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A parameter for subdirectly irreducible modular lattices -
with four generators

CHRISTIAN HERRMANN

BIRKHOFF [1; Problem 43] suggested to study modular lattices with four gen-
erators by imposing relations, first—e.g. —the relations expressing that the generators
split into two complemented pairs. Basing on more special results of DAy, HERR-
MANN, and WILLE [2] and SAUER, SEBERT, and WILLE [9] Birkhoff’s problem has
been solved in [6]. Remarkably enough, the subdirectly irreducible factors can be
given by diagrams (including infinite ones) — these factors are the lattices M,,
S(n,4), R, and its dual defined in §1. In [7] there have been constructed lattice
polynomials s, (and their duals s — see §2) such that a subdirectly irreducible
modular lattice M (with more than 5 elements) is one of the above if and only if
s,=1 and s=0 holds in M for all #. In the present note we want to provide a
basis for the study of subdirectly irreducible four generated modular lattices not
being one of the above. In particular, we show that an inductive approach is possible
using the polynomials s,.

Theorem. Let M be a subdirectly irreducible modular lattice with four gen-
erators a, b, ¢, d not being isomorphic to any of the lattices My, S(n,4) (n=<oo),
R_ or its dual. Then there is an n such that either

() s,(a,b, c,d) =0=ab=ac=ad =bc=>bd=cd
or
(i) s¥@a, b, c,dy=1=a+b=a+c=a+d =b+c=>b+d=c+d.

Examples of such lattices are the rational projective geometries of finite dimen-
sion (GELFAND and PONOMAREV [4; § 8]) and, more generally, all subdirectly irre-
ducible modular lattices generated by a frame ([5] and [7]). The use of the s, in the
analysis these examples has been pointed out in [7]. Clearly, such lattices can be
visualized by diagrams in the most trivial cases, only.
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Corollary. The M,, S(n,4) (n<<), R_ and its dual are the only subdirectly
irreducible modular lattices generated by a, b, ¢, d such that a+b=c+d=1 and
ab=cd=01[6]. M, and R_, are the only ones for which, in addition, ac=ad=bc=bd=0
(SauUER, SEIBERT, and WILLE [9]). R_, is the modular lattice freely generated by the
partial lattice J} (DAY, HERRMANN, and WILLE [2]). .

Also, it follows that the lattices listed in the Corollary are the only four generated
subdirectly irreducible modular lattices of breadth =2 (FRrEEesk [3]) or, more gen-
erally, satisfying the 2-distributive law ([6]).

The proofs do not depend on [2] nor [9]. From [6] we need only § 2 and 3 and
from [7)} § 1 and 5. The basic tool is the neutral element method from [6] — see § 3.

" Figure 1

Replace a;, b;, c;, di, m;, {;, ri; 0, 1 respectively
a) by d,, 5n &, d‘i; m;, in Fis 6, ], b) by 4;, ¢, biv Jiy m;, Iir 7,01,

) by 4y, Jz, 5-, Cy, 1y, ii, 7,0, L
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§ 1. The breadth two models

First, let us introduce the lattices refefrcd to in the main theorem. M, is the
length two lattice with n atoms. Let A_ (cf. Fig. 1) consist of the elements x(j, j)
0=i=j=c,xcE={a, b, ¢, d} with the equalities a(l, £)=b(, {)=c(i, )=d(, i)=:m;
(0=i=o), a(i—1,)=b(i—1,i)=:1; and c(i—1,i)=d(i—1,i)=r; (1=i<ee) and
no others. The relation = on A_ is defined in the following way (with x>y in E,
0=isj=o, and 0=k=]=-)

x(i,j) = x(k,I) if and only if k=i and [ =},
o ) {1=i for {x,y}#{a, b}, {c d}
x(i,j) = y(k, 1) if and only if {lé i+1 and k=i else.

Thxs yields a modular lattice order on A_ such that
v ).(1 Jy+x(k, D) = x(s,t) with..s=min(i, k), ¢t=min (j,])
x(i, j)-x(k, 1) = x(s,t) withh s =max(i, k), ¢t=max(j, )
(i, ) +y(k, 1) = x(i,s) for i =k and s = min (j, k)
x@, j)-yk, b ==x(s,j) for j =1 and s = max(i,])
x(l ])+y(k )= x(i,s) for i =k and s =min(k+1,j,1) }
%G, j)-y(k, D) = x(s,j) for j =1 and s = max (i, )

} if {x,y}# {a,b}, {c,d}

Put X;=x(i, ). Then every element of 4_ has a unique representation m;(0=i=<),

, 1 (1=i<e), x; (0=i<o), or x;4m, (0=i=n-2) with x in E. 4_ is gen-
erated by the x, (x€E) as one derives from the relations my=1, m_=0, I, ,=
=a,+b,, rpy1=c,+d,, m,,+1—r,,+ll,,+1, and X, =XoM,41.

Observe that every proper quotient of A_ contains a prime quotient x (i, j)/x(k, I)
with /=j and k=i+1 or k=i and I=j+1. Moreover, x(i,j)/x(i+1,7) is
transposed upward to y(k,/)/y(s,t) if and only if x=y, i+1=s=k+1, and
j=l=t or x=zy, {x,y}={a, b}, {c,d}, k=s, and i+1=t=/4+1 or, ﬁnally‘,
{x, y}e!{a, b}, {c, d}, and /=s=t=i+1=k+1 or k=s=i,t=i+2, and t=I+1.
On the other hand x(l J)x(i, j+1) is transposed upward to y(k, /)/y(s, ¢) if and
only i x=y, k=s=i, =], and t=j+1 respectively {x, y}é{{a, b}, {e, d}} and
i=j=I, k=i—1=s, t=i+1 or i=j, k=s=i--2, I=i=t—1. Thus, every prime
quotient is projective to one of 1/, and 1/r;. Let Q consist of all quotients
x@,n)fx(+1,n) with ;/ even and x=c,d or i odd and x=a,b as well as the
quotients x(/, m)/x(i,n+1) with n even and x=a,b or n odd and x=c¢,d and,
finally, the r/r;., with i odd and /;//,.; with i even. Then 1/, isin Q and Q
describes a minimal congruence 6. Let R_ be’ the homomorphic image A4_/0. Its
operation table can be derived easily from that of A4_,. (Actually, R, is the lattice -
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FM(J%) from [2] where its diagram is given.) Let ¢ be defined as 6 interchanging
“odd” with “even”. By symmetry, A_/¢ is isomorphic to R_. The intersection
0Ng is the identity and every proper congruence of A_ contains 6 .or . Thus, R_
is subdirectly irreducible. Since A_/0V ¢ is the simple lattice M, there are no:other
homomorphic images of A4_

The section [m,, 1] of 4_ is called A4,. It is generated by the x(0, n) (x in E).
The restrictions of the congruences 8 and ¢ to 4, yield a subdirect decompesition
into two isomorphic simple factors called S(n, 4) — use the same arguments as
above! Clearly, S(n, 4) is isomorphic to the section [[m,]6, 1] of R_,.

§ 2. Some lattice polynomials

We have to recall some definitions and results from [7]. Let F be the modular
lattice with 0 and 1 freely generated by four elements a=e,, b=e,, c=e;, d=e,.
Write E={a,b,c,d} and n={1, ...,n}. Put g,=(a+b)(c+d), gs=(a+c)(b+d),
gs=(a+ad)(b+c). Let x—x' x(aq,, bq;, cq;, dq;) denote the endomorphlsm of
F with 1+-q;, 0—0, and e—eq; for e€E. Define by induction

so=1, s;=a+b+c+d, Sy = 2 (s3]i€3)
=1, ty=(a+b+c)@a+b+d)(a+c+d)(b+c+d), f,,, = 2 (1}|i€3).
Let x* be the dual of x. Then 1.1, 1.3, 1.2, and 5.1 of [7] yield
Lemma 2.1. For n=0 and i#j in 3 one has
(1) giq;=gq} and (XY =(x) for all x in F.
Q) Spur=si+si and t,,,=ti+ti for n=1.
Q) giSper=sn and gt =1,
@ st=s,y.=t,=s, and ef=s, forall m and e+ f inE.
(5) qile,+e) =qg.e,+q;e, for k=1 in 4 with |{i,i+],k]1} =3.

Lemma 2.2. s5,, t,, S, and t, are neutral elements of F. For i#j in 3 and e
in E one has s,q;+5,9;=s5, and ety=etyq;+etyq;.

Lemma 2.3. Let ube s, or t, (nz=1), iin 3, and e, f, g distinct elements of E.
Then the sublattices generated by e,f+g,u and e, q;, u and e, f, u, respectwely
are distributive. Moreover :

gi(a+u,b+tu,ct+u,d+u)=q;+u and u(atu,b+u,c+u,d+u) = u, ‘
g:(au, bu, cu, du) = q;u and u(au, bu, cu, du) = u.
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... Proof.:For n=2 anything follows by neutrality (Lemma 2.2). The distributivity
of (e, f+g,u) and (e, g,,u) and.u=u(a+u,b+u,c+u,d+u). have been shown
in [7; 5.3]. Thus, e+h,f+g,u is distributive, too. Assuming t,=1 we have
(e+hu+(f+glu=eu+(f+g)u=u. We prove the rémaining claims by induction.
For n=2 we get by 2.1 and the inductive hypothesis as,,,+bs, ., Za’s2+b?s2+
+a®sh+ b5y = (a*+ b*) sy + (a® + b si=(a + b) goSp41 +(@® + b)) si=(a + b) s,1(g2+
+(@+b3sd). Now g,+(a®*+b%)si=qo+gi+gisi=qo+5s5=s,,, by 2.1 (2) whence
as,.1+bs, 1 =(a+b)s,.,. By symmetry, es,.,+/5,;,=(+f)s,+,; forall exf in
E. Thus, (es,+1+hs,1)(fSns1+8Snr)=(e+hm)(f+8)sps1-

By the inductive hypothesis we have (g,s,)'=(gz(as,, bs,, cs,.ds,)) =((as, +
+cs,) (bs, +ds) = (@ sy + ) (B sy +d* 1) =(g15, 41+ 1.6 D (@1 Sy 41+ QS ) =
:qé(asn+17_ bSyi1s€Sni1> dSns1)=G1(aSu415 bSyt1, €Sy, dS,qq) using 2.1 (3) and (1).
Similarly, (¢55,)'= q1(as, 11, bSp+15 €Sp41,ds,41) Whence ¢,5,41=5=(gz5,+g35,)' =
=(@os,) ' +(q35.) = q1(aS, 41, bS5 415 CSp1, 45, +1) by 2.1(2) and (3). The converse inclu-
sion holds due to monotony. By symmetry we get ¢;5,41=q:;(@Sn 415 DSui1>CSps1,ASp41)
for all i€3. Finally, with the inductive hypothesis and 2.1 (3) it follows

$041(885115 BSui15 CSp 415 S ) = 2 Su(@Sy415 DSurns €Spir, dSpir) =
= Z' sn(qiasn+l, qibsn-i-l’ qicsn+1’ qidsn+1) = Z S"(ais:", bis'i” cisrin disril) =
= ZS,,(GS,,, bS,,, CSn, dsn)i'= Zslil = Sn+1'

For ¢, the proof is quite analogous.

Corollary 2.4. Let u and v be any of the s, t, (n=0) such that u=v. Then
u(au+v, bu+v, cu+v, du+vy=u, v(au+v, bu+tv, cut+v, du+v)y=v, and gq;(au+
+v, butv, cutv, dutv)=q;u+v forjin3.

Define by induction go,=1 and q,.,,,=9;(aq,;, bq,;, cq,;, dq,)). Write g, x=x'
and glx=x.

Lemma 2.5. ¢fl1=gq,;, and ple=eq,; for iin 3 and e in E.

Proof. The first claimis 1.5 in [7]. The other follows by induction on »n: gf*le=

=0;{qe=07qu0ie= Q?Hl €qni=6€qn+1,i-

§ 3. The neutral element method revisifed

An element of a modular lattice M is neutral, if for all ¢ and b in M the sub-
lattice generated by u, a, and b is distributive. Then the map x—(ux, u+x) yields
a subdirect representation of M. In [6] we proved

Proposition 3.1. Let u be an element of a modular lattice M. Let S be a lattice
and o an order preserving map of S in M such that x—u-+tax preserves meets and
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xw—uax preserves joins. Moreover, let M be generated by the union of all intervals
[uax, ax) and [uax,u} with x in S. Then u is a neutral element of M.

Here, we need a more sophisticated version.

Proposition 3.2. Let M be a finitely generated subdirectly irreducible modular
lattice and u, (n=0) a descending chain of elements of M. Let S be a lattice and v
a meet homomorphism of S into M such that M is generated by the image of y. Assume
that for all x and y in S and n=0 there is an m=n with u,yx+u,yy=u,y(x+y).
Then either M is a homomorphic image of S or there is an n such that u, is the smallest
element of M.

Proof. Let % (M) denote the lattice of all filters on M with partial order
dual to set inclusion. Then & (M) is a dually algebraic lattice having M as a sub-
lattice. Write J] for the meets in & (M). In particular, let u= ][] u, be the filter
generated by the u, (n=0). Let M~ be the sublattice generated by M and u. By
lower continuity and the hypothesis we have for any x, y in S: wyx+uyy=JJ u,yx+
+ [T wyy= [ Wuyx+u,y)=[[ u,y(x+p)=uy(x+y)=u(yx+yy). Thus, x—uyx
is a join homomorphism of § into M’ and the sublattice generated by u, yx, and
yy is distributive for all x, y in S. Consequently, (u+yx)(u+yy)=u+yxyy=u-+yxy
and Prop. 3.1 applies to conclude that u is neutral in M’.

Therefore, the map x—(ux, u+x) yields a subdirect representation of Af’.
M being subdirectly irreducible the induced subdirect representation of M has to
be trivial, i.e. one of the maps x—ux (xé M) and x—u+x (x€ M) has to be an
embedding. In the first case we get x=ux i.e. x=u for all xin M. Then, x—>uyx=
=yx is a homomorphism of S onto M. »

In the second case we have x=u+x ie. x=u for all x in M. Then, u=0,,,
the smallest element of M. Since 0,, is the smallest element of & (M), too, it follows
u=0,,. The filter u being generated by the descending chain u, (n=0) there has

to be an n such that u,=0,.

§ 4. Proof of the Theorem

Let M be as in the Theorem. The Lemma in [6] states that either
() ab=ac=ad=bc=bd=cd= J](gp14mqusln <)
or the dual of (i) takes place. Thus; let us assume (i"). For any map ¢ of {ay, b,, co, do}
onto {a, b, c, d} we define a map y=y* of 4_ into M recursively:
' }’mo =1
Vsr = eagymy,+ebgym,,  yr,., = ecpym,+edyym,
PN,y X)) = eXo+Vlner fOr X'=0,b, Y(Mui1+Xe) = eXo+yrayy for x =-c,d,
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and for I=i=n—1

'}’(mn+1+xi) = P(Mys1FX)¥(M,+X);  YMusy = Vi1 V0415

yx, = exgym, for x=a,b,c,d; ym. =0.

Claim 1. ¥* is a meet homomorphism of A4_ into M.

Proof. In section 2 of [6] it has been shown that y° restricted to A4, is a meet
homomorphism for every n. Due to (i’) and the definition of y* the claim follows,
immediately.

Proposition 3.2 will be applied with L being a subdirect product of three copies
of A_. We use the notation £=x for elements in the first, a,=aq;, b;=c¢;, d,=d,,
m;=m, for elements in the second, and d&,=a;, b,=c;, é;=d;, d;=b,, m;=m, for
elements in the third copy — see Fig. 1. In analogy, we write §=y° with gé,=e,
7=7° with ¢é,=e, and $=y° with e¢é;=e for e€E. Observe (by induction) that
=g =1y, M,=g,e=1q,, and Jm,=q;=:4,. Define L={(0,0,0)}Ul
Ueni, my, my), (1, 1, DIU{(e;, ¢, e)le€ EYi, ji k<o),

Claim 2. L is the sublattice of A XA XA, generated by the elements
é=(&,, 2,, &,) with ecE.

Proof. Component wise calculation yields the sublattice property, easily. We
show by induction on i that the union of the intervals [(m;, 1,1), (1,1, 1)] and
[é;, é] (e€ E) belongs to the sublattice S generated by the &. Namely, with g=(r1;, 1, 1)

we have (#;,,,1, D= (ag+bg)(cg+dg) in § whence (é;+m,,,1,1) for j=i
and (é;,,,1, D)=(&, 1, D(h;,,, 1,1) are in S, too. Using symmetry and forming
meets we get that S contains L. Trivially one obtains

Am—man

yé=e, y(ih,, m,,mk) =4;q;q,, and ?(e.,e,,ek) €44 ;G-

For m=0 define the map 6,,: L--M by o6,x=s,yx. For n=0 define
S, = [, Ty, 1), (1,1, DIU{E:5 &5 8le€E, i, ), k < m).

Claim 4. §, is a join subsemilattice of L and 0,|S, a join homomorphism if
m=>3n,

Proof. Let us write 1= (1, 1, 1). " Observe that for i=n—1 and e#f in E

(en €5 é)+(ﬁ’]17f)2(mn’ m,, mn) Since {(en e_n ek)ll7], k<n} [(en 156515 e 1.)
(éy, &, &y)] and [(+h,, m,, m1,), 1] are intervals this suffices to prove that S, is closed

under joins. .
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The second claim will be shown by induction on n. The modular lattice identities
(a)—(f) we refer to shall be proved at the end of the section. The case n=0 is trivial.
Let be n=1, m=3n, and assume that g,|S,_, is a-join homomorphism.

Step 1. o,)[(I,, 1, 1), 1] and o,|[(?,,1, 1), 1] preserve joins. Since [([,, 1, 1), 1]
is the union of [(r71,.,, 1, 1), 1], {(f,,, 1, 1)}, and the chains [(é,_,+,, 1, 1), (+
+1,,1,1)] (e=a, b) it suffices to show a,,(d,_2, 1, ) +0,(b,—2, 1, 1) =06, (h,_1,1,1)]
ie.

(a) smaén—2+smbqn—2 = ISmq"n—l

and o,(0¢,1, D+to,0M,_1, 1, )=0,(+m,-1, 1,1), ie.
(b) smeéi'{'sm(jn-—l = sm(e+fqn—2)qi for {e’f} = {a7 b} and i=n-2

(We have 9(é;+mm,_)=9(é+m,_,) Iriy; since § is a meet homomorphism.) The
second claim follows by symmetry.

Step 2. o,|[(#,, 1, 1), 1] is a join homomorphism. Since [(r71,, 1, 1), 1] is the .
union of [(,, 1, 1),1], [(F,,1,1),1] and {(%,,1,1)} and because of (,, 1, 1)+
+(Fpy 1, )=(1h1, 1,1, 1) it suffices to show 6,,(7,, 1, 1)+ 0, (Fo, 1, D=0, {111, 1, s e

(C) sm(aq‘n—-l+bq‘n—l)+sm(cq“n—l+dqn—l) = qun—l'

Step 3. o,ll(h,,m,,m,), 1] is a join homomorphism. By symmetry, the restric-
tion of o,, to any of [(r7,, 1, 1), 1], [(1, m,, 1), 1], and [(1, 1, /&,), 1] is a join homo-
morphism. In view of

the o,(m,, 1, 1), 6,(1,m,, 1), and o,(1,1,/,) are dually independent in [0, s,,].
o, \l(?,, m,, m,), 1] being the product of the above three restrictions it is a join
homomorphism, too.

Step 4. 0,|{(é;, &, &)li,j, k<n} is a join homomosphism for ecE. This
means for i,j, k, r, s, t<n, u=min (i, r), v=min (j, s), w=min (k, 1)

(d) sm eqiqj qk + sm eqrqs q~l = sm equ qvqw .

Step 5. 0,|S, is a join homomorphism. Since S, is the union of the intervals
[(r;ln, mn, mn)p 1] and [(éia .éia éi)’ (éo, .503 é’0)] (i=n— 1, eEE) lt Suﬂices to Check
am(éia e-i’ éi)'*'o'm(ﬁs]i’fi)gam{’ﬁm ﬁna ﬁln): ie.

(e) smeéiqiqi+smféiqiqi = mq"nqnq‘n fOl' i= n_15 e ¢f in E
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and o0,(é, ¢;, &)+0,(m,, m,, m,)=0,(é+m,, &-+m,, &+m,) for i,j, k<n and
e in E. Due to symmetry and Step 3 the latter is satisfied if ,(¢, &,, &)+
+o,(h,, m,, m,)=0,(é&+m,, m,, m,), i.e. :

(f) smquiann_}'smq‘nqnqn = sm(e +fén—l)éiqnqn for i<n and {esf} = {as b}-

Now, we are ready to prove the Theorem. Observe that M, and R_, are the
only subdirectly irreducible homomorphic images of L. Namely, L is a subdirect
product of six copies of R_ having M, as its only proper homomorphic image.
Thus, the subdirectly irreducible lattice M cannot be a homomorphic image of L.
Due to Claims 3 and 4 we may apply Proposition 3.2 and conclude that there is an
n such that:s,=0,1=0.

~ To prove the Corollary observe that induction yields s,=1 and s;=0 for
all n and all lattices listed there. Namely, ¢,=1 whence by Lemma 2.1 s,,,=
=q,5,=s,=1. For the additional results recall that according to A. HunN [8] in
a 2-distributive lattice frames may have order at most 2. In view of Corollary 1.4
~and 2.1, 3.2, and 3.3 from [7] this implies that ¢,=s,,, for n=1 and ¢,=s, for
n=3. Thus, by Lemma 2.2 the only subdirectly irreducibles with s,=0 for an n
may be D, and M.

Before we come to the proof of the formulas (a)—(f) we need a Lemma.

Lemma 4.1. For all m=n and i€3 one has $,q,;=0}5u_n- Also, e, g,
and s,, generate a distributive sublattice for all e in E.

Proof. By induction on n. For n=1 this is Lemma 2.1 (3) and 2.3. For n>1
one has by 2.5 5,u=5nqi9ni=0iSm-10iGn-1,i=0iQl 'Sp-pn=0]Sp-,- Show
die+s)=gule+s+,) for all k. Indeed of*'(e+s)=ele/(e+s)=0f(g;e+
+qisk+1)=Q?qi(e+Sk+1)=Q?qu;l(e+sk+1)=qn+1,.iqni(e+sk+1+n)=qn+1,i(e+sk+n+1)
by the hypothesis, and 2.5. Thus, eq,;+5, ¢u=0e+07S,_,=07(e+5,-n)=qule+5,)
and the distributivity follows.

PI'OOfOf (a) smaql—1+smbql—1=Qll—l(asm—l+1+bsm—‘l+1)=Qi_l(a+b)sm—l+1§
=0 gy Sy 41=GiS, for I=m+1 by 2.5 and 4.1, 2.3 and 2.5, and 4.1 again.

Proof of (c). By 2.3 one has s, (a+b)+s,(c+d)=s, for k=1. (c) follows
immediately applying the homomorphism ¢%~! in the case k=m—n+1- and
appealing to 2.5 and 4.1.

~Proof of (b). By 4.1 one has ska+_skéj$sk(a+éj) for k=j. Apply the
homomorphism ¢! in the case j=I—i and k=m—i (for i=I<m) to obtain
$nG;+ 55 G1=5ndi(ad;+d) =sndi(a+4). Now a+g=a+(a+bg,_y)(cdi—1+dgi-) =
=(a+bg,_)(a+cd,—,+dg-,) by modularity and a+c+d2t1—s,,l e+1 Whence
a+cg-y+dfi-1=s, (applying 0% and  s,aq;+5,4,=sndi(a+q,—y). Due to

12
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$nGndiqi =5y dnd,g, and the following Lemma (¢) may be obtained from the for-
mula proved under (a) (with [~1=i=n—1 and m=3n-2i=>1) by application
of the homomorphism g gf.

Lemma 4.2. 07q,;=qmjqn for all i#j in 3 and m,n=0.

Proof. We show ¢;4,,=4q;9. by induction over n: Q;qn41,i=0;0iqm=
=0i0;4ni=0i(q;9n)=0:9;019ni =919 9n+1,i=9jIn+1,i DY 2.1 (1) and 2.5. Now we
induce over m : QT+1qni= Qj Q;nqni= Qj(qjm qm')= €;qmj quni=qm+1,j GmjGni= qm+l';jqni'

Next, observe that (f) and (d) are consequences of the following formula

(® G;GiSme+di5n =q;GiSmle+qg) for j+k+l<m and e in E.

Namely, for (f) put j=k=I=n, multiply both sides with §;3,4, and observe a+tj,§
Z=sn(a+bg;_,) as proved under (b). ‘

For (d) assume w.l.0.g. j=s, k=t, and i=r=I/ and multiply both sides’ of (g)
with ed;q.§;.

In the proof of (g) assume w.l.0o.g. e=a. Fisst, we show that ¢,, as,, and g¢;s,
distribute for h=3: By 2.1 and 2.3 we have ¢,5,0+ ¢, ¢35, =(S4~1a+ @3S} =
=(s3-1(a+g9))'= (sp-1(@a+b+o)(@a+d) =(s,-1(a+d))} =s1q1a+ g d)=s, 41(‘1 (c+

+d)+d)—5h41(a+d)2%(sha’l'sh%) .
Now, gi(s,a +s,,q3) qu(Sy+1a+55419;) for h=2 follows by induction:

ot (spa+8,95)= 04101 (s,a+5,93) = 01 (@155410 + G154 41G2) = =01 q1(Sh+28+ Sp4195) =
=011 01 (Sps18+ Sp4z (13)= G141,190 Gra1418 + Sp114199) = 141,10 (41419 + She14195)
using 2.1 and 2.5. Thus, for h—1=2 g, s,a, and s, g5 distribute: gq,s,a+ g, 5,9;=
=0 sp-1a+ 018 193=03(5p-1a+54_195) =g (Ssa+5,9s) by 4.1 and 4.2. ‘

. Induction on j+k yields QzQs(sha‘l‘sh Q)= qj2 qka(ash+1 +k+qllsh+1+k)
for  h=lI: Q%Qg(sha‘l‘sh%l):Q%Qg o3(sha+5,91) =04 051 (agsSh 11+ 93 quuSh41) =
= 0405~ 1q3(aSh+ 1+ InSn+1) = 0405 T 930405 T (@Sh 41t GuSh+) =92 Tks(@Sh4 j 1kt GixShe j+1)
assuming k>0 w.lo.g. (since ¢fck=qghof by 2.1(1)), and using 2.3 and 4.2.
Finally, we get quksma+qusmquqksma'*'qjqkélSm=Q£Q§sm—j—ka+Q£Q§qlsm—j~k;
=0}0k(aSm-j-k+Gi5m- j-1) =795 (@S + G15,) =T;dxSm(a+4)) applying the above,
4.2 and 4.1.

- Finally, to prove (i) we show by induction on m:

() Swdj+smdedy = sm for jtk+l=m.
The cases m=1, j=0, or k=I=0 being trivial, let m=2, j=1, k=1. Then
smq1+Sm‘jk@:smqj'*'smélqk"I'x‘i‘sm‘.ijq_l"'Skaqt = @(Sm-1q'j—1+sm_lqkq,)-{t:'

+.§(sm—1q'j+sm—lqk—1q-l) = 085p-1+05m-1= Sm-
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