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On p-weak contractions
L. KERCHY

H. Bercovict and D. VoicuLescU [1] defined the algebraic adjoint of operators
belonging to the class I+%,. In Sec. 2 we extend this notion to the operators of
class I+%,, where p=1 is an arbitrary integer. In Sec. 3 we study contractions
T such that ¢(T)=D~ and I-T*T<%,, where p=1 is an arbitrary real number.
These contractions will be called p-weak. We show that their characteristic functions
have (generally unbounded) scalar multiples. With the aid of this we characterize
in Sec. 4 and 5 the spectra of p-weak contractions and some C., contractions.

In [1] it was proved that a C, contraction is a weak if and only if its Jordan-
model is a weak contraction. In Sec. 6 we study the validity of this statement for
p-weak contractions.

1. Preliminaries

We shall consider separable Hilbert spaces over the complex field C.

1
If 4 is a compact operator on the Hilbert space R, then |4|=(4*4)% is
a compact selfadjoint operator. So there exist a decreasing sequence of positive
-numbers {s;} (the s-numbers of A) and an orthonormal system {p,} such that
lim 5;=0 and |4[=2 5;(-, ¢;)9;. If p=1 is an arbitrary real number, then the

Schatten class %,(R)‘ is the set of compact operators 4 such that Z (si(A))’<oo.
It can be shown that %,(R) is a two-sided self-adjoint ideal in Z'”(R) and the
function [A4],:= [Z s{’]% is a Banach-norm in %,.

For arbitrary‘operators A,CeL(]) and B€%,(R) we have [ABC|,=
=I4IIBIACH. If 4,€%, (j=1,..,n) and j;";pj_lél then A=4d, ... 4,6%,,

Received October 17, 1979,



282 -. . o N L. Kérchy

where p~'= 3'p;'; moreover, l4ll, =040, --- 144l - Let {B,} be a sequence
j=1 "

of operators tending to the operator B in the strong sense and let 4 be an operator
from %,(R). Then ’!LILI, |B,A—BA|,= iini |AB, —AB",,=3I;I£1° |B,AB,— BABJ|,=0.

The operators A€%,(R) are those with finite trace, i.e. for which S‘ (Ao, ¢))
. i=1

is convergent for every orthonormal basis {¢;}. This sum is independent from the
choice of the basis and is called the trace of A4, and is denoted by tr 4 or sp A.
The following properties hold. For every A4, 4,€%; and ¢,,c,€C we have
Sp (c1Ay+cods)=cy sp Ay+cysp A,. If AB,BA€%, and A or B is compact,
then sp (4B)=sp (BA). If A€%,, then sp A*=§_Z and |sp 4|=]Al,.

" Let us assume that the operator 4 has the form A=I—X where X€%,
(p=1 integer). Let {4;} be the sequence of the characteristic values of X taking
them according to their algebraic multiplicities and let {s;} be the sequence of the
s-numbers of X. It can be proved that Z’ 14; 1”52 s?, so 2’ |A]P<oo. Therefore

we can define the p-regulated determinant of A by
, p=1 1
detA:= ]] [(I—A') exp [ > —k—l’;]] .
=1

If "AcI+%,, then detA (detA) exp [ 2’ sp(I -A)"] where det A= detA_
= ]] (1—4;). The function det( ) is contmuous in the following sense. If A, 4,

are operators from I+%, (n=1,2,...) and hm ||A —A|,=0, then 11m detA =

(r)
=det 4.

For a detailed discussion of these facts see [2], ch. I1, 111, IV.

Let A be an arbitrary operator on the finite dimensional Hilbert space K,
having. the matrix [g, ]} ;_; in the orthonormal basis {e};_,. Let us denote by
b, ; the determinant, multiplied by (— 1)*J, of the matrix obtained from the matrix
la; ;1 ;-, by deleting its ith column and jth line (1=i,j=n). The algebraic
adjoint A*® of A is defined as the operator having the matrix [b; J;_, in the
basis {e;}7_,. It can be shown that this definition does not depend on the choice
of the basis {e;};_,. For details we refer to {1], § 5.

" For any two (separable) Hilbert'spaces €, €, the operator-valued Hardy
space H=(Z(€, €))) is the set of all bounded, Z(€, €,)-valued analytic functions
in the unit disc D={z€C|jz|<1}. A function @€ H=(Z(E, €,) is contractive if
||@(z)|151 zeD. It is purely contractive if moreover [@0)f|l<|f] for every
f€G, f=0. We say that two functions ©,€ H=(Z(E,, €,)) (i=1,2) coincide if
there are unitary operators U: €, —~G,, V: €, —~ €, such that O,(HU=VO,(2)
for all AcD. A function @€ H™(Z(E,E,)) is outer if it has dense range as an
element of Z(H*E), H*E,)). The function @~ is defined by @ "(z)=(O(2))*, z€ D.
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If OCH=(Z(E, €,)) is purely contractive, then S(©) is the operator acting
on the Hilbert space

H = [H%(C,) @ AL} (©)]| 0 (0w ® Aw|we H2(®)},

1
where A(f)=(I—0(£")*O(e")2, and defined by

S(0)" (u,®v) = e™*(u, (") —u,(0)de~"v(0),
u, bveH. )

1
If T is a contraction on the Hilbert space $, then Dy=(I—-T*T)z, Dy,=

1
=(I-TT*z will be called the defect operators, and Dr=(DrD)~, Dye=(D7+9H)~
the defect spaces of T. The characteristic function of the contraction T is the puraly
contractive function @r€ H=(Z£(D;, Dr4)) defined by

0,(A) = [T +ADp(I~AT*1D;]| Dy, A€D.

A contraction T on § is completely non-unitary (c.n.u.) if for no non-zero reducing
subspace € for T is T|{ a unitary operator. For these facts see [3], ch. V, VL

If {m,}, is a sequence of inner functions such that m,,, divides m, for all n,
then we call the operator @ S(m,) a Jordan-operator. It was proved in [4] that for

every C, operator T (cf. [3], ch. III) there exists a unique Jordan-operator S,
the Jordan-model of T, such that T and S are quasi-similar.

2. Algebraic adjoints of operators of class /+%,

In this section we extend the notion of algebraic adjoint defined by H. BErCOVICI
and D. VorIcULESCU [1] in the case p=1 to the operators of class 1+%,, where p=1
is an arbitrary integer. The definition will be introduced, as in [1], in three steps.
Firstly we treat the finite dimensional case, after that the case when the operator
belongs to the class I+% (& denotes the class of operators having finite rank)
and at last the case when the operator is taken from the class 7+%,.

2.1. The finite dimensional case. In this section let & be a finite dimensional
Hilbert space, dim &=n.

Definition 2.1. If A€ ¥(]) and p=2 is an integer, then the p-regulated
algebraic adjoint of A is the operator defined by

D._ aa = Ak
A%4:= AMexpl > T sp(J—A)].
k=1
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. Proposition 2.2."
(p) (p) @)
() A4%=AAd4 = (det A)I;
@) If {e})}, is an orthonormal basis in K, and 1=i, j=n, then

(»)

) <AAdei7 ej> (det Au) CXP [SP (qp(A i, jo j) Pj)],
where P;=(-,ee;, U, ;=(-,epe;, A ;=U, ;+A(I—P)) and q,(x, X, X3) is a
polynomial in its non-commuting variables (depending only on p).

(iii) There exist constants D,>0, C,>0 and y,>0 (y, being an integer)
depending only on p such that

¥
[4%°) = D, exp[C, | I—Al}].

Property (i) immediately follows from the definition. As for property (ii),
we have

<Aggei’ ej> = <AAdei’ ej> €xp Ell%sp (I_A)k] =
k=1
(det A; ;) exp [sp[ T —(—4y-{ _Ai,j)k)]] =
(detA, ;) €xp [sp( " —((I—A~[(I-A)+(4-U; )P ]k)]] =

(det A; ) exp [sp(4,(4, U, ;, P)P;)]-
For proving property (iii) we need the next lemmas.

Lemma 2.3. For every integer p=2 there exists a constant C,=>0 such that
for all 2€C we have
1]

£,() = (= Byexp A+ 2 724 b

= exp[Cy|AI7]).
1
Proof. In the case Illéi we have

exp[log (1—/1)+,l+ AR +

exp z’ =exp[lP].

) =

[f |4=p, then m(x>|§exp[2w+7|x|2+...+ﬁwv-l]-f—exp[pulv-llé

|/ =

=exp [|A”]. Now there exists a constant M, such that |f,(D)|=M, if %§|A|§ D
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1)¢
Choosing C,=27In M, we have |f,(A)|=M,=exp [C; (3] ]éexp [C,1A]7] when
—;-élllé p. Therefore C;=max {1, C,} will be suitable.

Lemma 2.4. There exist constants D, y and C, y such that for every normal
operator A we have
(p)
@1) 1449 = D,,n exp[C,, yII T— AlIf).
Proof. There exist an orthonormal basis {e;};_, and complex numbers {4;}}_,
such that I—-A= Z’ 2;(+,e)e;. Then denoting by AA®-D the exterior product, tak-

ing A (n—1) tlIIlCS we have

(p) p—1 1
145 = parov) [ exp | 5 £ sp (1| =
k=1
n p—1 1 p—1 1
= [la-mewn |3 1 2 exo[re 5 1]
i=1 k=1 k k=1 k °

iy

for some index i,. By virtue of Lemma 2.3 we have

1498 = exp[c; 3 1] exp [Re (3 4 ) - 3 k] = Dy expic - g,

where Dy is an upper bound of the second factor, when 4, alters in C. D, n=Dj}
and C, y=C; will be suitable constants.

Lemma 2.5. For arbitrary operators X,Y and integer p=2 R, (X, Y) denotes
the operator given by
22) R Y) =5 l [(X+Y —XY)—X*—Y¥.

Let R,(X,Y) be the polynomial obtained from R,(X,Y) omitting the terms of
degree less than p. Then

2.3) spR,(X,Y) =spR,(X,Y).

Proof. We can assume that p>2. Obviously
24 R,(X,Y)=R,(X,Y)+ 2 K(X,Y),

where K, (X,Y) represents the homogeneous part of degree g of R,. So it will
be enough to prove that

2.5) spK,(X,Y)=0 for g=2,..,p—1.
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Let g be an arbitrary integer such that 2=g=p—1. All termsin K, contain
both X and Y.

Let T be the mapping on the formal products containing g factors of operators
from £(8) such that

T(Ay... A)i= Ay Ay... A 4;.

If i=1, j=1 and i+j=q, then let us denote & ; the set of S(X, Y)’s, where
S(X,Y) is a product containing X i-times and Y j-times. We call S(X,7Y)
equivalent to S’(X,Y) if there exists an integer r=0 such that T"(S(X, Y))=
=8’(X,Y). It is clear that this is an equivalence relation on %, ;. If S(X,Y)
is equivalent to S’(X,Y), then sp S(X, Y)=sp S’(X,Y). Therefore to verify
(2.5) it is enough to prove that in any case i=1, j=1, i4j=gq, taking an arbitrary
equivalence class of %, ; the sum of the coefficients in K, of the products belonging
to this equivalence class is 0.

Let S be an arbitrary element in %, ;. We compute the coefficient of S in K.
The factor Y is called essential in S if an X factor precedes it. Let us suppose
that the number of essential Y’s in S is j, (0=j,=j). We can get S(X,Y)

1
in K, such that (XY) occurs s-times (0=s=j) as a factor only from —--
—s

-(X+Y—XY)?*. Since the number of the factors (XY) is j,, the coefficient
7 1
derived so is (i 0] (—1y——. We get that the coefficient of S(X,Y) in K, is
q—s

.6 Sev(t)L

We denote by $ the equivalence class of § in % ;. There exists a least

positive integer r such that T"S=S. We infer that r devides g, and $=
={S, TS, ..., T""1S}. We may assume that the first factor in S is X, so j,=1.
The number of essential Y’s in T'S is (j,—1) if the first factor of T'S is an
operator Y which has occurred in S as an essential factor. Otherwise this number

r
is j,. Therefore there exist —q— Jjo elements in $ such that they have (j,—1) essential

r
Y’s, and there exist — (g—j,) elements in S such that they have j, essential ¥’s.
q

By virtue of (2.6) the sum of the coefficients of the elements of S in K, is

@7 -;—jo:g(—l)‘(hs_l] —t+ (q 10)2( I)S(J")qls

A short computation shows that this sum is 0.
The Lemma is proved.
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Lemma 2.6. Let A be an arbitrary operator and A=U|A| its polar de-
composition. Let us denote X=I—-U, Y=I—|A| and Z=I—A. Then

(2.83) 1Xl, = 1213 +31Z1, and Y|, =Z|3+21Z],.
Proof. Because |1—Vi|=|1—i| (1=0) we have
(29) Y1, = M—A4]l, = |I— A*A],.

On the other hand from the identity I—A*4A = —(I—A"(I—A)+{I—A)+{T—4%
we can derive

(2.10) 11— 4* A, = - Al3+2|1- 4],
The second relation of (2.8) follows from (2.9) and (2.10). The first one can be
got from this and the inequality || X|,=[Y|l,+]|Z], derived from the equation
X*=Y-U*Z

We can now prove the property (iii) in Proposition 2.2. Let 4 be an arbitrary
operator and let X, ¥, Z -be defined as in the Lemma 2.6. A short computation yields

(r) (»_(p)
2.11) AAd = |4|AUA exp [sp R, (X, Y)],
where R, (X, Y) is given by (2.2). Applying Lemmas 2.4 and 2.5 we infer that there
exists a polynomial 7, with positive coefficients such that
(p) ‘

(2.12) 144 = exp [r,(1X ||, 1Y 1I))-
On account of Lemma 2.6 property (iii) follows.

2.2. Definition and properties in the case 4€7/+ . There exists a decomposition
K=8,®RK, reducing 4 such that dim &; =n<< and 4 has the form 4=4,87,.

@) ®  ®
Definition 2.7. 42%:=AM®(det 4) L.
Proposition 2.8. The properties in Proposition 2.2 hold.

Proof. (i) is evident. (iii) follows from the same property of Proposition 2.2

p—-1
p—1 A ]

=exp [C;‘ ;; |A,~|"] =exp [C, [ I;— 4,5], where A’s are the characteristic roots of 4.

=

® n
and the inequality [det 4| = ’]] (1-4)exp [/1,-+% A+
i=1

(We have used Lemma 2.3.)
We prove (ii) firstly in the special case when the basis {e;} is such that
e®...de,=8K,;. It can be easily verified that for every 1=i, j

9 D 0 exo Lo (5 L (1 a1 ,
(A%e;, e;) = (det 4, ;) exp [sp[z"1 Tc-((I—A) —(I-A4,;) )]]

P
k=
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Then property (ii) follows as in the proof of Proposition 2.2. Now we can easily

: @
see that the definition of 449 does not depend on the decomposition RK=R,BK,.
Therefore property (ii) is fulfilled in general.

2.3. Definition and properties when A¢/+%,. There exists a sequence of
operators {4,}, such that 4,6/+% forall n, and lim|4,—A4|,=0. Let {e}

be an orthonormal basis in &, and 1=i,j. Since lim 47— 4, I, =0 also
) @)
holds, we infer lim det A{")=det 4, ;. On the other hand,
h}n "qp(Ans Ui,ja Pj)Pj-qp(A, Ui,js Pj)Pjul =0
for lim ||4,—A||=0 and rank P;=1. So we can write li'{n sp (¢,(4,, U, P)P)=
=sp(g,(4, U, ;, P)P ;). Therefore by virtue of property (ii) of Proposition 2.8 we get
. ) ®
lim (42%;, e;) = det 4, ; exp [sp (¢,(4, U, ;,P;) P;)].

(p)
Regarding property (iii) of Proposition 2.8 we see that {||449||}, is bounded. So

Pp.

®
the operator sequence {A42%}, is weakly convergent.
®) o) S
Definition 2.9. 4%%:=lim 429, where the limit exists in the sense of weak
n

@)
operator convergence. We call 44 the p-regulated algebraic adjoint of A.

Theorem 2.10. If ACI+%, is an arbitrary operator, then the properties of
Proposition 2.2 are satisfied.

Proof. We can infer these properties from the definition and the corresponding
properties of Proposition 2.8.

Remark 2.11. We can define similarly p-regulated algebraic adjoints of
higher order of operators belonging to 7+%,.

3. p-weak contractions

In this section p=1 is an arbitrary real number.

Definition 3.1. A contraction T will be called a p-weak contraction if its
spectrum o(T) does not fill the unit disc D and 7—T*T belongs to the class %,.

Remark 3.2. We can easily see that if J—7T*T is compact then there exist
a maximal partial isometry U and a compact operator X such that T=U+X.
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By reason of the properties of semi-Fredholm operators (cf. [5]) we infer that if
o(T)ND#D and o, (T ND=D then o¢,(T)ND=0,T*)ND=0(T)ND and
o(T)ND consists of isolated points in D. (,(T) denotes the point-spectrum
of T.) Therefore we can state that a contraction T is p-weak if and only if 6,(T)
and ¢,(T*) does not fill the unit disc D and I-T*T¢%,.

Definition 3.1 is a generalization of the concept of weak contractions (case
p=1). Several properties carry over to this case also.

Theorem 3.3. If T is a p-weak contraction, then so are

() T,=(T—al)(I—aT)~t, where acD;

(i) T*;

(iii) T|8, where L is an invariant subspace for T and o(T\®)=D".
- Proof. ¢, being a two-sided ideal we see that J—TT,=(1—|a|)(I—aT*)"*.
-(I-T*T)(I—aT) *€%¥,. Properties (ii) and (iii) follow as in [3], ch. VIIL

Theorem 3.4. If T is a p-weak contraction then there exists a contractive
analytic function O, H*(¥(€)) coinciding with the characteristic function of T
such that Oy(A)eI+%,(€) for all AcD. All such function is of the form UGB,
(regarding unitary equivalence), where U is an arbitrary unitary operator belonging

to the class I+%,. Moreover @, can be chosen such that for all unitary operator
Uel+%,(€) and AcD we have

11— @M, = IDH,(A —1A)~*+II-Ull,,
where ©@=U0,.
Proof. Let a€D\o(T) and T,=(T—al)(I—aTl)"t. We have D} =
=2 ﬂn( *s q’n> Pns Dz: =2 #n( *s lpn) "pn Where {q)n}, {llln} are Orthonormal SyStems
(cf. [3], ch. VIII). The operator U,£L(Dr,, Drr) defined by U,¢,=—y, will be

unitary and O,()=U; O (D)EI+%,(Dy,) for all A€D. (O and O, are the
characteristic functions of T and T, respectively.)

11— @.()ll, = 1+ Uz T)IDr,ll , + | AU Dy (I-AT5) Dy ||, =
= |(I+ UsT)IDrll, + 12 Drtllop 1D llop (1 = [A) 7 = | DE I, (1 —|AD ™

1 1
(We have used that [[(/+ UST)|Dr)l,=(5 (1 -(1—p)2)?)? =||D%,J, and that

1
1D ll2p=Drsllop=(IDFN)2")
There exist unitary operators U,€#(Dy, Dr), U,€L (D2, Dyp+) such that
/1+a]_

Ata
@T [—l_-i-ai_] =U2@Ta(2') Ul' Then for @0(}»)=Uf U: Uz* @T(A) we have T— @0 (-1-’(-—&},
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A—a

= U} (I~ O,W)U; and 11— O, =ID%,1, (1 - 22

-1 2] + |a] ]_1
=||D2 PRSI i SLIN hndt
] —" Ta"p(l 1 } |a”)~i
1

Since IID2 N, =15*D}S|, = ISI2| D3, where [S] = |(1~|al)E(I—aT)™ =

( 1+]|a 1+|al
=

1-|q| —la|
a€DN\o(T) can be chosen arbitrary small, therefore

) we infer that uz-@o(z)u,_( ) ID3],(1—A)~. By Remark 3.2

=8, = |1DF],(1—[AD

Because [[7—UO MW, =IT—0oDll,+IT1- Ul 10, M =11-0,Dl,+II-Ull, if
Uel+%,(Dr) is a unitary operator, the Lemma follows.
The next converse of Theorem 3.4 is true.

" Theorem 3.5. Let O¢H ”(.‘?(G, €,)) be a purely contractive analytic funbtion.
Let us assume that there exists a 1o€ D such that ©(1,) is invertible and there exist
a M€D and an unitary operator UYL (€, €,) such that U*O(A)EI+%,(C). Then
S(®) is a p-weak contraction.

Proof. The characteristic function of S=S(0®), @s coincides with ©.
(Cf. [3], VI. 3.) So there exists a unitary operator U,€%(Ds, Ds.) such that

Uy Os(A)€I+%,(Ds). Let us denote §;=S, =(S— - D({I—1,8)"1. Since the
A
characteristic function of ), @,(1) coincides with @s[ +/,[;] (cf. [3], ch. VD),
1
there exists a unitary operator Uze,?(bs , Dsr) such that 0,(0) =

—U*S1|ZDS€I+%” (Ds)- Therefore (I S*SI)IZD =I- (SF(=U)(~ U*Sl)lbs
€%,(Ds,) andso I—SfS,€%,. @1

1 /T l being invertible we see that o (S) =D~

(cf. [3], VI). Therefore S, is a p-weak contraction and by Theorem 3.3 so is
S=(SD_,,-

Remark 3.6. Regarding Remark 3.2 we see that Theorem 3.5 remains valid
if instead of the existence of 1,6 D such that ©(4,). is invertible we assume that
there exist A, ;€D such that ©(45) and @7(47) are injections. (Cf. 3], V1. 4.)

Corollary 3.7. Let OcH=(%(€)) be a puraly contractive analytic function.
Let us assume that there exists a L€D for which @(A)EI+%,(€) and there exist
Aos Ag€D such that O(A;) and O~ (A)) are injections. Then O(NEI+%,(E) for all
A€D and ©(}) is invertible except isolated points in D.

Proof. By Remark 3.6 S(©) is a p-weak contraction. So by Theorem 3.4
there exists a unitary operator U€%(€) such that UO()EI+%F,(€) for all A€D.
In particular UO(A)€I+%,(€). Since we have also O(1,)EI+%,(€) we infer
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that UEI+%,(€) and so that @(L)€I+%,(€) for all AcD. The other part of the
theorem follows by Remark 3.2.

Corollary 3.8. Let {m,} be an arbitrary sequence of non-constant inner
Junctions.
@) If there exists a MED such that 3 |l —m(A)|P<oo, then for all 2D

we have 3 |1 —m ()P < .

(i) If there exists a L€D such that 3 (1—|m,(A)|)’<eo, then for all AcD
we have 3 (1—|m,(2)|)P< .

Proof. (i) is an immediate consequence of the Corollary 3.7.

If S=@ S(m,) then I-SS*=3 (1—|m,O)P){+, ¢y0, where {p,} is an

orthonormal system. So (ii) follows by Theorem 3.3 (i).
Now we regard some important corollaries of Theorem 3.4.

Corollary 3.9. Let p=1 be an integer. If O is the contractive analytic
Sfunction occurring in Theorem 3.4, then for qll AED we have

) II@(l)A"II = D, exp [C,(IDF, (1 —[AD) T+ I— U[ )]
(ir) Idet@(l)l = exp [CF (1DH, (1 - 1A+ 71— U1},

where C,, D,, v, are the constants from Theorem 2.10 and C} is the constant from
Lemma 2.3.

Proof. (i) is an immediate consequence of Theorem 3.4 and Theorem 2.10.

Let A=I—X where X€%,. Let us denote by {A,}, {s,} the characteristic
values with algebraic multiplicities of X and |X| respectively. Then by Lemma 2.3
and [2], ch. II. 3.1 we infer

[¢2]
|det 4] = ]][(l— ,,)exp[l += L /12+ +p Ap- 1)]

=exp[C) %’ [2417] = exp [C;‘%’ s8] = exp[C, [ I—A]3].

(ii) follows from this relation and Theorem 3.4.

Theorem 3.10. If T is a p-weak contraction (p=1 integer) and @ is a
contractive analytic function coznczdtng with the characterzstlc functzon of T such that

ONeI+%, for all AeD, then @A“ and det © are analytic functions on D.
Proof. Let {P,} be a sequence of orthogonal projections of finite rank which

@
converges strongly to the identity operator. Then ©,=P,0P,+(—P,) det(P,OP,)
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is a contractive analytic function for every n, and {|@(1)—0,(),}, converges

® ®
to 0 for all A€ D. Therefore {det ®,}, converges to det @, and by Theorem 3.4
and Corollary 3.9 this sequence is uniformly bounded in every compact subset of D.

®
Now analycity of det @ follows by Vitali’s theorem.
®)
Regarding Theorem 2.10 (i) analycity of ©4? follows similarly.

Definition 3.11. The Z(G, €,)-valued analytiy function @ is said to have
the general scalar multiple 5(2), if §(4) is a scalar valued analytic function, §(2) 0,
and there exists an Z(€,, €)-valued analytic function @ such that for all AeD

we have
QO =61, ONQQR) =0 Ig,.

Theorem 3.12. If T is a p-weak contraction (p=1 is real), then its charac-

(@
teristic function @ has a general scalar multiple. Particularly det @ will be
a general scalar multiple, where q=p is an arbitrary integer and @ is a function
coinciding with ©1 and such that ©(A)€I+%, for all A€ D.

Proof. Theorem follows by Theorems 3.4, 3.10 and 2.10 (i).

Remark 3.13. If p>1 realand T is a p-weak contraction, then @, does not
have generally a scalar multiple. Even it may happen that there is not a general
scalar multiple belonging to some Hardy-class H? (g=0). For example let {a,}
be a sequence of complex numbers such that O<l|g,|<1, > (1—]|q,|)’< <o for all

p>1, and 3 (1—|a,])=<-. Let us denote

m,(3) = lad _a, =2 and T = @ S(m,).

a, 1-a,2

Then T is a p-weak contraction for all p>1, but @, does not have a general
scalar multiple belonging to some class H?. (Cf. [6] Theorem 2.3 and [3], ch. V1)

4, The spectrum of a p-weak contraction
Let T be a p-weak contraction (p=1 integer). By Theorem 3.4 there exists
an analytic function @ coinciding with @5 such that ©(1)€I+%, for all A€D.

(r) )
We can define det ©® which will be an analytic function on D. Because det @(1)=0
if and only if @(4) is not invertible, we infer that ¢(T)ND coincides with the set

(6]
of zeros of det®. (Cf. [3], VI. 4) (For the unitary part T, of T we have
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o(T,)ND=0.) We can estimate the growth of Idet O()| by Corollary 3.9. On
the other hand there is a connection between the growth of absolute value and
distribution of zeros of a function analytic on D. So we can get information about
the distribution of points of ¢(T)ND. )

Definition 4.1. If «={a,} is a sequence in D then ra:=inf{x>0|2 (1= o, ])* =

<oo}. If pB={B,} is an arbitrary sequence of non-zero numbers in C then

() <
w \Bl ’

Definition 4.2. If f is an analytic function on D, then 'g,. denotes the
infimum of positive pu’s which satisfy that there exists an r,<1 such that for all
r,<r<1 we have M_(r)=max {lf(/l)l“/ll:r}éexp [(1—-n7*. We call o, the
order of the function f.

Tpi= inf{x =0

Lemma 4.3. If f is an analytic function on D and o={w,} is the setjuence
of its zeros, taking them with multiplicities, then
Tq § Qf+ 1.

Proof. Let us denote f={8,=(1 —|a,])~*}. For 7,=73 and 1},=Tﬁﬁ%

where vz(r) denotes the number of §,’s having absolute value less than r, (cf. [7],
V. § 15), we have

.. = T Invg(1-r)71) Im %@ = Inv,(1—e(1-7))

r=+1—0 —In (l—r) - r~1-0 —In (l —r) - r—+1-—0 —1—In (l—r)

If f(0)0 and O<r<l, then

u-1) — r : u

f' QI ‘7’" vp(w)du _ 1—r U7 y(u)du _
4 (e(1—r)-1

0

. va(le(1—m)7Y) = 1-r ve(1—e(1—1).

Moreover if |f(0)|=1, then f AU )dt ——=in M;(r) (cf. [7], V. §15), so in this case

0

v.(1—e(l —r))~ ln M,(r). We infer that if f is an arbitrary function having

0 as a zero with multiplicity n, and %< r<1 then

n!

SO

vo(1—e(1—r)) = 1—:r—lnM,(m- — ! —1In
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Therefore
Inln M,(r)

T, = 1+'»1_0 (-1

It is easily seen that
Inln M,(r)

LA P Y (I

5o the Lemma is proved.

Theorem 44. If T is a p-weak contraction (p=1 integer) and o(T)ND=
={A,}=2, then t;=p+1.

Proof. The Theorem follows by Cdrollary 3.9 and Lemma 4.3.
This estimation is not exact in the case p=1. Indeed then det @€ H= and
so 3 (1—|A,))<<e. There is a question whether it is exact in the case p=2. In

The(;rem 3.12 we verified the existence of a general scalar multiple of order p of
Oy if T is a p-weak contraction. It remains a question whether there is a general
scalar multiple of order (p—1) of ®; for arbitrary p.

We give exact estimation for a special class of operators.

Lemma 4.5. Let {m}; be a sequence of inner functions. Let us denote {a},
the zeros of m; with multiplicities. If there exists a 3,€ D such that 3 (1~jm (AP <e

(p=1real) then 3 3 (1—|oa@])P<c-.
Proof. By Corollary 3.8 we know > (1—(m;(0)])’ <. Regarding the fac-
i
torization of m; into the product of a Blaschke product and an inner function non-
vanishing on D, we see that 3 (1~ [T |o{?[)P=> (1 —|m;(0)|)?<<. There exists
a 0=0 such that for every %éxél we have 1 —x=—Inx=6(1—-x). We may

1 ; .
assume that 5= JT 19| =1 for every i. So for arbitrary i
n

0=l =-Znle? = ~1n(J] ) = 6(1— [T la1).
Therefore > (1—[afP))P=5 (5 (1~ [P =6" 3 (1= lof9])P< oo. The Lemma
is proved. " " "

Theorem 4.6. Let {m;}, be an arbitrary sequence of inner functions, and
S=EPS(mi). If S is a p-weak contraction (p=1 real) and ¢(S)ND={A,},, then

;’ (A=A, D <oo. (It is easily seen that this is an exact estimation.)

Proof. Since S is a p-weak contraction, we have 3 (1 —|m;(0)])?<e<. By
i

Lemma 4.5 we infer 3 (1 —|af?])?< o, where {a{?}, is the sequence of zeros of
i,n
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m, 0

my

m; without multiplicities. For @g coincides with ,» 50 0,(S)ND=

0 .
=0,(SHND={a{}, ;#D. (Cf. 3], VL. 4.) Then by Remark 3.2 we see that ¢(S)N
ND=¢,(S)ND, therefore o(S)ND={afP},; and the Theorem follows.

5. The spectra of contractions of class C.;

Lemma 5.1. If @cH=(¥(€, €,)) is an outer function, then for all 0<r<l
0,()=0(rl) will be also an outer function.

Proof. Let us denote U6 £(H%(€)) the operator defined by (U,u)(A)=u(r),
u€¢ H¥€). Regarding the decomposition H2(E)= é; ULE, where U, is the

operator of multlphcatlon by A, U, has the form U,= @ r'lyng. So U, is a

quasmfﬁmty Let E.?’(H2(G*)) be defined similarly. We can easily see that
6,U,=U,0. Therefore (6,HX(®))~=(6,U,H¥®))"=(U,,0H ) =(0H 2(@))'—
=H 2(G,,() That is @, is outer and the Lemma is proved

Remark 5.2. The converse of Lemma 5.1 is not true. Namely, there exists
a 2-weak contraction T of class Cy (cf. [8]). (For the definition of the class Cg
see [3], IL. 4.) O is an outer function (cf. [3], VI. 3) which by Theorem 3.12 has
a general scalar multiple. Then by Lemma 5.1, for all O<r<1 ©;(rd) will be
outer, and it is easily seen that it has a scalar multiple. So @7 (#1) is also an outer
function for all O<r<1 (cf. [3], V. 6), but @7 (4) is not outer for T€C,,..

From the above Lemma, using Theorem 6.2 of [3] ch. V, we infer.

Theorem 5.3. If the outer function © has a general scalar multiple then ©(2)
is boundedly invertible for all A€ D.

By this Theorem we get the next:

Corollary 54. Let T be a cn.u. contraction of class C., whose charac-
teristic function admits a general scalar multiple. Particularly this is the case if
T is a c.n.u. p-weak contraction of class C.,. Then the spectrum o(T) is situated
on the circle C. '

Remark 5.5. It would be interesting to know whether Proposition. 4.4 of
[3], ch. VI remains true replacing scalar multiple by general scalar multiple. The
answer depends on the validity of Proposition 6.7 of [3], ch. V in this general
situation.

4=
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6. p-weak contractions of class C,

The next theorem is a generalization of [1], Proposition 4.3.

Theorem 6.1. Let T be a C, operator and let S be its Jordan-model. If
S is a p-weak contraction (p=1 real), then T is also a p-weak contraction.

Proof. Regarding the proof of {1], Proposition 4.3 Theorem follows from the
next Lemma.

Lemma 6.2. Let {a)x, {b )}« be increasing sequences such that O<a =1,
0<b,=1 for every k and ]"]ak§ ]"]bk for every n. If D (1—a)P <o, where
k=1 k=1 K=1

=1 real, then S(l—bk)P<oo.
k=1

. » | n
Proof. From the assumption it follows that > loga—z 21 og—b— for arbi-
k=1 k k=1 k

trary n. Since {log 71—} and {log i} are decreasing sequences we infer by Lemma
k' k k' k
3.4 of [2], ch. II that 2—1—5 ! that is 2’

3
=1 a, k=1 by k=1 ak

IlV

2 P for every n.

1— — . . .
{ aa"} and {1 bb"} being also decreasing sequences we can employ again
k Jk e Tk

& 1 - ak p b 1 _bk P
the above Lemma. So we get 2> - = . It follows from the
k=1 k k=1

S\ b
. oo id 1 f— 14
assumption > (1—a,)P<e that hma,=1, so 2 (—a"] < oo, Therefore
k=1 koo - k=1\ O

e =(1-b)  =(1—a. ) .
2 (1—-b)p=2 = < oo, The Lemma is proved.
k=1 =\ b =1\ &

Remark 6.3. With a slight modification of the example of [1], Remark 4.4
we can show that the converse of Theorem 6.1 is in general false. Namely let u be
a finite non-negative measure on [0, 2], singular with respect to Lebesgue measure
and without atoms. Let us assume that u(f0, 2z])=1. For every n there exists
a decomposition of [0, 2x] into disjoint intervals i, ..., i& such that u (if)=2""

for k=1,..,2". Let m,(2) and m(}) be inner fllIlCthIlS defined by

mea®) = exp [~ [ 557 T 0]

il((")
n=1,2,..; k=1,...,2", and

2r i

m(l):exp[ 6/' z+ d(t)]
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oo on

Let 7, S be the operators T=®[ S(mk,,,)J and S=S(meS(n)a....
n=1 k=1

o 27

Then S is the Jordan-model of T (cf. [9]). Since 3 3 (1—|m,, ,(0)2)P=
n=1k=1

oo P oo n
=32 (1 —exp[—%—)] =2» 3 (%) <oo if p=>1, it follows that T is a p-weak
n=1 n=1

contraction for all real number p=>1. On the other hand, I—SS* is not compact.
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