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"The boundedness of closed linear maps in C*-algebras

SEIJI WATANABE

The domain of a closed *-derivation in a C*-algebra has many properties.
In particular, Ora [6] studied such domains by using Lorentz representation and
obtained some interesting results on the boundedness of closed *-derivations. Espe-
cially, he showed that a closed *-derivation, which is bounded on the unitary group
of the domain, is bounded. '

Now in connection with strongly continuous one-parameter semi-groups of
positive maps on C*-algebras, we are interested in the boundedness of more general
closed linear maps. One of the crucial points in [6] is that the domain of a closed
*-derivation becomes a semi-simple Banach *-algebra under the graph norm. Although
such fact is not valid in our general situation, we have some generalizations of results
in [6] by virtue of a simple lemma on Banach algebras.

Let A and A, be respectively a unital C*-algebra and a *-subalgebra of A4 which
contains the identity e of 4. The following lemma is elementary, but it is essential
in what follows. '

Lemma. Suppose that there exists a closed linear map @ of A, into a Banach
space. Then A, is a_semi-simple Banach algebra with an isometric involution under
some norm || -||° which is equivalent to the graph norm | -|lo=|-l+1®()l.

Proof. Since (A, | -lle) is a Banach space, by the closed graph theorem, the
product in A, is separately continuous with respect to | +|,, and hence 4, is a
Banach algebra under some norm which is equivalent to | -{, (see [8, p. 5]). Since
A, is semi-simple by the proof of [8, Theorem 4.4.10], JOHNSON’s theorem [5] implies
that the involution is continuous in | -[ls, and hence we have the desired norm
|- by another equivalent renorming. The proof is complete.

By the above lemma and [8, Theorem 4.1.5], it follows that a *-subalgebra 4,,
which is the domain of a closed linear map, has sufficiently many unitary elements,
more’ precisely, every element of A4, is a linear combination of unitary elements
of A,. ' '
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An involutive Banach algebra is said to be C*-equivalent if it is *-isomorphic
to some C*-algebra. B. Russo and H. A. DYE [9] showed that a linear map on a
unital C*-algebra, which is bounded on the unitary group, is bounded. This result
and the above mentioned remark suggest the following:

Theorem 1. Let ® be a closed linear map of A, into a Banach space. If & is
norm bounded on the unitary group of Ay, then A, is a C*-algebra and & is
bounded.

Proof. Since the norm |- |’ in the Lemma is equivalent to the graph norm
I lo, there exists a constant N>0 such that |g||’=Nla|, for all a€A4,. Then
we. have : : :

‘sup {llull’: u is unitary in A,} = Nsup {1+ |®(u)|: u is unitary .in Ao} =
= N+ Nsup {|®(u)|: u is unitary in 4y} <+oo.
Hence from [7, Corollary 12] 4, is C*-equivalent, which implies that 4, is a C*-alge-
bra. Hence by the closed graph theorem or by Corollary 1 in [9] & is bounded.

Theorem 1 implies that any closed *-homomorphism of A4, into A4 is automat-
ically bounded. Moreover, this assertion is true for a more general class of maps.
More precisely, let @ be a 2-positive map from A, into another C*-algebra B, that
is, for all pairs {x;, x,} in A,, the matrices (@ (x}x;)) are positive in the C*-algebra
of all 2X2 matrices over B. Then the Schwarz inequality &(a*) (a)=|P(e)|| ¥ (a*a)
(ac A,) follows easily ([1], {47), and hence @ is bounded if it is closed.

It is natural to ask if every closed positive linear map @ from A4, into another
C*-algebra B is automatically bounded, where positivity of & means that &(a*a)
is positive in B for all ac A,. We have however no answer to this question.

Now let @ be a completely positive linear map on A and put Lgy(x)=®(x)—

- {cb(e)x+x¢(e)} for x€A. Then the generator of a uniformly continuous

semi-group of unital completely positive maps on A is essentially determined by
two, classes of operators, that is, *-derivations on 4 and maps of the form L, for ¢
([2]). In this connection, the following corollary is interesting.

Corollary. Suppose that A, is strongly dense in A. Let ¢ be a completely
positive map from A, into A. If Ly, generates a strongly continuous semi-group of
linear maps on A, then Ay=A, that is, ®'is everywhere defined.

A linear map J from A, into A is called a Jordan derivation if 3(h%)=hd(h)+
+0(hh for all h=h* in A,. Then we have the following theorem, which is a
generalization of Theorem 2.4 in [6).

Theorem 2. Suppose that A, is strongly dense in A. Let d be a closed Jordan
derivation from A, into A. If A, is closed under the square root operation of positive
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elements Ay,\A* where A* denotes the positive part of A, then & is everywhere
defined and is bounded.

’

Proof. Since the norm |[/-|° in the Lemma is equivalent to the graph norm
I, lim ix"|3" exists and is equal to lim x|’ for xcA4,. Hence, for h=h*c 4,
we have

lim|[A713" = lim (1] + 15 =

= Jim [AI{1+@ ISR} = A

because [|[SEN=2"|k|* "o (n=1,2,3,...) where || is the norm of 4.
Hence
lim ||h")"" = | k|| = inf{Z’IAilz h = 2 A;u;, u;’s are unitaries in A} =
=inf {J14]: h = 3 Au;, u/s are unitaries in Ay}

which implies that the semi-simple involutive Banach algebra A, is hermitian from
{7, Corollary 5 and 9]. Denote the spectrum of an element x of 4, in A (resp. 4,)
by sp (x) (resp. sp, (x)). Now let /& be a hermitian element of 4,. If sp, (1)=0, then
sp (A =0, and hence there exists a hermitian element k in 4, such that k*=# from
our assumption. Hence sp, (k%)= {22: i€sp, (k)}=0 since A, is hermitian. There-
fore, Ay is C*-equivalent from [3, Corollary], which implies that 4,=A, and hence
d is bounded from the closed graph theorem. The proof is completed.
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