally bounded. Indeed, if R is any X-entourage and Ax, ...,A„ 

is a finite covering of G for which ( f(xz),f(yz))(iR holds whenever z£G, x,y£A, 

(i= 1, ..., n) then Bi=f(Ai) (i= 1, . . . ,« ) yields an appropriate covering of ran/. 
If G is a topological group, X is a Banach space, then the continuous func-

tion /: G—X is almost periodic if and only if the orbit of /is relatively compact 
in the Banach space of all continuous, bounded X-valued functions on G. (The 
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•orbit of / is the set of all right translates of f. It can be proved that this is equivalent 
to the relative compactness of the set of all left translates of /.) 

For more about almost periodic functions see e.g. [2], [3], [4], [5], [6]. 

3. Bounded solutions of functional equations. 

Theorem 3.1. Let G be a topological group, n a positive integer, and ak, bk: 

G-+ C bounded functions, where the aks are continuous (&= 1, ...,«). If f: G—C 

is a function for which 

(1) f(xy)= 2ak(x)bk{y) 

k = 1 

holds whenever x,y(iG, then f is a continuous almost periodic function. If the ak's 

are linearly independent, then the bks are also continuous almost periodic functions. 

Proof. Let B(G) denote the set of all complex valued continuous bounded 
functions on G equipped with the pointwise operations and sup-norm. B(G) is a 
Banach space. Let 

A = {h(y)ak: ydG} (k = \,...,n). 

As ak is continuous bounded and bk is bounded, hence Ak is relatively compact in 
B(G) (k=1, ..., n). Let F denote the orbit o f/in B(G), then by (1) we see that F 
is a subset of the set At + ...+An, which is a continuous image of the relatively 
•compact set AlX...XAn. Hence /is almost periodic. The continuity of / follows 
directly from (1) by the substitution y=e (the unit element). 

If the ak s are linearly independent then there are elements xl, ...,x„ of G 
for which the matrix (a^Xj)) is regular (see e.g. [11]). Substituting the x,'s into (1) 
in place of x, for fixed y we get that the numbers bk(y) satisfy a system of linear 
^equations, the matrix of which is regular. Hence the functions bk can be represented 
as a linear combination of some translates of / and thus they are continuous almost 
periodic functions. 

Theorem 3.1 can be generalized as follows: 

Theorem 3.2. Let G be a topological group, L, M, N normed spaces, g: G-~L 

a totally bounded continuous function, h: G-*M a bounded function and F: LXM-*N 

a bounded bilinear operator. If f : (?—iV is a function for which 

(2) f(xy) - F(g(x): h(y)) 

¡holds whenever x,ydG, then f is a continuous almost periodic function. 

Proof. The continuity of/follows by substituting y=e. Let e=>0 be arbitrary 
and let K be a bound for h. As g is totally bounded, there exists a finite covering 
L1,...,Ln of rang such that ||i/—u[| <e whenever u, vd.Lt (i=l, ..., n). Let A-t = 
=g~1(Li) (t'=l, ...,«) then Alt ..., An is a finite covering of G. If x, y£A{ 
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(/ = 1, ..., n) then g(x), g(y)dL{ hence ||g(*)-g(.v)ll <e which implies for every z£G 

\\f(xz)-f(yz)\\ = \\F(g(x),Hz))-F(g(y),h(z))\\ = 

= !|F(gW-g(y) ;ft(z))|| S C||g(*)-g(>OI|-K^C-e-K 

that is / is almost periodic. 
The linearity of F in (2) can be replaced by uniform continuity. Namely, we have 

Theorem 3.3. Let G be a topological group, L, M, N uniform spaces, g : G-~L 

a totally bounded continuous function, h: G-~M a bounded function and F: LxM-~N 

a uniformly continuous function. If f : G^-N is a function for which (2) holds when-

ever x, y£G then f is a continuous almost periodic function. 

Proof. The continuity of/follows by substituting y=e. Let R be an arbitrary 
X-entourage. By the uniform continuity of F there exists an LxM-entourage S, 

for which ((m, d), (u', u'))6S implies (F(u,v), F(u',v'))£R. Further there exists 
an L-entourage T such that («, u')£ T and v£M implies ((u, v), (u', v'))£S. By 
the totally boundedness of g there exists a finite covering Lx, ..., L„ of rang such 
that u,u'£L{ implies (u,u')£T(i—l,...,n). 

Let Ai=g~1(Li) 0 = 1» •••>"), then At, ...,A„ is a finite covering of G, and 
for x, y£Ai (i=l, ..., n) we have g(x), g(y)£Lit hence for z£G 

(f(xz)J(yz)) = (F(g(x), h(z)), F(g(y), h(z)))£R, 
that is / is almost periodic. 

Remark 3.4. The conditions of Theorem 3.3 are satisfied for instance if g, 
h are bounded functions with values in finite dimensional vector spaces (or, more 
generally, in Montel spaces), L, M denote the closures of their ranges respectively, 
and F is continuous on LXM. Hence we have the corollaries: 

Corol lary 3.5. Let G be a topological group, let g, h: G—C (the set of com-

plex numbers) be bounded functions, and let g be continuous. Let F: (ran gX ran h)~ — 

—C be a continuous function. If f : C is a function for which (2) holds when-

ever x, yd G, then f is a continuous almost periodic function. 

Corol lary 3.6. Let G be a topological group, f: G—C be a continuous bounded 

function. Let F: (ran/Xran/)~ — C be a continuous function. If the equality 

(3) f(xy) = F(f(x),f(y)) 

holds whenever x, yd G, then f is almost periodic. 

4. Bounded solutions of equation (1). In this section we exhibit all bounded solu-
tions of equation (1) on commutative groups. More exactly, we show that / is a 
trigonometric polynomial and so are the functions ak, bk whenever the ak s and 
also the bk s are linearly independent. By trigonometric polynomial we mean a 
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linear combination of continuous characters. Here the number of different characters 
is called the degree of the trigonometric polynomial. 

In what follows we assume that G is a commutative topological group with 
sufficiently many continuous characters, that is any two elements of G can be sep-
arated by continuous character. For instance all locally compact Hausdorff groups 
posses this property and so does the additive group of any locally convex topological 
vectorspace. Then the Fourier transform of almost periodic functions can be defined 
as an injective mapping by the formula 

/(V) = J f l 

(where f denotes the invariant mean on almost periodic functions) whenever y is a 
continuous character of G (see [5], [6]). 

Theorem 4.1. Let G be a commutative group with sufficiently many continuous 

characters, n a positive integer and ak, bk, f: G—C (k = 1, ..., n) functions. If f is a 

continuous bounded function, then it is a trigonometric polynomial of degree at most n. 

Proof. First we assume that the ak s and also the bk's are linearly independent. 
Then there are elements x1} ...,xn of G for which the matrix (a^Xj)) is regular. 
As in Theorem 3.1 we obtain that the bk's are continuous bounded functions. Simi-
larly, we get the same for the ak s. 

By Theorem 3.1, f , ak, bk are almost periodic functions. On the other hand, 
the linear independence of the ak s implies the same for their Fourier transforms. 

Now let y be fixed and compute the Fourier transforms of both sides of (1) as 
functions of x. We obtain 

(4) f(y)y(y)= 2ok(y)bk(y) 
k = 1 

where y£G and y is a character of G. Now compute the Fourier transforms of 
both sides of (4) as functions of y. We obtain 

(5) / ( 7 ) K 0 = ¿4t(y)S*(T) 
t = l 

where y, t are characters of G. Let y1, ..., yn be characters of G for which the matrix 
(dk(yj)) is regular. Substituting in (5) for y we get that the numbers Bk(T) for x^yj 

( y = l , • • •,«) satisfy a homogeneous linear system of equations, the matrix of which 
is regular, hence bk(T) = 0 for t ^ ( j = \ , . . . , n , k=l, ...,«). Thus the Fourier 

n 
transform of bk— 2 bk(yj)yj vanishes, and hence bk is a trigonometric polynomial 

j=i 

of degree at most n (k = 1, ..., «). Similarly we get the statement for ak, f. 

In the general case, when the ak s or the bk s are linearly dependent, then by the 
successive decreasing of n we can make the ak s and the bk s simultaneously linearly 
independent and hence the statement remains valid for /. 
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Corollary 4.2. Let G be a locally compact topological group. Then any finite 

dimensional translation invariant subspace of the Banach space of all continuous 

bounded complex valued functions on G consists of almost periodic functions. If G is 

commutative then this subspace consists of trigonometric polynomials. 

Proof. Let M be the subspace in question and let ar, ..., an be a basis of M. 

Then for every f£ M we have 

(6) f(xy)= 2ak(x)bk(y) 
k = 1 

whenever x,y(LG. Since the ak's are linearly independent, hence the bk's are con-
tinuous bounded functions. This implies that / is almost periodic. If G is commuta-
tive then, as in the proof of Theorem 4.1, we obtain that the bks are trigonometric 
polynomials and hence substituting x=e in (6) we see that / is a trigonometric 
polynomial. In particular, the ak s are trigonometric polynomials. 
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